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Estimation of population parameters plays a vital role in the area of sampling. Many authors have proposed
several estimators for estimating population parameter(s) using auxiliary information. This paper has
attempted to suggest a new estimator for estimating the general parameter t 4 5, using auxiliary information
in simple random sampling without replacement (SRSWOR). A conventional estimator t 4 is used to define

the population constants: coefficient of variation, population mean, standard deviation, and population
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mean square. The expression for the minimum mean squared error has been derived. The efficiency of
the suggested estimator and the existing estimators has been analyzed using a simulation study.
Theoretical and empirical studies reveal the effectiveness of the proposed estimator over other existing

© 2021 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open access
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Auxiliary information, when suitably used, improves the
efficiency of the population parameters estimators. There are vari-
ous techniques for applying auxiliary information, which helps
improve the estimator’s performance. These techniques include
product methods, ratio, and regression, among others. Auxiliary
information can be available in various forms, such as in the form
of variables or attributes. Many researchers have widely used it to
formulate various estimators for estimating population parameters
in different sampling schemes. Srivastava (1971), Kadilar and Cingi
(2004) and Gupta and Shabbir (2008) have proposed estimators
for estimating unknown population values. Another estimator’s
class that uses correlation coefficient value and minimum MSE have
been used in population mean estimation as documented in
Srivastava and Jhajj (1980), Srivastava and Jhajj (1981), Srivastava
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and Jhajj (1986). Shabbir and Gupta (2007) proposed an estimator
using the information in the form of attributes. Tracy et al. (1996)
and Gupta and Shabbir (2007) used information on two auxiliary
variables and proposed estimators to estimate the population con-
stants. Some other related work can be found in Singh and Singh
(2001), Tripathi et al. (2002), Khoshnevisan et al. (2007), Singh
et al. (2008a), Singh et al. (2008b), Singh and Kumar (2011), Singh
and Solanki (2011), Singh and Malik (2014), Sharma et al. (2017),
Adichwal et al. (2016), Adichwal et al. (2019), Adichwal et al.
(2017), Singh et al. (2018) and Mishra and Singh (2017).

Motivated by the work of these authors, we have proposed an
improved estimator in the SRSWOR scheme for the general param-
eter of the population.

2. Notations

Let us consider a sample of size n is drawn from a population
W = (W, W,, ..., Wy) using SRSWOR scheme. Let Y; and X; be the
study and auxiliary population variables for the i units (i = 1,2,3
+ ... N), and let y; and x; be i" units, respectively, in the sample
fori=1,2.3,..,n.

In general, consider the following population parameters

N r —\S
My Z%; (Yifj’) (Xifx)
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Ors = Uys/ (#%mfff) and (r, s) is non-negative integers.

Note that
Iy = Sy, Mgy = Sk and 1y, = Sy, So that Cy = Sy/Y2 = 1,/Y?,

C)z( = S)Z(/)}Z = :“02/5(2 and pyxy = Sxy/(SxSy) = t1/ (Vo Hoz)
Let us define,

- s ) ,
go=t-1,e=%-1,6==-Tande=5-1
Y Y X

>

Subject to the condition
E(¢)=0,i=0,1,2,3.
Ignoring fpc, we have
E(e2) =n 1CoE(?) = n" " (040 — 1)E(€2) = n 1 C2E(€2)
=" (6s — 1)
E(gog1) = n'630CyvE(g0e;) = n7' p,, CxCyE(goes) = n'615Cy

E(S]Sz) = n_1(521CxE(£]83) = n‘1(522 — 1)5(8283) = n‘1503CX

3. Conventional estimator

The general form of the parameter under consideration can be
stated as

vach
=yesh (3.1)

In Eq. (3.1), a and b are scalars, suitably chosen and y = DN

2
ands ﬂ]le(l

respectively.
For choices of a, b the general parameter t(, will take form of

2 —
) are unbiased estimators of Y and Sﬁ,

(i) If (a=1, b=0), tqp reduces to t, oy =Y
(i) If (@ = 0,b = 2), t(qp) reduces to toy) = Sy
(iii) If (@ = —1, 1), t(qp) reduces to t_q1) = Cy
(iv) If (a=0,b =1), t(qp) reduces to tg1) =Sy

The general parameter ¢, conventional estimator is defined as-
= ;1“53 (3.2)

where y =

3Ly and 52 = “Z,l(, )

Expressing Eq. (3.2) in terms of ¢’s, we have
< b
=YSH(1 + &) (1 + &)°
Eq. (3.3) can be written as

aa-1)
2

. b , ab b
tap) = tap | 1+ a0 + 581+ & + = fof1 +——g

or equivalently,

. b a(a—1
(t(a‘b) — t(a,b)) = t(a‘b) ((180 + 281 -+ ( ) )

& +az—b8081 + b(bg 2) 8%)
(34)

Squaring Eq. (3.4) and neglecting the terms of ¢ with power
three or more, we have
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2
. 2 b
(tap) — tan) = t(za,b) (azsg + abepey + 43%> (3.5)

Take the expectations on both sides of Eq. (3.5), we have MSE’s
estimators of f(a_b) to as given by

R t2, 2
MSE (tap) = ((Tb)> (azci + abdsCy + bz (840 — 1)) (3.6)
or

R tr)
MSE(tian) = | =~ Jf1(a,b) (3.7)

where,

b2
fl (a, b) = (GZC%/ + ab530Cy + Z (540 — 1)) .

4. Proposed estimator

We propose a class of difference-cum exponential ratio
type estimators to estimate the parameter of the population
t as
(a.b)

t= [ ab) +k(X x)]exp Wi —x)}
X+(a—-1)x
where wi, w, being scalar having the values (0,-1,1), and k, « and g
are constants and can be defined suitably.
We express Eq. (4.1) in terms of ¢’s to obtain

wy(Sy —52)
Sy + (8- 1)53} @1

t= {t(a‘b)(l +&0)"(1 + 81)% — kX 82] exp [ﬂ

(e (e} Jeml o (e

b a(a-1) ab b(b-2
:t(a_b)<1+a80+§£1+Tsé+7.«3081+ (8 )8%+...>

exp {

{17ﬂ8 wy Wz{z(ﬁ*1)+W2}8%

B a7 2
+W1{2( 2—0;)'1"”1} 2+_%8 e+ . }

Cove s W wi o wa2(B-1) W),
szz{l ﬁ£3 OC32+ 2/32 &

wi{2(—1)+wq} 2 1 W

Multiplying out and neglecting the higher-order terms of
&'s which are greater than two powers in Eq. (4.2), we
have

(4.2)

b w w a-1 ab
t =t {1 + g + 581 _F]Sz ?283—&- a(a 5 )8(2)+78081
+b(b8_ 2)82—m{08082 +38182}
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w, b 1 Wa wi{2(ot — 1) +wy}
,7{a £0&3 +§£]sg}+—7€ & +Ts§
+M } kX e+ 2k X gyes + 20 sz2

28 B
(4.3)
or
b w w: a(a—1 ab
(t* t(a,b)) = t(a.b) |:(180 +§81 7?]82 7?283 +%8% +78081
+b(b_2)82—m age +Ess Y2 L geoe +Ess
3 1 082 + 5 &6 B 083 + 5 &183
Wi Wy W]{2(OC71)4’W1} W2{2([571)+W2} 5
+* 78233 + 202 8% + 2/32 8% —kX &
Wi -
+?2kX8283+71kX8283
(4.4)

Squaring Eq. (4.4) both sides and neglect the higher order of &’s
which are greater than two powers, the result is as follows

(t- t(a,b))z = {f(a,b)aﬁo + tap) (g) &1 — {t(a b) ( ) + kX}?z

2
w
()]
or

b w w -2
(t — t(a_b))z — |:t(a_b){(180 + <§> ?182 — ?282} —kX 82:|

(4.5)
From Eq. (4.5), we have

b Wi\ 2 wy\ 2

(= too)” =t (7)ot + (5" + ()
ab
+2 <7> £0&1 — 2a< )8082
Wy b\ wy b\ (w;,
—2(1(?>8083 — 2<§> ( <x )8182 — 2<§> ( 5 )8183
W\ (W2
+2 (?) (?) & 83:|
th(a,b)ak;( €08y — 2t(a_b> (g) kk €16 + 2t(a_b> (m) k)} 8%
o
+ 2t(a‘b) <%) k;( &83

kX2 (4.6)
or
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2tk X {asoez + (g) & sz} + kX2 (4.7)

Take the expectation of Eq. (4.7), we have

W

MSE(t) = MSE (E q) + @ [(%)Zci + ( ; > (S0a—1)
-2 (%) {apxyCy + (g) d21 }Cx
2 {aor+ (3)m -} +2('F) (F)ower] +2
fonix { ()G + () amci

_ 2
-2 t(;b) kX {apxyCy + (g) 021 }CX +— k X CX

or

2
= MSE(f(u‘m) + @

MSE(t) 2 (MG + A3 (604 — 1) — 240f,(a,b)Cx

ta v -
~2Auf;(a,b) + 241A2003Cx] + 20 kX {Ale( +A2()03CX}

_ 2
z%kxjfz(a,b)cX LRx c
(4.9)

where,

fo(a,b) = {apXYCy + (g) 521}

fs(a,b) = {aélsz + (g) (622 — 1)}.

Differentiate partially Eq. (4.9) w.r.to A; and A, and equate to
zero, we have
[ tanCx t(a)003 } [A1A, ]=[ tiab {apxyCy + (8)021} — k)i(icx
tan903Cx tiap 4003 —1) tiap {@012Cy + (2) (922 — 1)} — kX Cxdos
After simplifying, we obtain the optimum value of A; and A,,
that is,

_ Gua=1)fr(ab)-dpfs(ab) _ kX
(At)ope = (S04—0%5—1)Cx tab)

(4.10)

(Ra)ope =BG
Substituting (A:),,, and (Az),,, from Eq. (4.10) in Eq. (4.9), we
have
MSE(t)min = MSE(E(‘U’))
2,,, [1f5(@ b)Y’ — 25(a.b)f5(a.b)oos + (604 — Dif(a.b)}’
n (ooa — 3%, — 1)
4.11)
A t(za.b) 2
= MSE(tas) — |-52{f(a,)}
— @ {fZ(avb)603 ;f3(a,b)}2 (412)
n (504 — 003 — 1)
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) thy {f3(a,b))
= MSE (t(ap)) — <(n) m

_ (f?a.b>) {(04 — 1)f(a,b) — dosf3(a, b))
n (d04 — 033 — 1) (30 — 1)

Remark 4.1: The optimum values of constants A; and A, at
(4.10) involve unknown population parameters. The values of
these quantities can be guessed accurately through a pilot sample
survey or sample data at hand or experience gathered in due
course of time, see Srivastava and Jhajj (1980), Singh et al. (2003)
and Singh and Solanki (2013).

When X is known, the following Difference-cum exponential
ratio type estimator (DCERTE) to obtain population parameter
t@p on putting w, = 0 in Eq. (4.1) is defined as:

(4.13)

wi (X —X) }

t = [f(a,b) +k (5{ - &)} exp (4.14)

X+ —1)x

where w; being scalar has real values (0,-1,1) and k and « is arbi-
trary constants.
MSE of the estimator t; is given by

MSE(t)) = MSE(t5) + 222 ()G -2(2)n@ba] @15)

MSE(t;) defined in Eq. (4.15) is minimized for (%) Lab)

opt = Cx

2
MSE(t1) i = MSE (ta)) — t(—nb) {f2(a,b)}? (4.16)

min
Table 4.1 presents the existing estimators obtained from Eq.
(4.14) on taking appropriate values of a, b, k, w; and o accordingly.
Using known Sﬁ, following exponential ratio type estimator to
estimate the parameter t,; of the population by putting k = 0
and w; = 0 in Eq. (4.1) is defined as

W (Sy — 52) }

ty = Liap €XP
B CEATESIE:

(4.17)

where w, being scalar has real values (0,-1,1) and S is suitably cho-
sen constants, MSE of the estimator t, is defined as:

MSE(t;) = MSE(t(as))

2 2
4o {(”;) (oo~ 1)-2(*7)fsta b)] (4.18)
MSE(t,) in (4.18) is minimized form for (%) = ({3(“;%
op 04
- t%ab) {f(a b)}z
MSE(t2) gy = MSE (Eqp) — -2 Y3 %211 (4.19)

n (504 — 1)

Table 4.2 presents a set of existing estimators obtained from
(4.17) by suitable a, b, w, and 8.
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5. Efficiency comparison

MSE(E(a,b)) - MSE(t)min
2, [{f3(a,b)}2 —2f5(a,b)f3(a,b)do3 + (Jos — I)Uz(a,b)}z] N

n (04 — 355 — 1) 5
(5.1)
MSE(t1) i — MSE(t) iy = (@) gz%ﬁjé_wézfi(ilib)}z >0
03
(52)
MSE(tZ)min - MSE(t)min
_ (tﬁa,b)> {(004 — 1)f(a.b) — dwafs(a. b)}* _ 0 (53)
n) o 0% )0u—1)

We note that (dos — 55 — 1) > 0 always.

It can be observed from (5.1), (5.2) and (5.3), the proposed
difference-cum exponential ratio type conventional estimator t
performs efficiently than the estimators f(a_b), t; and t,.

6. Estimation of the population mean of the study variable Y

For (a,b, k,wq,ws, 0, ) = (1,0,k, w1, w, &, B), class of estimator
‘t’ written in Eq. (4.1), will take the following form

wi (X —X) }ex
X+(a—1)x

t = [}7 +k()? - iﬂ exp

W) (Sg — $2)
Sy +(B— 1>s£] ©1

MSE'’s expressions of the estimator t' up to O(n~!) is given by

N - 92 2.2 2
MSE(t') = MSE(y) + — [43C2 + A (604 — 1) |
—2A; pxnyCy — 2A501,Cy + 2A1A2003Cx

2iXYIAC 1A 2,5y I2X?

+=kXY {A]CX +Azé03CX} —ZkX Y pyyCxCy + ——Cy (6.2)
n n n

where, A; =%} and A; = %

MSE of t’ at (6.2) is minimized for values

~ {Gu-Dpxy—dosi2}Cr  gx
Ao =Gt v (6.3)
(A) gy = {or—durn v |

Pt T (504—0%5-1)

Putting the value of (A,),,, and (Az),,, from Eq. (6.3) in Eq. (6.2)
to get the minimum MSE of the estimator t’ as (Table 6.1)

Table 4.1
Particular cases of the estimator t;.
Subset of the proposed estimator a K wy o
N X—x . a 0 1 o
ti1) = tap ©XP L’(Er(le))i] (Singh and Pal, 2017)
_ < x 1 1
ti2) = yexp [, X-x) } (Upadhyaya et al., 2011) 0 0 *
X+(a-1)x
i) =yexp [(j(:(”fﬂ (Bahl and Tuteja, 1991) 1 0 0 1 2
+X
1 0 0 0 o

tis) = [}7 +k()2—5<)] (Difference Estimator)
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Table 4.2
Particular cases of the estimator t,.

Subset of the proposed estimator A b wy B

N 2 .

ta1) = t(ap)eXP [%] (Singh and Pal, 2017) a b 1 B

thy) = S2exp [52(75%/;:5?)52} (Yadav and Kadilar, 2013) 0 2 1 B

tyy, = s2exp [(Z’Z‘;Zj)] (Singh et al., 2011) 0 2 1 2

X Tox

Table 6.1
Particular cases of the estimator t'.

Subset of the proposed estimator k wy W o

t12) = yexp [M} (Upadhyaya et al., 2011) 0 1 0 a

X+(a—1)x
ti@) = Yexp [(ﬁ;f)} (Bahl and Tuteja, 1991) 0 1 0 2
+x
tiz) = {37 +k()?—;?)] (Difference Estimator) 0 0 0 o
o, /
/ oy MSE(t13)) 1, — MSE(t) min
MSE(t) o = V() == - o
5 5 Y2 {01, — 2pxy003012 + (o4 — 1) p3y }Cy
. 5 =
. {972 = 2pxyd03012 + (J04 — 1)y }Cy (6.4) n (904 — 0% — 1)
2 : _
(504_503_1) Y2 M1 )
. R . . ——|=C; — CxCy| =0 7.4
The minimum MSE’s of the estimator t1y), t;,, and ty, is given n [4 S (74)

by

N

MSE(t12)) gy = V (V) =~ P& € (65)
Y

(), =V(9) - 1 P &9
NY?

MSE(t13) ip =V (¥) = P& G (67)

7. Efficiency comparison

B Y2 {5%2 — 2Pyy 003012 + (doa — 1)9)20'}@/
v(y) - MSE(t).. —— >0
<}’> (&) min n (504_533_1)

(7.1)

B E {5%2 — 2Pxy003012 + (S0a — 1)9)201}@

MSE (t12)) — MSE(t’)

™ n (604 — 635 — 1)
Y2
- F,())zﬁ,Cf, >0 (7.2)
MSE (tq(z)) min - MSE(t/)min

_ E {5?2 — 2Pxy003012 + (doa — 1),0)2(V}C$’

n (504 — (533 — 1)

Y2 [1
-2 [5G - pncia] > 0 (7.3)

8. Empirical study

In this section, we compare the performance of the proposed
estimators using a known population data set.

The description of population data sets is as follows.

Population

Y = Number of person per block

X = Number of rooms per block

The values of the parameters are

n = 10, X=588, Y=101.1, Cx=0.1281, Cy=0.1450,
Pxy = 0.6500, 012 = 0.5714, 021 = 0.4537, o3 = 0.4861,
030 = 0.3248, ooa = 2.2387, 040 = 2.3523, 013 = 1.5041,

031 = 1.6923, 5, = 1.5432.

Tables 8.1 is concluded that the performance of the proposed
estimator t’ is more efficient in comparison to the usual mean esti-
mator and other existing estimators ty), te and ty(3) as the PRE of

the proposed estimator t' is greater than the existing estimators.

9. Simulation study

This section shows the procedure for comparing estimators ty ),
tip) and ty3) with the estimator ¢’ computationally based on the
Reddy et al. (2010) algorithm. The following stepwise simulation

algorithm is used to evaluate the efficiency of Y:

Step 1: Simulate XN(u, 6?) and X;N(,, 63) independently and
randomly using the method of box-Muller.

Step 2: Let Y =pX+/1-p2X; such that
0<p=04,06,08<1.

Step 3: Gives the pair (Y, X).
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Table 8.1

PRE’s of the proposed and existing estimators.
Estimators PRE
y 100.0000
t 195.1564
i 173.1602
ti) 72.5100
tig 173.1602

Step-4: Let define the parameters u=5,0=3, i, =5 and
o1 = 3 for population-I in step 1, repeat steps 1 to 3 for 1000 times.
Variable Y and X will have the same variances in the population.

Step-5: Similarly, use parameters u=3,0=2, u, =5 and
o1 =3 in step-1 to generate the population-II, and then repeat
the process from steps 1 to 3 for 1000 times. Variable Y
and X will have different variances in the population.

Step-6: Use SRS to draw 500 samples (y;, x;), fori =1, 2,...,n
from the population of size N = 1000, WOR of size n = 40, 50 and 60.

500 —\2
Step-7: Calculate AMSE(t) = sk ZHE(tk - y)

and PRE of an estimator t with respect to the usual estimator y

is PRE(t) — 21

Tables 9.1 and 9.2 shows simulation results that have been
obtained following the stepwise procedures.

From Tables 9.1 and 9.2, we observe that from the various val-
ues of correlation coefficient p = 0.4,0.6,0.8 and the sample size
n = 40,50,60, it can be concluded that the performance of the pro-
posed estimator t' is more efficient in comparison to the usual
mean estimator and other existing estimators ty), tj,, and ti).
Table 9.1 and 9.2 indicates that the average PRE of the proposed

Table 9.1
Average PRE of the estimators for Population-I.
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t' estimator is higher in all the cases (for variations in p and n)
and for both the simulated data sets discussed above.

10. Conclusion

The present study proposed an improved estimator for a gen-
eral parameter estimation using the information on “additional
value X”. Differential cum exponential ratio type estimator ‘t’ of a
general parameter is suggested in SRSWOR. The estimator ‘t’ pro-
posed in Eq. (4.1) can be used to estimate different population
parameters. We have verified the performance of the proposed
estimator using simulated data set for the case of estimation of
population mean only. The result of this study shows that the usual
mean estimator, Singh and Pal (2017), Upadhyaya et al. (2011),
Bahl and Tuteja (1991), Yadav and Kadilar (2013) and Singh et al.
(2011) can be shown as the members of the proposed class. An
empirical study has been carried out using real data set (presented
in Table 8.1) and simulated data sets (presented in Table 9.1 and
Table 9.2 by taking two different simulated population data sets)
to illustrate the efficiency and effectiveness of the proposed esti-
mator. The result of simulation studies shows that the average
PRE of the suggested estimator t' is higher as compared to the
existing estimators Upadhyaya et al. (2011) t_{1\left(2 \right)},
Tuteja and Bahl (1991)t1¢2) tj, and difference estimator t;3 for
different choices of correlation coefficient p and sample size n in
all the cases and for both the simulated data sets. The same pattern
can also be obtained in case of real data set i.e. the proposed esti-
mator t' performing better as comparison to the usual mean esti-
mator and other existing estimators ty), i) and ty3) as the PRE
of the proposed estimator t’ is greater than the existing estimators.
Through a literature survey, it can be found that the best estimator
is one having the minimum mean square error. Hence, by the
result of the simulation study, we can conclude that the proposed
estimator ¢ performs better than the existing estimators ti(), tj

P N Average PRE’s
y t tiz) i) tig)

0.5 40 100.0000 140.2242 138.7793 80.36167 138.7793
50 100.0000 139.6806 138.6224 80.1948 138.6224
60 100.0000 139.5516 138.5826 80.29106 138.5826

0.6 40 100.0000 165.8203 164.1184 72.5535 164.1184
50 100.0000 165.1557 163.9098 72.47781 163.9098
60 100.0000 164.9832 163.841 72.51843 163.841

0.8 40 100.0000 299.7129 296.6709 60.68814 296.6709
50 100.0000 298.4635 296.2357 60.68819 296.2357
60 100.0000 298.0521 296.0032 60.66814 296.0032

Table 9.2
Average PRE of the estimators for Population-II.
P N Average PRE’s
y v ti2) iz tiz)

0.5 40 100.0000 119.2466 118.0128 97.4543 118.0128
50 100.0000 118.8099 117.9053 96.43723 117.9053
60 100.0000 118.7146 117.8876 96.7558 117.8876

0.6 40 100.0000 130.8356 129.4851 87.2013 129.4851
50 100.0000 130.3386 129.3491 86.7238 129.3491
60 100.0000 130.2249 129.3196 86.9226 129.3196

0.8 40 100.0000 191.0631 189.1082 68.4768 189.1082
50 100.0000 190.2839 188.8529 68.3965 188.8529
60 100.0000 190.0674 188.7543 68.4277 188.7543
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and t;3). Hence, this method is recommended for practical
application.
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