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1. Introduction

Mathematical modeling of biomedical processes, and cancer, in
particular, has come to the forefront of research in recent decades
(Altrock et al., 2015). A conceptual framework for cancer biology
aims to identify the structure, the dynamics, and the rules govern-
ing the regulation of the behavior of the system (Medina, 2018).

A vast plethora of cancer models have been introduced into the
scientific literature during the last years (Magi et al., 2017). In gen-
eral, these models can be classified according to the mathematical
modeling approach: the top-down approach and the bottom-up
approach (Shahzad and Loor, 2012). Also, mathematical models
of cancer are built at different scales with different degrees of
detail (Medina, 2018): very detailed models of metabolic
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pathways, middle scale models based on fluxomics, and global
phenomenological scale cancer models based on the interaction
of populations of cells.

Global phenomenological scale cancer modeling approaches
can be characterized either as continuous models or discrete mod-
els (with various subclasses under each type) (Simmons et al.,
2017). Continuum models generate solutions as concentrations of
different types of cells. Usually, they comprise a system of differen-
tial equations (though agent-based, multi-scale, lattice-based,
image-based models are widely used also) (Simmons et al.,
2017). Ordinary differential equations are employed if the varia-
tion of cell populations is investigated in time. Partial differential
equations are employed to describe the variation both in time
and in space.

Mathematical models of a single cancer tumor comprising a
system of two ordinary differential equations coupled by multi-
plicative terms are widely used for the phenomenological descrip-
tion of the interaction between healthy and cancer cells (Liu and
Yang, 2016). Such types of models comprising two Riccati type
nonlinear coupled differential equations are used for the descrip-
tion of prostate cancer treatment with androgen deprivation ther-
apy (Zazoua and Wang, 2019), cancer stem cell-targeted
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immunotherapy (Sigal et al., 2019; Alqudah, 2020), the maximiza-
tion of viability time in general cancer therapy (Bratus et al., 2017).
The phenomenological model of such systems in mathematical
terms reads:
X = dg 4+ X + ax* + IxXy; 1)
Y =bo + b1y + bay* + Zyxy,

where ag, ay,a; # 0,bo, b1, b, # 0 € R and Ay, 4, - coefficients of mul-
tiplicative terms.

A formal classification of multiple cancers in humans is first
done in Moertel (1977). According to this classification, multiple
primary cancers of the first type occur in organs with the same
histology. The second type of multiple primary cancers originate
from different tissues or organs. The third type of multiple can-
cers comprise three or more cancers at different tissues and
organs that concurrently coexist with the first type of cancers
(Moertel, 1977). Cancers of the first type are further subdivided
into three groups: 1A - two or more cancers that occur in the
same tissue or organ; 1B - cancers in a joint tissue shared by dif-
ferent organs; 1C - cancers occurring in bilaterally paired organs
(Moertel, 1977).

Multiple primary cancers (MPC) are classified as synchronous
and metachronous cancers (Jena et al., 2016). Among patients with
MPC, triple cancers occur in 0.5 %, and quadruple or quintuple can-
cers in less than 0.1 % of the population (Kim et al., 2010; Kim et al.,
2013). For metachronous gastric cancer patients, the most com-
mon cancer sites are: colorectum, thyroid, lung, kidney, and breast
(in descending order) (Kim et al., 2013). For synchronous gastric
cancer, a different order is observed: head and neck, esophagus,
lung, and kidney (Kim et al., 2013). Females are at a higher risk
of being diagnosed with a first primary cancer of breast or thyroid
cancer at a younger age - but those who survived their first pri-
mary cancer are at a higher risk of developing a metachronous sec-
ond primary cancer after that (Jena et al., 2016).

The life expectancy for a person diagnosed with multiple can-
cer is significantly shorter compared to a person only with a sin-
gle isolated cancer (Jena et al., 2016). For instance, MPC
developed in 10.4% of patients during five years after stomach
cancer treatment (Jena et al.,, 2016). The probability of survival
of such patients with MPC was considerably less than of patients
with only a single stomach cancer (Jena et al., 2016). The major-
ity of patients with synchronous MPC died during two years
after the removal of the stomach. The survival rate of patients
with metachronous MPC was also low - but many of those
patients did survive for five years. The percentages of patients
who did survive for five years after the removal of the stomach
where: 76.5% for patients without MPC; 67.5% for patients with
metachronous MPC; 34.1% for patients with synchronous MPC
(Jena et al., 2016).

A mathematical model for the immune-mediated theory of
metastasis is recently presented in Rhodes and Hillen (2019). The
interaction between different tumors is modelled by using diffu-
sive terms representing the migration of cancer cells between pri-
mary and secondary tumors in Rhodes and Hillen (2019). This
corresponds well to the mathematical model of migration in diffu-
sively coupled prey-predator system on heterogenous oriented
graphs (Nagatani, 2020).

The main objective of this paper is to explore the existence of
solitary solutions in a paradigmatic cancer metastasis model where
the model of a single tumor is represented by a system of coupled
ordinary differential equations with multiplicative terms, and the
interaction between primary and secondary tumors is represented
by a diffusive term.

In mathematical terms, this model can be represented by the
following system of nonlinear differential equations:
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{x’ =y + QX + GX% + XY,

¥ =bo + b1y + bay? + Ayxy + y(w — y); 2)

Z = Co+ €12+ 7% + ) zw;
W =dy + diw + dow? + L,zw.

This model uses a system of coupled Riccati type differential
equations to characterize the dynamics of a single tumor (Liu
and Yang, 2016; Zazoua and Wang, 2019; Sigal et al.,, 2019;
Alqudah, 2020; Bratus et al., 2017). On the other hand, the diffusive
terms coupling different tumors fall in line with the model of
metastasis presented in Rhodes and Hillen (2019). Moreover, Eq.
(2) does generalize the model of diffusively coupled prey-
predator system on heterogenous graphs (Nagatani, 2020) because
the governing differential equations representing the dynamics of
healthy and cancer cells in each tumor are nonlinear Riccati differ-
ential equations (linear differential equations are used in Nagatani
(2020)). The model presented by Eq. (2) also can be interpreted as
the phenomenological generalization of the Master-Slave model
comprising two discrete logistic maps (Ramirez et al., 2018). The
dissipative coupling between different tumors is a one-way cou-
pling. In other words, the primary (the “Master”) tumor does have
a direct impact on the growth of the secondary (the “Slave”) tumor,
but not vice versa. As mentioned previously, such dissipative con-
nection between tumors does represent the model of the metasta-
sis discussed in Rhodes and Hillen (2019).

Such kind of generalization of the metastasis model on
heterogenous graph poses an important theoretical challenge from
the mathematical point of view. The existence of solitary solutions
in an androgen-deprivation prostate cancer treatment model
(Telksnys et al., 2020), a hepatitis C evolution model (Telksnys
et al., 2018), or a model of a biological neuron (Telksnys et al.,
2019) always allows to construct the global view of the system
dynamics in the phase space of system parameters and initial con-
ditions. The matter of fact is, that solitary solutions to these models
do usually represent separatrix between different basin boundaries
(Telksnys et al., 2019; Telksnys et al., 2018; Telksnys et al., 2020).
Therefore, the ability to identify solitary solutions (and the corre-
sponding basin boundaries) would provide an important insight
into the dynamics of the paradigmatic cancer metastasis model.

2. Preliminaries

2.1. The concept of solitary solutions

Analytical functions of the form:

x(t) = O'HZ:I (exp(n(t — to)) — Xk)
T, (exp(n(t — to)) - t)

; 3)

are considered solitary functions in this paper; here n € N repre-
sents the order of the solitary function; ty,0,7 € R are real con-
stants; Xy, t, € C parameters that depend only on the initial
conditions.

The substitution:
t =exp(y(t - to)), (4)

is used to rewrite (3) in a more concise form:

X(t) :x(h:fﬂo) :2(?) - G)T(Eg’ (5)

where functions X, T read:
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X(0)=1I0-x); T©O)=T]0-to. (6)

k=1 k=1

2.2. The inverse balancing technique

The primary question that has to be answered when consider-
ing solitary solutions to a particular system is whether they exist
as solutions, and if so, what conditions must the system parame-
ters and solution parameters satisfy. The inverse balancing tech-
nique, presented in detail in Navickas et al. (2016), given a
system or differential equations, both determines the maximum
solitary solution order and derives the necessary and sufficient
conditions for their existence.

The fundamental idea of the technique is to insert the expres-
sion (5) as the ansatz into the system of differential equations.
After simplifying, a linear system of equations with respect to
the equation parameters is obtained. The conditions under which
this system is non-singular coincide with the necessary existence
solutions for the solitary solutions.

This approach differs significantly from the direct construction:
in the latter, after inserting the ansatz into the system of differen-
tial equations, the resulting nonlinear equations are solved for the
solution, rather than the system parameters. This yields a high-
order system of equations that cannot always be solved, especially
if all solutions are to be obtained. Due to these complications, we
forgo the direct approach and use the inverse balancing technique
to analyze (2).

3. Existence of solitary solutions in the Riccati system

The substitution (4) can be used on (2), resulting in:

17??’? =0y + X + X% + XY, (7)
;1?37/?: bo + b1 + b2y + XY + (W - ); (8)
11??’? =Co + C1Z + C222 + /1,2 W; 9)
n?\Tv/?:do+d1W+d2W2+;LWEW (10)

For the derivations presented, the following functions have to
be defined:

x(t) = x(t) = 0'1%(; (o =5(7) :a#; (11)
a0 =2(t) =os % wio)=#(t) =0, Y (12)
X=X(t) = (t-x)(E-%) - (T-x)

= BT (13)
Y=Y(@)=(t-)(E-y)(F-)

=T 4 0, t" T+ 4 Op; (14)
2=2() = (1-2)(i-2)- (=)

R Y L NI (15)
W=W(t) = (t-w)(T-ws)-(t-w)

="+ P " L g (16)
T=T(t) = (t-t)(f-t)- - (t-t)

=t @t (17)

K= (X)) v = (Y0 ™
7o (@) wow@) T-0@) o9
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Coefficients &y, x, Ok, Kk, pr. k = 1,...,n— 1 are, in general, complex
constants. The order n of polynomials X,Y,Z,W, T coincides with
the order of the solutions x,y,z, w.

Inserting the ansatz (11)-(12) into (7)-(10) yields:

17?01@:%+ala1¥+azaf>§+lxalaz)%; (20)
it T bk - o baod s

+Ayalo'2)%+ya4¥; (21)
n?a3¥ =Co+C1 03§+ 020§i—z+ ivzasaz;ZT—VZV; (22)
nfa4w=do +d104¥+d2(7§v¥—22+iw0304%. (23)

The first two equations can be multiplied by & and T,
respectively; the last two by T, resulting in a simplified version
of (20)-(23):

ntaX'T  apT’

X v = nto1 T + a101T + 0,62X + 2x010,Y; (24)

_Nta YT bya3Y?  J,010,XY

T T T
= —ntasY + boT + (by — 7)0,Y + yosW; (25)

tosZT cT?

nto; fCOTz11tO'3T/+C103T+C20’§Z+&G3G4W; (26)
_NEaWT' dya3W? ), 0304ZW

T T T
= —NtosW +doT + dyo,W. (27)

Each of the above equations can only hold if both right and left
terms are polynomials of order n, which means the left side
denominators must cancel out in each case:

nto1 X' — aoT = 6104X; (28)
—NtoaT — byo2Y — Jy010:X = 6251 T, (29)
ntosZ — coT = 630,Z; (30)
—NtosT — dyo2W — 2,0304Z = 643, T, (31)

where o4, %2, 1, B2 € R, 001,02, By, B, # 0 are constants.

The above relations coincide with the necessary existence con-
ditions for solitary solutions to (2). They can be further simplified
as:

aoT + oy 01X — nta X' = 0; (32)
NET' + By T + 401X + ba52Y =0, (33)
coT + 0203Z — tasZ = 0; (34)
WET' + BoT + JoyG3Z 4+ dy 04 W = 0. (35)
Combining (28)-(31) with (24)-(27) results in:
onT = HtT + T + 201X + /x0,Y; (36)
G2,Y = —ntasY' + boT + (by — 9)02Y + yaaW; (37)
0T = HET' + 1T + C263Z + 4,4 W; (38)
GafyW = —taaW' + doT + dy o, W. (39)

Obtained Eqs. (36)-(39) are sufficient conditions for solutions
(11) to exist in the system (2). These conditions can be further
rearranged:
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NET + (a1 — 00T + G201 X + Jx02Y = 0; (40)
964W + (b1 — 7 — B1)02Y + boT — na,tY’ = 0; (41)
NET' + (¢1 — 02)T + €203Z + 1,04 W = 0; (42)
(dy — B,)G4W + doT — o tW' = 0. (43)

Lemma 3.1. Solutions of the form (11)-(12) exist in the system (2) iff
(32)-(35) and (40)-(43) hold true.

4. Maximum possible order of solitary solutions to the Riccati
system

The inverse balancing technique, discussed in detail in Sec-
tion 2.2, is used to determine the maximum possible order solitary
solutions to the considered Riccati system (2).

The following isomorphisms are introduced:

T T= (L& 1,...,20); (44)
X'_))?l: (17Xn—17'~~7X0)§ (45)
Yio Y= (1,001,....00); (46)
Ze Y= (1K1, .., Ko); (47)
Wi yl—(]vpnflv"'rpo); (48)
T (f ') =(m,n-1a&,1,...,21,0); (49)
EX > (EX) = (1 (= 1)y 70, 0); (50)
B s (8Y) = (0, (1= )05 1,...,01,0) (51)
7 (?z/) —(,(n = DKn_1,....K1,0), (52)
W (fw’) =, (n—=1)p, 1,....py,0), (53)

the functions X,Y,Z, W, T have been noted in (13)-(17). Next, the
following auxiliary parameters are introduced in order to simplify
the further derivations: A117A217 L1y, Ly, L3, Nqj, Noy, N3j, Kqp, Ky,
Ky eRl=1,2.

Applying the above identities, previously derived conditions
(32)-(35) and (40)-(43) can be restated via the defined vectors:

T +An X +As1 (?)}) -0 T +A1 Z +Az (?}’) -0 (54)
(ﬁ’) 4Ly T+ly X +Ls Y = 0; (ﬁ’) LT+l Z +lp W =0;  (55)

(1) + Ny T+Ny; X +N3; Y = 0; (ET) + Nia T 4Nz Z+Np W =0; (56)

W +K11 Y +K1 T Ky (V) =0; KWKz T+Ks, (tw)=0.  (57)
Parameters used in the above equations read:
(i) A An:%, A12:%§
1 Kl -
AmZ*%, A22:*%§
Lni%ﬂ L12:/i—77 L21:/y,717
(“) Lml w03 byoy dyoy
Ly = TR L31777 L3y = =274,
Njp =528 Npp =922, Ny =20
ses ”’ b
(iii) Ny : ; ;
Npp =22, N3y =22, Ny =25,
Ky, = bizv=p1)o, K = (d - B,)o Ky = Do .
(V) Ko : 1 704 ) 12 1 2)04, 21 = 35,5
Ky =dy, Kz = —1%7 K3 = —n0y,
(58)

where m=1,2,3;L,k=1,2.
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All of the parameters defined above can be placed in one of
three exclusive groups which can be represented by a schematic
diagram in Fig. 1:

o ay, by, ¢, dy Ax, Ay, 2z, 2w and p,k=0,1,2 are parameters of the
Riccati system (2).

e 1, to, Ok, @m, s Om, km and  p.  where
k =1,2,3,4 are parameters of the solitary solutions.

o oy, B, Akt, Lini, Ny and Ky, where m = 1,2,3;1 k = 1,2 are auxil-
iary parameters that neither belong to the solution nor the sys-
tem of differential equations. The first two, oy and f;, are applied
in the derivation of conditions (54)-(57) (specifically (28)-
(31)). The remaining parameters Ay, L, N, Ky Telate the Ric-
cati system and its solitary solution parameters via necessary
and sufficient conditions (54)-(57).

m=1,...,.n—1;

)

The solitary solution and auxiliary parameters can be derived as
a solution to the algebraic Egs. (54)-(57). The Riccati system
parameters are then obtained as:

Go=—N7z5: €=Mz, al:’?<N11—%,
C1=77(N12*%) azz’%7 C_Nf;in ;X:N%Z

}VZ:%7 boz_%7 do = K2, (59)
br=-n(f+ 2 +Ln), di =524yl by =

dy =128, g, =tat g, =tal oo o

Using the vector definitions (44), (45), (47), (50) and (52) and taking
each element of (54) yields a set of algebraic equations with
unknowns Ay, Ay, &k, ¥ and ki, k=0,...,n—1,1=1,2:

1+ A +nhAy =0;

1+Ap +nAy = 0;

60

&y + Ay +Anky, =0, k=n-1,...,0, (60)
ek“"AIZKZk"!‘Azzk}(ﬁk:07 k:n_]y_“’o.

The solution of the above system reads:
— 1+Ay Y S _

A== n ' ’{"_m—l’m&fla (61)
@

K= 1+(n—kAy Po®r, Au, &k €R. (62)

Note that py is defined as py = y7tgs k=0,....,n—1,1=1,2 in

YAzl
the above.
Similarly to (60), using (44)-(49) in conjunction with (55) yields
the following set of linear equations with Ly, Ly, L3; as unknowns:

n+Li; + Ly + Ly :0;
n+4Lip+ Ly +13 =0

63
k&k'i'Lll&k"'LZle + L3160, =0, I<:n—17...,07 ( )
kaey + L@ + Lokk + Lyzp, =0, k=n-1,...,0.

Let:
O = hma‘ik, Pr = hkzayﬁ hk[ eC, k= 0,...,1’1— 1, = 12 (64)

Note that if &, = 0, the last two equations of (63) become iden-
tities. Otherwise, cancelling &, # 0 from the last two equations of
(63) results in:

n+Liyg+ Ly +13 =0

n+4Lip+ Ly +13 =0

k+Li1 4 Loy + Lsihin =0,
k+ Lz + Lyopyy + Laohy, =0,

k=n-1,...,0,
k=n-1,...,0.
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f THE MODEL\ f NECESSARY AND\ /~ SOLITARY "\
SUFFICIENT SOLUTIONS
CONDITIONS
(28)-(31)
< B> (54) - (57)

ak,bk,Ck,dk,
Am,Aya/\Z))‘

Model parameters
N /

\Auxiliary parameters/

Xmaemyﬁmapm

KSolution parameters/

Fig. 1. A schematic diagram portraying the relationship between different groups of parameters.

Applying (44)-(49)-(56) yields another set of linear equations
with unknowns Ny;, Ny, N3;:

1+ Nig + Nai + N3y = 0;

n+ Nz + Ny + N3y = 0;

k+Ni1 + N21pyy + Nathig =0,

k + N1z + Naapyo + N3zhya = 0,

k=n-1,...,0, (66)

k=n-1,...,0.
Note that the two above systems (65) and (66) coincide fully, thus
their solutions will also be derived in an analogous manner.
Finally, applying (44), (46), (48), (51) and (53)-(57) results in a
set of linear equations with respect to Ky, Ky and K3,[=1,2:
1+ K1 + Ky +nK3z; =0;
Kiz + Ky +nK3; =0
th + K]]hk] + K51 + K31khk] =0, k=n-— 1,...,0,
Kithia + Ky + K3zkhyo =0, k:n—l,...,O.

(67)

4.1. First order solitary solutions to (2)

First order solitary solutions (kink solutions) will be considered
in this subsection. The selection n =1 transforms systems (65),
(66) into a singular form; the solutions in terms of L3, N3, read:

(1 + L3)por — Lathar (1 + L) + Lyihor

Ly = Ly =— Ly € R; 68

1 1—py 21 1—py 31 ; (68)

Ny = 1 NP = Nathor - —(1+ Nap) + Nathor = (69)
1—po 1-py

with [ = 1,2. While the expressions of Ly, N;; coincide, in general
Ly # Ny, since the values Ly and N3 can be selected arbitrarily
and do not depend on each other.

The system (67) yields the expressions for K1, K12, K21, Ki2:

_ hoy—nKs, -1 _ —nK3p
KH = 1-hg, ; K]Z ~ T-hyy (70)
Kyr = (nK31+1)hg1 —hgy Koy = nk3yhop
21 — 1-hy, ’ 22 — 1-hg, *

where K31,K3; € R.

Corollary 4.1. The Riccati system (2) admits the first order solitary
solutions (kink solutions, n = 1) without any constraints on Riccati
system parameters or solitary solution parameters.

4.2. Higher order solitary solutions to (2)

Higher order solitary solutions are obtained by selecting n > 2.
In this case (65), (66) are no longer singular and can only admit one
solution:

_ _ (Pun—1ho—pgi(nhy—1)
Ly =Nu= (T=p1)hor+(hy=1)por+(pu—hu)
_ _ (1=n)hg;—1+nhy;
Ly =Ny = (1=p1)hor+(hy—=1)por+(pu—hu) (71)
n—1)pg+1-n,
Ly =Ny = ( (n—1)pgs JaTl

1=p1hor+(hy=1)por+(Pu—hu) *

The above solution is correct if and only if:

k=2,...,n-1; (72)
I=1,2. (73)

k+ Ly + Lupyy + Lathy = 0,
(1 = pyho + (=1 4 hy)py + py — b # 0,

Conditions (72)-(73) follow from (65), (66): both of the systems
have 2n + 2 equations and 6 unknowns. When n > 2, the number
of equations surpasses the number of unknown parameters, which
means that the above conditions are necessary in order for the sys-
tem to remain consistent.

As shown above, in the case of higher order solitary solutions,
the auxiliary parameters Ly and N, must be equal. Thus, inserting
Ly = Ny (k=1,2,3) into (58) results in the following constraints
on the Riccati system parameters:

a, = ),y; b2 = /lx; C) = /lw; d2 = Jz. (74)

Applying analogous reasoning used for the derivation of condi-
tions (72)-(73) earlier, it could be concluded that solutions (70) to
the system (67) hold if and only if the following relationships are
true:

hio + Ki1hgy + Ko7 +Kz1khyy =0, k=1,....,n—1, (75)
Kithia + Koy + Kspkhyo =0, k= 1,...,n—1. (76)

The results of the analysis performed in this subsection are
summarized in the following Lemma.

Lemma 4.1. The Riccati system (2) admits higher order solitary
solutions (n = 2) if and only if (72), (74) and (75)-(76) do hold
true.
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4.3. The algebraic structure of higher order solitary solutions (n > 2)

The solutions (11)-(12) can be rewritten in a different form
considering (61)-(62) and (64):

i~ n-1
>(F X t Jrpn S t 4Py @
x(t)=x(t)=mT=al<)() Jrla;nl(lt()nl+ o1 0, 77
y<t)—9(?) =0 Z—(i (t> an 1120 1(t B 1 ..+ hor2eo 78)
= 2T =92 (f) +33n1(?)n1+.4.+330
z(t) :/Z\(E> :O’gg=0'3 (?) Pin-1)2®n- 1(t)nl1 +p02&'01 79)
T @@
W(t):vAv(f) :04¥=0_4 (f) +hn-12@n1 (t)n71+...+hozgeo 50)

(?) "e, (?) R,

It is important to note that necessary and sufficient conditions
mentioned in Lemma 4.1 do result in a specific algebraic structure
of higher order solitary solutions. The following Lemma splits the
family of solutions into two cases.

Lemma 4.2. While the Riccati system (2) can admit solitary solutions
of arbitrary order, some solutions may have constraints imposed on
their parameters:

(i) The unconstrained case at n = 2. The conditions (72), (75)-
(76) are fulfilled without constraining the parameters of the
solitary solution. Furthermore, any system can admit an infinite
number of unique solitary solutions which can be generated by
selecting different &,k =0,...,n—1 in (77)-(80).

(ii) The constrained case at n > 2. The conditions (72), (75)-
(76) are fulfilled only if n — 2 parameters &,k € {0,...,n—1}
are set to zero. Selecting different values of the nonzero &,
results in an infinite number of unique solitary solutions.

Note that case (ii) of the above Lemma does not inherently
mean that higher order solitary solutions become more complex:
due to the result that n — 2 parameters &,k € {0,...,n — 1} must
be set to zero, these solutions retain a maximum number of two
extrema.

5. Numerical experiments
5.1. Kink solitary solution to a single Riccati equation
Consider the following Riccati equation:

X=1+— 9 X 5x
n 10 8
The solution to (81) is a kink solitary wave depicted in Fig. 2.
Regardless of initial conditions, the solutions to (81) are monoto-

nous (Polyanin and Zaitsev, 2004).

x(0) = -0.71. (81)

5.2. Bright/dark solitary solutions to a system of Riccati equations with
multiplicative coupling

Consider the following system of Riccati equations with multi-
plicative coupling:

9 5, 1
X=1+— X4

10° 8" T30V (82)
.33 3 ,
y __ﬁ+ﬁy+ﬁy —gxy. (83)
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Fig. 2. Kink solitary solution x(t) to (81).

The solutions to (82)-(83) are bright/dark solitary waves depicted
in Fig. 3. A detailed account of solitary solutions in such systems
is given in Navickas et al. (2016). Note that compared to the single
Riccati equation, the solitary solutions to this system are of a higher
order and possess extrema.

5.3. Second order solitary solutions to the system (2)

Suppose the following Riccati system is given:

X/:%+583£x—173jx — 460xy; (84)
, 275 105367 2 1730 1
=Tg teg ¥ 460y’ ——=xy — (W y); (85)
9 5, 1
Z*1+ﬁz—§z +20 (86)
wo B3, 1y izw (87)

10 10 20 8

The techniques presented above are used to construct second order
solitary solutions (n =2) (11)-(12).

Firstly, solitary solution parameters o, (k=1,2,3,4), ,t, and
&, (k=0,1) are selected as follows:

o=1;, 0,=3; 03=2; 04=-3;

88
n:]; to=-5; &=1; &1 =5. ( )
Then, the auxiliary parameters oy, f;, Ax, Ly, Ny and Ky
(m=1,2,3;1,k=1,2) are computed from (58):
28] :%; Oy = % B :@; ﬁzz—%' A =5;
Ap=3; Apn=-3; Ap=-2; Ljy=Ny=33%
Lz =Np=-3%; Ly=Ny=-13% 1Ly 7N22 =-3;
L =Noy = 1380 Lyy—=Npp= 2: Ky = 12
Kiz=-2; Ky =2P; Kp=-3;, Kyn=-6; Kp=3.

(89)

Having derived the auxiliary parameters, it is now possible to
use (61)-(62), (70), (71) and (75)-(76) to obtain the missing soli-
tary solution parameters p,,; and h,; (m=0,1;1=1,2):

(90)

The above parameters yield the following non-singular second
order solitary solutions:
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Fig. 3. Bright/dark solitary solutions x(t) (part (a)) and y(t) (part (b)) to (82)-(83).
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0.6 ‘0
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3.4
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t
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0
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z(t) 1 -5
0.5
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8 10 12
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Fig. 4. Second order solitary solutions x(t) (part (a)), y(t) (part (b)), z(t) (part (c)) and w(t) (part (d)) to (84)-(87).
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1.07

10exp(2t — 10) — 25exp(t —5) — 2

X0 = T0(exp(2t — 10) + Sexp(t —5) 1 1)° 91)
_ 3(46exp(2t — 10) + 69 exp(t — 5) + 374) o

YO = 6(exp(2t ~10) + Sexp(t _5)+ 1) (92)
_ 2(3exp(2t — 10) — 15exp(t —5)— 1)

2(0) = 3(exp(2t — 10) + 5exp(t—5)+1) (93)

w(t) = _ 3(9exp(2t — 10) +-495exp(t — 5) — 11) (94)

9(exp(2t —10) + 5exp(t—5)+ 1)

The above solutions are depicted in Fig. 4.
5.4. Third order solitary solutions to the system (2)

In this subsection, the third order solitary solutions (n = 3) are
constructed for the following Riccati system:

X :%-&-%x - %xz - 41—4xy; (95)

'z?—%y—ﬁyz—ﬁxy—m—w; (96)
7= ; +z %22 + 211 zw; (97)
W:—?—%W+;—lw2—5—gzw (98)
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Fig. 5. Third order solitary solutions x(t) (part (a)), y(t) (part (b)), z(t) (part (c)) and w(t) (part (d)) to (95)-(98).

Analogously as in the previous subsection, solitary solution
parameters o, (k=1,2,3,4), n,tp and &, (k=0,1) are selected
as follows:

o1=1; 0,=3; 03=2; 04=-3;

1 ; 2 ; 3 3 04 ; (99)
n=1 to=-5 & =1; & =10

From the Lemma 4.2 it follows that &, = 0.

The auxiliary parameters oy, B, A, L, N and Ky
(m=1,2,3;1,k=1,2) are then obtained from (58):
w=3 =3 Ph=-z Fh=-3 An=35
A =3; An=-2; Ap=-3 Lu=Nn=-3;
Lz=Niz=-3; Lau=Nn=-3%; Lp=Np=-%;
L3y =N31=-2; Lp=Np=-1; Kn=3
Kp=-3; Ku=3 Kp=-%; Kiy=-1; Kp =3

(100)
Finally, the solitary solution parameters p,; and hy

(m=0,1;1=1,2) are computed using (61)-(62), (70), (71) and
(75)-(76):

P01:—%; pozz—%; p
ho1 =5; hgy = =5;

—_

3.
5 (101)
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Thus, the Riccati system (95)-(98) admits the following non-
singular third order solitary solutions:

~ 15exp(3t —15) —50exp(t —5) -3
X0 = 15(exp(3t — 15) + 10exp(t — 5) + 1) (102)
_ 3(exp(3t —10) +250exp(t —5) +5)
YO == exp(3t—15) + 10exp(t —5) + 1 ° (103)
_ 2(3exp(3t —10) - 18exp(t —5) - 1)
O = 3(expBr = 15) + 10exp(t =5) £ 1) * (104)
w(t) = _ 3(exp(3t — 10) + 50exp(t —5) — 5) (105)

exp(3t—15) +10exp(t—5)+1

The solitary solutions (102)-(105) are displayed in Fig. 5. Note that
although the order of the solitary solution is higher compared to the
previous example (see Section 5.3), the number of extrema remains
the same.

6. Conclusions

Solitary solutions to model (2), representing cancer metastasis,
were derived in this paper. Note that (2) represents a system with a
one-way interaction between tumors: both tumor nodes are repre-
sented via Riccati systems with multiplicative coupling, however,
the first node is autonomous (in the sense that it is not influenced
by the remainder of the system), and the second is diffusively cou-
pled with the first. This results in a system where the inter-node
interactions are represented by a single diffusive term, rather than
a two-way interaction consisting of two terms, discussed in detail
in Telksnys et al. (2020).

While system (2) may appear similar to the Riccati system dis-
cussed in Telksnys et al. (2020), their dynamics are distinct. In
either case, the evolution of tumor cell populations is non-
monotonous, possessing both maxima and minima for finite time
values as well as differing ratios of limits as time tends to —oco or
+oo. However, with a single diffusive term, as discusssed in this
paper, solitary solutions with at most two maxima (irregardles of
the actual order n of the solution) can be obtained, while two dif-
fusive terms in the analogous system results in at most three
maxima.

Furthermore, it can be noted that the relation between cell pop-
ulation in the nodes themselves can be representative of tumor
evolution: functions x(t),z(t) evolve from a higher steady-state to
a lower one, while y(t), w(t) do the opposite. It is interesting to
observe that the androgen-deprivation prostate cancer treatment
model does admit only bright/dark (the second order) solitary
solutions (Telksnys et al., 2020) However, this paper shows that
the order of solitary solutions admitted by the metastasis model
represented by multiplicatively and diffusively coupled Riccati sys-
tems can be larger than two. Together with the results of Telksnys
et al. (2020), this paper provides a comprehensive study on solitary
solutions to tumor models. Extensions of these models containing
more complex coupling terms (both inside the nodes and between
them) remain a definite objective of future research.
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