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In this paper, some new Ostrowski and generalized Trapezoid type inequalities on time scales are estab-

lished. The Ostrowski type inequality is presented via a parameter function g : [0,1] — [0, 1]. Our results

generalize and extend the results of Dragomir, and Ujevi¢. Furthermore, we apply our results to the dis-

crete and continuous time scales to obtain some other interesting inequalities as special cases.
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1. Introduction

The Ukraine born mathematician Alexander Ostrowski (1937)
obtained the following interesting integral inequality.

Theorem 1. Let f: [a,b] — R be continuous on [a,b] and differen-
tiable in (a,b) and its derivative f' : (a,b) — R is bounded in (a,b).
Then for any x € [a, b], we have

1=, e
<<4+ (ba)2>(b DI Ml

a

1 b
P(x) “bh_a f(tdt

where ||f'||.. := sup |f'(x)| < co. The inequality is sharp in the sense
xe(a,b)

that the constant } cannot be replaced by a smaller one.
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Following thereafter, Cerone and Dragomir (2000) proved the
following generalized trapezoid type inequality that is similar to
the Theorem 1.

Theorem 2. Let f: [a,b] — R be continuous on [a,b] and differen-
tiable in (a,b) and its derivative f' : (a,b) — R is bounded in (a,b).
Then for any x € [a, b], we have

B _ b
'(b Xf(b) + (x a)f(a)_bia / ftydt

b—a
(1)
1 (=8
<(4+ o) b=l

In Dragomir (2003), Dragomir posed the following question:
Suppose that the absolutely continuous function g : [a,b] — R sat-
isfies the standing condition:

—co<m<g{t)<M<ooforaetelab.

Find inequalities that are analogous to the inequalities in Theorems
1 and 2 in terms of the difference M — m?

In this same paper, he answered his question by proving the fol-
lowing results:
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Theorem 3. Assume that the absolutely continuous function
g :|a,b] — R satisfies the condition —co < m < g'(t) < M < oo for a.
e t € [a,b]. Then we have

051 [ s (-5 (75

5\ 2
Mom [}ﬁ ( b_ff) ](b ~a) @)

for all t € [a,b]. This inequality is sharp.

Theorem 4. Assume that the absolutely continuous function
g:]a,b] — R satisfies the condition —co <m < g'(t) <M < oo for
a.e t € [a,b]. Then we have

bt s 1 s (M) (- 250)

_ _asb\?
<M2’"{l+<bg”<b—a>, 3)

for all t € [a, b]. This inequality is sharp.

By introducing a parameter / € [0, 1], Ujevic (2004) generalized
Theorem 3 by proving the following result:

Theorem 5. Let | C R be an open interval and a,bel,a<b. If

f:1— R is a differentiable function such that m < f'(t) < M, for all
t € [a, b), for some constants m,M € R, then we have

(1 —i)f(x)—szrM(l ) (x—azib>

1 b M-m [(b—a)?
_m/af(t)dt‘gzw—a){ 4

where a+ A((b—a)/2) <x<b-((b-a)/2).

fa250)
’ 2

2+(1=)")+ (x_T

In order to unify the difference and differential calculus, Stefan
Hilger (1988) introduced the theory of time scales (see Section 2
for a brief overview). In the last few years, many classical integral
inequalities have been extended to time scales, see for example the
papers (Bohner and Matthews, 2008; Dinu, 2007; Karpuz and
Ozkan, 2008; Kermausuor et al., 2017; Liu and Ngo, 2009; Liu
and Tuna, 2012; Ngb and Liu, 2009; Nwaeze, 2017a,b, 2018a,b;
Tuna and Daghan, 2010; Tuna et al., 2012) and references therein.
Worthy of mention is the result due to Bohner and Matthews
(2008) which extends Theorem 1 to time scales as follows:

Theorem 6. Let a,b,s,t € T,a < band f : [a,b] — R be differentiable
on (a,b). Then

b
P(t) LD

where M := sup |f*(t)|,6(-), and hy(-,-) are given in Definitions 8 and

a<t<b
17, respectively. This inequality is sharp in the sense that the right-
hand side of (4) cannot be replaced by a smaller one.

< G (a(t.0) + ho(t, b)), (4)

Motivated by the above works, this present paper is set to
achieve the following goals: firstly, we present a time scale
generalization of Theorem 5 via a parameter function such that

Theorem 5 is recaptured if the parameter function is the identity
map and the time scale taken as the set of real numbers. Next,
we extend Theorem 4 to time scales.

The paper is organized in the following manner: in Section 2, we
present a brief background of the theory of time scales. Thereafter,
we formulate and prove our results in Section 3. We wrap up this
work by applying our results to the continuous and discrete cases.

2. Time scale essentials

For a general introduction to the time scales theory we refer the
reader to Hilger’s Ph.D. thesis (Hilger, 1988), the books (Bohner and
Peterson, 2001, 2003; Lakshmikantham et al., 1996) and the survey
(Agarwal et al., 2001).

Definition 7. A time scale T is an arbitrary nonempty closed
subset of the real numbers.

We assume throughout that T has the topology that is inherited
from the standard topology on R. It is also assumed throughout
that in T the interval [a,bjmeans the set {t € T:a < t< b} for
the points a < b in T. Since a time scale may not be connected,
we need the following concept of jump operators.

Definition 8. For each t € T, the forward jump operatorg : T — T
by o(t)=inf{se€T:s>t} and the backward jump operator
p: T — Tisdefined by p(t) =sup{se T:s <t}

Definition 9. If o(t) > t, then we say that ¢ is right-scattered, while
if p(t) < t, then we say that ¢ is left-scattered. Points that are right-
scattered and left-scattered at the same time are called isolated. If
o(t) =t, then t is called right-dense and if p(t) = t, then t is called
left-dense. Points that are both right-dense and left-dense are
called dense.

Definition 10. The mapping w:T —[0,00) defined by
u(t) =a(t) —t is called the graininess function. The set T" is
defined as follows: if T has a left-scattered maximum m, then
T“ =T — {m}; otherwise, T" =T.

If T =R, then u(t) =0, and when T = 7, we have u(t) = 1.

Definition 11. Let f : T — R and t € T*. Then we define f*(t) to be
the number (provided it exists) with the property that for any
given ¢ > 0 there exists a neighborhood U of t such that

[F(a() () = F*(0)[a(t) = ]| < elo(t) =5]. Vs eU.

We call f*(t) the delta derivative of f at t.

In  the «case T=R f =% In the case

T =27, fA(t) = Af(t) = f(t + 1) — f(t), which is the usual forward
difference operator.

Theorem 12. If f,g: T — R are differentiable at t € T* , then the
product fg : T — R is differentiable at t and

(fg)"(6) = f*(0)g(t) + f(a()g (©)-

Definition 13. The function f : T — R is said to be rd-continuous
on T provided it is continuous at all right-dense points t € T and
its left-sided limits exist at all left-dense points t € T. The set of
all rd-continuous function f : T — R is denoted by C4(T, R). Also,
the set of functions f: T — R that are differentiable and whose

derivative is rd-continuous is denoted by C!(T, R).
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It is known that every rd-continuous function has an anti-
derivative.

Definition 14. Let F: T — R be a function. Then F: T — R is

called the antiderivative of f on T if it satisfies F2(t) = f(t) for any
t € T". In this case, the Cauchy integral is defined by

/bf(t)Af =F(b)—F(a),a,beT.

Theorem 15. Let f,g € C;4(T,R),a,b,c € T and o, € R. Then

1) 7 [f () + t)At_ocja AL+ B [° g(t)
2) JaF(OAL = *fb
3) [Lf()AL = [ f( At+ fc
(4) Ja f(6)g*(©)At = (fg)(b) — ) — [P fA(Dgla(b)AL.

Theorem 16. If f is A—integrable on [a, b], then so is |f|, and

/ "Foad < / " Fiac

Definition 17. Let h;,g,: T2 >R, keNy be defined by
ho(t,s) := go(t, s) =1, for all s,teT and then recursively by
81 (t,S) fs £(0(1),5)AT, hyy1(t,S) fs hi(t,s)At, for all s, t € T.

In view of the above definition, we make the following remarks
that will come handy in the sequel.

=g,(t,s) = (tis)2~
S and g, (t,S) =

- For T =R, hy(t,s) =

- For T =27 hy(t,s) = s,

3. Main results

Throughout this section, we assume that the continuous func-

tion u : [a,b] — R satisfies the condition: for all x € [a, b],
—oo<m<Uut(X) <M< oo (5)

For the proof of our theorems, we will need the following lemmas.
Lemma 18 Xu and Fang, 2016. Suppose that

a,b,t,xe T,a<b,f:[a,b] — R is differentiable, and that g is a
function of [0, 1] into [0, 1]. We then have the inequality

— =g} 3 — —A b
14800 =80)g )  £AI(@ (1 g =N b)_ L / ()AL

- a) +hy (x,a +g(2)bz;a)

+h, <x a+(1+g(1 —;))bz")h <b a+(1+g(1 —?)>bza>]

K b
<57q {hz (a,a+g(?~>

forall 7 € [0,1]such thata + g(A)25%and a + (1 + g(1 — 2)) 5%arein T,
and xela+g)5a+(1+g(1-2)59nT, where
K = sup A(x)‘ < oo. This inequality is sharp provided

a<x<b
2 _ 1 2(9 a
£ B0, Dy [
2 2 a+g(4)k54

The next lemma is a generalized Trapezoid type inequality on
time scales.

Lemma 19. Let a,b,t,x € T,a <b. If f € C}4([a, b],
X € [a,b], we have
b [t

A(x)} < 0.

R), then for all

‘(b—x f(b) + (x — a)f
b-a

[hz(a X) + h(b,x)],

(6)
where K = sup

a<x<b

Proof. Using the integration by parts formula, given in item (iv) of
Theorem 15, we get

b b
[ (t=x @t = b~ x70) - @=xf0) - [ o)t

This implies that
b —x)f(b) + (x — a)f (a 1 b
bonfl) s maf@) 1 gar
1 b A
:m/a (t —x)f"(t)At. (7)
Taking absolute values of both sides of (7) gives

B B b
|<b X)f(bg H a)f(a)_bia / flo(D)At

sb%a/f X~ tl|f o)
% [/ax|xt|At+/xb IxtIAt}
%[/]X(x—t)At-i—/xb(t—x)At}

:%[hz(a,x) + h(b,x)].

Therefore, the inequality (6) is proved. O

If we apply Lemma 19 to the continuous and discrete cases, we
have the following results.

Remark 20. If we take T = R in Lemma 19, we get Theorem 2.

Corollary 21. In the case of T = Z in Lemma 19, we have

b-a

_asb\ 2
éK[(%—s— (’;_3) )(b—a)+b1Ta<x—aJ2rb>}

where K = sup |Af(x)| < oc.

a<x<b-1

(b-xf(b)+ (x-af(@ 1 bif(t+ 1)'

Example 22. By taking a=0,b=n, f(k) =X, and t =i in Corol-
lary 21, one gets that for j € {0,1,---,n— 1}

()i

n—j)Xn +jx, 1%
( J) n ]Ofﬁzxi“

<K
n

where K = sup [x;,1 — Xj| < oo.
0<j<n-1

In the following result, we obtain the Ostrowski type inequality
on time scales.
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Theorem 23. Suppose that a,b,t,xc T T,a<b,u:[a,b] >R is
differentiable, and that g is a function of [0,1] into [0,1]. Then

we have

M+g1-i)-g@) . 1+g1-2)-g(#) (, a+b\/m+M
S g LRSS (e 4 2) ()
gAu(a) + (1 g1 —2)upb) (b—a\/m+M\(1-g(1-2) -g)
* 2 ’(T)( 2 ) 2

[ B (e300 057)
-a

b
[ <aa+g >+hz(xa+g()b )

+h2<xa (1+g(1—/1))b2 >+h2<b a+(1 +g(1_;>)b2“)],

1
"b-a
M m

for all 4 € [0,1] such that a +g(2)25% and a + (1 +g(1 — 7)) 5% are in

T,andx e [a+g(2)%5% a+ (1+g(1-2)%9nT.
Proof.
We consider the function f : [a,b] — R,
a+b\m+M
fx)=u(x) - (X_T> 5

The function f is continuous and fA(x)
have that for all x € [a, b],

o] M5

Hence, f* € L,.[a, b]; and ’VAHX < Mem

Applying the inequality in Lemma 18 to the function f, we
obtain

’1 +8(1 —2/1) -8(4) (u(x) _ <X_07+b> m;_M>
_ﬁ/ab [u(a(t)) - (a(t) —"2Lb> (m;M)}At
Jrg()n) (u(a) — (a—92)mM) 4 (1 2g(l —2)(u)—(b
M;_n;) {hz (a,a+g(2)b;a> +h, (x,a+g(i)b;a>

S20b
+h(xa+(1+g0-2)75%) +ha (b.a+ (14801 -2)

= ut(x) — =M, From (5), we

o5t

b;a)}

If we apply Theorem 23 to the continuous and discrete cases,
we have the following results. For this, we use the definitions of
hy(-,-) and g,(-,-) as outlined in Definition 17.

from which we get the intended result. O

Corollary 24. In the case when T = R in Theorem 23, we get
[1+g1-2)-g) 1+g(1-2)-g(A) (. a+b\/m+M 1 g
2 u) - 2 ("’T)( 2 ) 7@,/H u(e)de

gAu(@+1-g—Aub) (b—a\m+M\(1A-g(l-4)-g)
AR (551 (1)

2 2
M-m [g(2)(b-a’ 1/(b-a)g(i)-2(x-a)

<20 a){ 8 +2( 2 )
+((b—a)g(]—?g+a+b—2x)2+(b—a)2(g(;—i)—])z}

Corollary 25. In the case of T = Z in Theorem 23, we have

1+8(1-2) —g() 1+g(1-2)—g()(, a+b\y/m+M
S (-57)(%")

b

2 2 >
g(Au(@) + (1 -g1 —Aub) (b-a\/m+M\(1-g(1-7%-g»)
+ 2 - (T)( 2 ) 2

m+M‘

u(x) —

ult+1)+

4

2
(- ) +2) 5 (O DEE =209

(b—a)g(?)—2(x—a) 4 ((b—a)g(1—4) +a+b—2x)>
4 8
+((b—a) (1—/ll)+a+b—2x)+(b—a)(g(£1;—).) ) (b-ayg(—2)—-1)+2)],

for all 7 € [0,1] such that a+g(7)%5% and a + (1 + g(1 — 2)) 254 are in
Z,andx € [a+g(A) 5%, a+ (1+g(1-2))5nz

Corollary 26. In the case of g(1) = Zin Theorem 23, we get

'(1 — u) — (1 —A)<x_a;b> (szrM> Hu(a);ru(b)

1 b m+M a+b a+b
e [ wo®ac- 5t (g (057) g (0557 ))’
M-m b—a b-a

gm{hz<a,a+ﬂ 5 >+h2(x,a+,17>

+h2<x,a+(z4)b )hz(ba+(2 nhe “)}

for all € [0,1]such that a+ 2%% and a + (2
xela+i5%a+2-H)5nT.

N

— )% are in T, and

Proposition 27. In the case of 1 = 0 in Corollary 26, we get

(430 (252) B o242) o251

b —
7%/} u(O’(t))At g%[hz(x70)+h2(&b)]>

foralla,b,t,x € T.

Remark 28. If we take T = R in Corollary 26, then we recapture
Theorem 5. Also, Proposition 27 boils down to Theorem 3.

Proposition 29. In the case of /. =} in Corollary 26, we get

%u(x)—%(x—a;b) (m;M) +u(a)1—u(b)

g /b”(“(”)“‘;bt% (g2<“’a;b) ‘gz(b’agb»’
B (a2 (25 22
+h2<b,a+43b)],

where 3¢ and ¢2 are in T, and x € [3¢2 =30 N T.

Proposition 30. In the case of /. =1 in Corollary 26, we get

ugrup) 1 /bu((i(t))At—%<gz<a,%b) g, (b ‘%"))‘
m

g =(07) 2 (x127) (057
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where 95b €T,

Our next result is the generalized Trapezoid type inequality on
time scales.

Theorem 31. Let a,b,t,xc T,a<b. Ifue C:d([a, b], R), then for all
X € [a, b], we have

|(b—x)u(b)+(x—a)u(a)+m+M X_a+b

| b—a 2 2

R /a” u(a(t))At — ZTbtAZ) (g2 (07 a ; b) e (b7 a;_b))

< M-m
~2(b—-a)

[ha(a, x) + h(b,x)].

Proof.
Let the function f : [a,b] — R, be defined by
a+b\m+M

fx)=u(x) - (x _T> —

Then, the function fis continuous and f* (x) = u?(x) — ™™, From (5),
we get that for all x € [a, b],

o] 5

which shows that f* € L. [a,b]; and HfAH <M,
Applying Lemma 19 to the mapping f, we obtain
(b =) (utb) — (b—5)™5) + (x — ) (u(a) — (a—*5") "5*)

2
| b-a
‘b]Ta /f [u(a(t)) - (O'(t) - "ZLb> ("’JZF—MHN
<% (ha(a,%) + h(b,),

from which we get the desired inequality. O

If we apply Theorem 31 to the discrete and continuous cases,
we arrive at the following results.

Remark 32. We observe that Theorem 31 amounts to Theorem 4 if
the time scale is the set of real numbers.

Corollary 33. Setting T = Z in Theorem 31, we obtain
(b —x)u(b) + (x — a)u(a) (m +M)< a+b>
)2

|
| b—a
1 m+M

b-1

2
M-m| (1 —aib 1 a+b
T2 |2\ pa (b‘“)+m("‘—)

Proposition 34. In the case of x = %4 € T in the Theorem 31, we get

ub) s uw 1 / bu(o(t))At—% (gz (a“%”) g, (b“%"))'

A ) o)

4. Conclusion

Two main theorems have been established. Our results extend
and generalize results of Ujevic (2004), and Dragomir (2003). By
taking the identity map as the parameter function and then choos-
ing different values of the parameter / € [0, 1], and/or a different
time scale (other than the ones presented, for example, the quan-
tum time scale), one can obtain many more interesting inequalities
in this direction.
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