Journal of King Saud University — Science (2018) 30, 193-203

King Saud University
Journal of King Saud University —
Science

www.ksu.edu.sa
www.sciencedirect.com

ags2sdlloldl

King Saud University

-Science

o sy

g-Hermite Hadamard inequalities and quantum

@ CrossMark

estimates for midpoint type inequalities via convex

and quasi-convex functions

Necmettin Alp®, Mehmet Zeki Sarikaya®, Mehmet Kunt”*, Imdat Iscan ¢

4 Department of Mathematics, Faculty of Science and Arts, Diizce University, Diizce, Turkey
® Department of Mathematics, Faculty of Sciences, Karadeniz Technical University, 61080 Trabzon, Turkey
¢ Department of Mathematics, Faculty of Sciences and Arts, Giresun University, 28200 Giresun, Turkey

Received 4 September 2016; accepted 26 September 2016
Available online 30 September 2016

KEYWORDS Abstract

Hermite-Hadamard inequal-

In this paper, we prove the correct g-Hermite—-Hadamard inequality, some new g¢-
Hermite—Hadamard inequalities, and generalized ¢g-Hermite—Hadamard inequality. By using the

ity; left hand part of the correct g-Hermite-Hadamard inequality, we have a new equality. Finally using

Midpoint type inequality;
g-Integral inequalities;
g-Derivative;
g-Integration;

Convexity;
Quasi-convexity

the new equality, we give some g-midpoint type integral inequalities through g-differentiable convex
and g-differentiable quasi-convex functions. Many results given in this paper provide extensions of
others given in previous works.
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1. Introduction

The study of calculus without limits is known as quantum cal-
culus or g-calculus. The famous mathematician Euler initiated
the study g-calculus in the eighteenth century by introducing
the parameter ¢ in Newton’s work of infinite series. In early
twentieth century, Jackson (1910) has started a symmetric
study of g-calculus and introduced ¢-definite integrals. The
subject of quantum calculus has numerous applications in var-
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ious areas of mathematics and physics such as number theory,
combinatorics, orthogonal polynomials, basic hyper-geometric
functions, quantum theory, mechanics and in theory of relativ-
ity. This subject has received outstanding attention by many
researchers and hence it is considered as an in-corporative
subject between mathematics and physics. Interested readers
are referred to Ernst (2012), Gauchman (2004), and Kac and
Cheung (2001) for some current advances in the theory of
quantum calculus and theory of inequalities in quantum
calculus.

In recent articles, Tariboon and Ntouyas (2013, 2014)
studied the concept of g-derivatives and g¢-integrals over the
intervals of the form [a,b] C R and settled a number of
quantum analogs of some well-known results such as
Holder inequality, Hermite—-Hadamard inequality and
Ostrowski inequality, Cauchy—Bunyakovsky—Schwarz, Gruss,
Gruss—Cebysev and other integral inequalities using classical
convexity. Also, Noor et al. (2015), Noor et al. (2015),
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Sudsutad et al. (2015), and Zhuang et al., 2016, have
contributed to the ongoing research and have developed
some integral inequalities which provide quantum estimates
for the right part of the quantum analog of Hermite—
Hadamard inequality through g¢-differentiable convex and
g-differentiable quasi-convex functions.

Let real function f be defined on some non-empty interval 7
of real line R. The function f said to be convex on I, if the
inequality

Sflta+ (1 —1)b) < if(a) + (1 — 1)f(b)

holds for all a,b € I and ¢ € [0,1]. The function f said to be
quasi-convex on 7, if the inequality

flta+ (1 —1)b) < sup {f(a).f(b)}

holds for all a,b € I'and 7 € [0, 1].

Kirmact (2004) obtained inequalities for differentiable
convex mappings which are connected with midpoint type
inequality, Alomari et al. (2009) obtained inequalities for dif-
ferentiable quasi-convex mappings which are connected with
midpoint type inequality. They used the following lemma to
prove their theorems.

Lemma 1 Kirmaci (2004). Let f: I° C R — R be a differen-

tiable mapping on I°, a,b € I° with a < b. If f € Lla,b], then
the following equality holds:

= oy —f("gb)

—b—a{/ tf’(ta+(1—t)b)dz+/l(t—1)f’(ta+(1—t)b)dz}
(1.1)

ol

2. Preliminaries and definitions of g-calculus

Throughout this paper, let ¢ < b and 0 < ¢ < 1 be a constant.
The following definitions and theorems for g-derivative and
g-integral of a function f on [a,b] are given in Tariboon and
Ntouyas (2013, 2014).

Definition 2. For a continuous function f: [a,b] — R then
g-derivative of fat x € [a, b] is characterized by the expression

Jx) = flgx + (1 — g)a)
(I-g)(x—a) '
Since f': [a,b] — R is a continuous function, thus we have
«Dyfla) =lim,_,,D,f(x). The function f is said to be
g-differentiable on [a,b] if ,D,f{(r) exists for all x € [a,b]. If
a=0in (2.1), then (D f(x) = D,f(x), where D,f(x) is familiar
g-derivative of f'at x € [a, b] defined by the expression (see Kac
and Cheung, 2001)

Sx) — flgx)
(I—g)x '

X # a.

aDyf(x) = (2.1)

x # 0.

D, f(x) = (2.2)

Definition 3. Let f: [a,5] — R be a continuous function. Then
the g-definite integral on [a, b] is delineated as

N. Alp et al.
/f dyt = (1= )~ ) M+ (L —gha)  (23)
n=0
for x € [a, b].
If a=0 in (23), then [ f(1)od,t = [ f(t)d,t, where

Jo f(t)dyt is familiar g-definite integral on [0,x] defined by
the expression (see Kac and Cheung, 2001)

[ fuda = [ o= - axd e,

n=0

(2.4)

If ¢ € (a, x), then the g-definite integral on [c, x] is expressed
as

/jf(’)adq’:/axf(’)adq’*/ﬂcf(t)ad(,t.

Theorem 4 Tariboon and Ntouyas (2014, Theorem 3.2). Let
f:la,b] = R be a convex continuous function on [a,b] and
0 < g < 1. Then we have

fa+b Lo af(a) +/(b)
f( 5 )gb—a af(t),,dqtg Tty

(2.5)

(2.6)

Kunt and Iscan (2016) give the following example to prove
that the left hand side of (2.6) is not correct:

Example 5. Let [, 5] = [0, 1]. Then the function f{r) =1 —tis
a convex continuous function on [0, 1]. Therefore the function

[ satisfies Theorem 4 assumptions. Then, from the inequality
(2.6) the following inequality must be hold for all ¢ € (0, 1)

0+1
(5 ) I_O/f odyt

(2.7)

If we choose ¢=1 in (2.7) we have the following

contradiction

<

N =
W —

It means that the left hand side of (2.6) is not correct.

In the next section we give the correct g-Hermite—
Hadamard inequality, some ¢-Hermite—-Hadamard inequali-
ties, and generalized g-Hermite-Hadamard inequality.

3. ¢-Hermite—Hadamard inequalities

In this section we prove g-Hermite-Hadamard inequality and
varieties of ¢g-Hermite-Hadamard inequalities.
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Theorem 6 (g-Hermite—Hadamard inequality). Let f: [a,b
R be a convex differentiable function on (a,b) and 0 < q < 1.

Then we have
qa+b /
f< l+gq > fx)

Proof. Since f is differentiable function on (a,b), there is a
tangent line for the function f at the point & ""*” € (a,b). This

| —

fla) +/16)

T (3.1)

<
b—a

On the other hand, line connecting the points (a,f(a)) and
(b,f(b)) can be expressed as a function k(x)=fla)+
W(x —a). Since fis a convex function on [a, 5], than we
have the following inequality

(x—a)

for all x € [a,b] (see Fig. 1). g-Integrating the inequality (3.4)
on [a, b], we have

Jb) —fla)

(3.5)

a+b
tangent line can be expressed as a function A(x) = f| ({11:(,)"'

1 ga+b qa+b : : .
f (_1+q) <x - W) Since f'is a convex function on [a, b], than

we have the following inequality

_ fga+b ,(qa+b _
" _f( 1 +q) o ( I +q) (x
for all x € [a, b] (see Fig. 1). g-Integrating the inequality (3.2)
on [a, b], we have

qa+b
1+g¢

) S CNES)

A combination of (3.3) and (3.5) gives (3.1). Thus the proof is
accomplished. [

Remark 7. In Theorem 6, if we take ¢ — 1~
well known Hermite-Hadamard
function.

, we recapture the
inequality for convex

Theorem 8. Let f: [a,b] — R be a convex differentiable function
on (a,b) and 0 < q < 1. Then we have

/ ) = / b ) () (- 5y ) e
A S e o e
— (b a)f(‘f’l"rqb) +f <qf’jqb> ((1 —q)(b— a);q"((l —d"a+q'b)~(b-a) qff;) (3.3)
a2 ) () (100t tge] o)
—0-ar(%ED) (B (0- 0 % -0 21
~0-ar(f7) < [ )
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'Y

hy (z)

Fig. 1

a) ,,(a+qb
f(1+q)
qf(a) +1(b)
l+q

a+gb (I1—q)(b—
f(H—q)+ l1+g¢

_a/f <

Proof. Since f is differentiable function on (a,b), there is a
tangent line for the function f at the point 5 ”*qb € (a,b). This

(3.6)

tangent line can be expressed as a function h.(x) =f (%>+

f (%) (x - %) Since f'is a convex function on [a, b], than
we have the following inequality

a+gb fa+ qb) (

I (x) = e
') f(1+q)+f(1+q ¥
for all x € [a, b] (see Fig. 1). g-Integrating the inequality (3.7)

on [a,b], we have

a-+qb
l+g¢

)<ﬂm (3.7)

b bT fa+qb a+qb a+qb
h‘(x)”d"x:/ {f( +qq)+f<1+qq) T 1+qq)}“d"x

h] (.’L‘)

Tangent and chord line for a convex function.

A combination of (3.5) and (3.8) gives (3.6). Thus the proof
is accomplished. O

Theorem 9. Let f: [a,b] — R be a convex differentiable function
on (a,b) and 0 < q < 1. Then we have

f(a ; b) 4+ ;(CII) (+bq; @) (a ; b)
o [ e < VL),

l+gq
Proof. Since fis differentiable function on («, b), there is a tan-
gent line for the function f at the point 42 € (a,b). This tan-
gent line can be expressed as a function hy(x) = f(“4%)+
£'(442) (x — «£2). Since f'is a convex function on [a,b], we have
the following inequality

(3.9)

1
- 0-ar(5y) (‘ii@bg ([ wots-0-055%)
(b—ay(f:f)+f(ﬂiﬁ)<m—nxb—m§:¢«1—q>a+¢m—4b—affif) -
=0 )f(aliqu) o <altqu> ((1 A (1 - g 1 - qz) 1 —1q2 b} —0 a)altqu>
R R [
(- a)f(aliqu) LU= f)f’q* a o ("liqu) < / 1) .
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hz(x)_f<a+b) +f,(a+b) (xia;—b> 1)

for all x € [a, b] (see Fig. 1). g-Integrating the inequality (3.10)
on [a,b], we have

(3.10)

g-midpoint type integral inequalities through g-differentiable
convex and g-differentiable quasi-convex functions. We will
use the following Lemma to prove our main results.

_ (b_a)a+b>
2 (3.11)

(lfq)(bfa)[<liq71_lq2>a+l_]qzb] *(bfa)a-;b)

oo YR ()53
ol
—6-ar(*30) +r (37 ((1 —Qb-aY
ot )
—o-a(5) +r (S0 (e- 0t
{2 S

A combination of (3.5) and (3.11)
proof is accomplished. [

gives (3.9). Thus the

Theorem 10. [Generalized ¢-Hermite—Hadamard inequality]
Let f: [a,b] — R be a convex differentiable function on (a,b)
and 0 < g < 1. Then we have

1 b b
max (b b} < = | f(x)adqxg%t(). (3.12)
where
qa+b
1 f(1+4)
_ fa+qgb (I—q)b—a) ,(a+qb
Izif(quq)+ l+gq f(1+q)7

fa+b (I=q)b—a) ,(a+b
L= .
=/ ( 2 ) A Ti A
Proof. A combination of (3.1), (3.6), and (3.9) gives (3.12).
Thus the proof is accomplished. O

4. Midpoint type inequalities via g-calculus

In this section we proved an equality for the g-analog of
midpoint type inequality. By using this equality we have

Lemma 11. Let f: [a,b] — R be a g-differentiable function on
(a,b). If .Dgf is continuous and integrable on |a,b), then the
following identity holds:

—g(b—a) [ /0 Db + (1~ Da)odyr

+ /_] (z - é) D f(th + (1 — z)a)od,,z} (4.1)

Trg

Proof. Using (2.1), we have

_Jub+ (1 =1t)a) = flg[th+ (1 = t)a] + (1 — g)a)
oD fltb+ (1= 1)a) = (—q)tb+(1—f)a—d

_Sftb+(1—1)a) — flqth +(1 fqt)a)
- (1 —q)b—a)

(4.2)

Calculating following integrals by using (2.3) and (4.2), we
have

q(b—a) { (ﬁ t oD f(th + (1 — t)a)od,t + fé (t - },)aqu(tb + (1 = t)a)od,t

=q(b —a) [ff t D f(th + (1 — t)a) od,t + fllﬁ (t - }I) Df(tb + (1 — t)a)od, t— 1 ‘*" «Df(th + (1 — t)a)od,t

+5 f‘*" «Df(th + (1 = t)a), dt}
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=q(b—a) [/01 t D f(th+ (1 — t)a)od,t —é /01 oDyf(th + (1 — t)a)odqt—i-é /Om 7D f(th+ (1 — l)a)odqt]

f pRHIg b (04 g, L o b+ (1= 1)a) — flgth + (1 — qt) Jodyt
L fth+(1=1)a)—f(qtb+(1—qt)a) L f(th (1 )a)  flqth 1
:q(bfa) q o 1 11 q)(;ta) qt d[ _ _llq 0 (th+ t)a) _ qtb+(1—gt)a d[
+1 fﬁ/m(l lt()la) )/'(th;rl 4)a) od,t 1q f'ﬂ /(tb+(1 0a) ‘/(qtb+’1 4)a) od,1
0 0 0
q anf nb + 1 _ q anf n+lb + _ n+1 Zf nb + Cl) _ Zf-(qn+lb + (1 _ qn+1)a)
n=0 n=0 n=0
o) qn b qn 4) - x ) qn+1 n+1
n=0 1 + q 1 + q n=0 1 + q

- qef(b) - (;— )DEE q">a>) - ()~ fla) + (f(qf‘jqb) ) = (2 - s [

Thus the proof is accomplished. [ Proof. Taking absolute value on both sides of (4.1) and using

the fact that |,D,f| is convex on [a,b], then we have
Remark 12. In Lemma 11, if we take ¢ — 17, we recapture

Lemma 1.
We can now prove some quantum estimates of g-midpoint

type integral inequalities by using convexity and quasi-
convexity of the absolute values of the g-derivatives.

'f (qlaf qb) = )

<q(b—a) /0qu|u,qu(tb+(lft)a)}odqt+/1 <é >| D, f(th+ (1 —t)a)lod, t}
[ AR+ (1= DDA o
<qglb—a
4( )_”% (t- )[|qu )|+ (1= 0)]uD (@) oyt )
<qlb-a) [ |«Dyf(b) \f‘*‘ftzodt+| D, fla) |ﬁ;1 (1 — t)od,t
S | |« Dyf(h ]f (}] )todz+]D4f Uq(}l—z)(l—z)oa’qt
[ lDyf(b)] N Podgt + [ (1 todyt
] e o]

_{aqu(a)|{ 7 11 = 1)od, o+ [ (l )14)061‘,:]

Theorem 13. Let £ [a,b] — R be a g-differentiable function on We evaluate the appearing definite g-integrals as follows

1

. ; . ; - T 1 o) n 2
(a,b), «Dyf be continuous and integrable on |a,b] and / Podyt = (1—¢q) an< q )
O<g< 1. If |aDqﬂ is convex on |a,b], then the following g-

(4.5)
midpoint type inequality holds: —(1-gq) 1 o 1
(I+¢' 1= (1+9’(1+q+¢)
qa+b 7 1 - " o
l+gq (b— / t(lft)oquZ/ l‘odqtf/ £odyt
0 0 0
> —(1— ‘ n<i>_%
_ q) q
<q(b—a) Iaqu(b)|(1+q)3(1+q+qz) 1+q; I+q) (1+9)'(1+q+¢)
1 1
—14+2+2¢ S+ 1+ (I +g+e)
+ [ Dyfla)| 3 ; g
(I+9)°(1+q+4°)

T+ (+g+)
(4.3) (4.6)
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e P "1 J ™ /1 J Making use of (4.4)-(4.8), gives us the desired result (4.3).
/| e "Z_/O g e "[7/0 g )l Thus the proof is accomplished. [

Tg

1/ ! 1 [T ™
:;/0 ’Odql*/o tzodq’*‘;/o tOdq’*/ o, Corollary 14. In Theorem 13, if we take ¢ — 1, we have the
following midpoint type inequality for convex functions:
|: qu Zq3n _ qun

+fl) o a+b
° ()5
3n
q
1+ 3; ]
0% (- )[V( >|+v o)
R 8
9(1+9) 1+9+¢ g(1+¢q) Remark 15. In (4.9), we recapture the inequality Kirmaci,
N 1 2004, Theorem 2.2.
(1+9) (1 +4+¢)
3 2 . Theorem 16. Let [ [a,b] — R be a g-differentiable function on
T+ (1 +q+q) (4.7) (a,b), Dyf be continuous and integrable on [a,b] and
O<g< . If }[,qu]r is convex on |a,b] for r = 1, then the
following g-midpoint type inequality holds:
(Lol )
Df )| it + P )
qa+b 1 /h 1 aa (143 (14g+q?) 1974 (149)*(14¢+¢%)
— - x| < - 4.1
(50 - s [ o] <ato-a) (4.10)

(1+q)37% (| )| ——2—+ |Dyfla) |*1+++q>l
T (1+9] (1+g+¢%) ' ¢ 1+9)’ (1+q+4)

L1 (1= 0oyt = L1 N od 71 Niod s Proof. Taking absolute value on both sides of (4.1), applying
1 \g %t I \g 0% L \gq 0% the power mean inequality and using the fact that |,D,f| is

I+g T+q I+q

= convex on [a, b] for r = 1, we get that
1 (1
= —— 1) odyt — ——t]od,t
0o \4 0 q
2

_ Making use of (4.5)—(4.8) in (4.11), gives us the desired
(1+ q)3(1 +q+q¢) result (4.10). Thus the proof is accomplished. [

14 g+
I+’ 0+q+¢)

(4.8)

Lf(qlajqb> - (bla -]ffx ad‘['x
<qlb—a [f0+"t|[,DLftb+(lft }Odt+f ( >| Dyf(th + (1 — 1)a)|od, }

m

(ﬁ)ﬁ, todq,) < [T oDy flab+ (1 z>a)}"0dqz)
+( 24(117 )od r) (fl_ (57t>|aqu(tb+(lft)a)|r0dqt>%

B 1

(fo#"t[f)aqu(b)r + (1= 0)]Dyfla)| ] odqf)/ (4.11)

L

(1+9) +(f‘_ (5 _ ,) [1]Df(B)| + (1 = 1)]Dyfla)|'] odql>7

- 1 -

L ¥
| Dof(5)| f* 2 od,t
+|¢1D¢1f | f‘ﬂl 1 — 1 Od t

|qu |f < )todqt
+|qu \fw( >l—t)odql‘ ]

<q(b—a)
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Corollary 17. In Theorem 16, if we take ¢ — 1~, we have the
following midpoint type inequality for convex functions:

(5) g [ e
- (/O -+ @ W
7O &+ @ )]

Theorem 18. Let [: [a,b] — R be a g-differentiable function on
(a,b), oDyf be continuous and integrable on [a,b] and 0 < q < 1.

If ]‘,D,}}‘]" is convex on [a,b] for r > 1, the following g-midpoint
type inequality holds:

— LZ
1 (4.12)
< -

(522) i 1200

(20+4*)|aDufla)|

o~ L
1 1g Nl )
<qb-a) (<1+q>"‘ Hf‘*‘) ( et T gy
\(1 —da
(L () oY (Coodool | Coms)ooal \
e ) 0% {1+ T+
(4.13)
where 1! +s71 = 1.

Proof. Taking absolute value on both sides of (4.1), applying
the Holder inequality and using the fact that |aqu] " is convex
on [a,b] for r > 1, we get that

Corollary 19. In Theorem 18, If we take q — 17, we have the
following midpoint type inequality for convex functions:

(5) e [ e
<o 4 > (r O +31(a >|>%}
s+ 1

T
+EI O + 1 (@)
Remark 20. In (4.14), we recapture the inequality Kirmaci,
2004, Theorem 2.3.

*a

(4.14)

Theorem 21. Let f: [a,b] — R be a g-differentiable function on
(a,b), D, be continuous and integrable on [a, bl and 0 < g < 1.

If |aD£ﬂr is convex on [a,b] for r > 1, the following g-midpoint

type inequality holds:
<q(b )( ] )1
— ) —
1 1+q

(40 iy [

l.
(} Df(b)| T T l«Dofla \m)

1

—1+q+q "

("D“f I (1+g)’ (1+4+t/2) C )’ (149)’ (1+q-+¢? ))
(4.15)

where r™' + 571 = 1.

1

V(qffqb) _(b ) fbfx dyx
< q(b—a) fo”“l Df(th + (1 — t)a) |0dt+f ( z)|aqu( + (1 = 1)a) |0d1}
: .
([quyodql‘)l( 1+q| qu[b+(lfl) )| odql>
<q(b—a) )
+(f1 ({-}— ) od, z) ( S |aDyfltb + (1 —z)a)y’odqz)"
4 I , r
(fo”" tsodql‘) ( o [t]aDof(B)] + (1 = 1)|uDyf(a)] ]odqt>
< q(b—a) ]
(1 (5= ) o) (2, DB + (1 = 0100 udor)
LA
(‘[()ﬁ/ zsodql)%< ‘ qu ’ j()m/[ d[ )
+ at’q Hq d t
<q(b—a) DN E '
s 1 ,,D,Afb\ f, tod,t ’
- !
) ()
[ N (o] | Cord)pial )
b ((H;)"“ 11[,11) <|<11+q>3| += q<1+|q>3 |>
< q —a 1
1 (ata) D) | (~ata+0*) [aDefle)| "\
_+(jﬁ (‘_1]_ ) oy t) ( G T i )

Thus the proof is accomplished. O
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Proof. Taking absolute value on both sides of (4.1), applying
the Holder inequality and using the fact that |,,D4f]r is convex
on [a,b] for r > 1, we get that

Theorem 23. Let f: [a,b] — R be a g-differentiable function on
(a,b), «Dof be continuous and integrable on |a,b] and

O<g< . If |0D4ﬂr is quasi-convex on [a,b] for r = 1, the

following q-midpoint type inequality holds:

L/(‘ﬁ“::) (/7 a) f f
”"t t‘| D f(th + (1 — t)a)|od,t
<q(b—a) 1 1 odyt
_+fl‘%q(§fz) (1= 1) [uDuftb + (1 = 1)a)]
n 1
(fo"”tod t) (ﬁ)‘*"z Df(th + (1 = t)a)|’ odqt)
<q(b—a) ] 1
_+(fll%q (}; - z)odqt) (f% G - t) | Dof(th + (1 — t)a)|r0dqt) ' (4.16)
r L
: (*z!quzbjL(l—z) )]Odqz)
<q(b—a) (ﬁ)
_+(f%( )\quthr (1-1)a oa't)
- 1
= D,f(b) f‘*"ther D fla)|" [o7 t(1 — t)od,t
<qb-a)() WP ™ Fodyt+ DA J » .
aqu |f (-)fodl+|,,qua f];( )1—[ gl
Making use of (4.5), (4.8) in (4.16), gives us the desired result qa+b
(4.15). Thus the proof is accomplished. [J [ ) adlyx
, (4.18)
Corollary 22. In Theorem 21, if we take ¢ — 1~, we have the <(b—a) 0 +q 7 sup{’aqu(a)’7 ‘,,qu(b)u
q

following midpoint type inequality for convex functions:
b
L

) -
< b-a] O+ @D
+(lf"( )| ﬁ+lf (a)| ﬂ),.

Some results related to quasi-convexity are presented in the
following theorems.

1 (4.17)

(12) = s o)l

<q(b—a)

N

q(b—a)

1

I+q

o)
:

e e
(0 (-

<q(b—a)

T+

1 I !

Proof. Taking absolute value on both sides of (4.1), applying
the power mean inequality and using the fact that |¢,D4ﬂr is
quasi-convex on [a, b] for r = 1, we get that

Hence the inequality (4.18) is established. Thus the proof is
accomplished. [J

S D+ (1= D)ot + [ (4 1) D0+ (1 ) oyt

n

-(fL (% - l) ‘aqu(tb +(1— t)a)rodqt)%
t[sup {|«Dyf(@)|’, |aDyf(b)| }]Od[>
Z) odql)l—%(fL (%/ - l) [sup {|«Dyf(a)|", | Do) }] odqt>%

<6~ afswp { DA LOAO Y | ot + [ (4= 1)t

<(b-a)?

3 Sll‘p{’anf | ‘ qu ’}

(1+q
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Corollary 24. In Theorem 23, if we take ¢ — 1~, we have the
following midpoint type inequality for quasi-convex functions:

fa+b b
() G [t
<7D aup (@1 01y (419)

Theorem 25. Let [ [a,b] — R be a g-differentiable function on
(a,b), .D.f be continuous and integrable on [a,b] and 0 < g < 1.

If |oDyf|" is quasi-convex on [a,b] for r> 1, the following g-
midpoint type inequality holds:

qa+b 1 b
P(1+q>_w—aklfu”%x
< q(b — a)sup { | Dyf(a)|, | Dyf(b) | }

1

y 1 1—¢ ( 1 )5
(1 +q)s+1 liqﬁ»l 1+q
1 1 s lr q v
LG ) (2)

T+¢q

where ! +s57! = 1.

Proof. Taking absolute value on both sides of (4.1), applying
the Holder inequality and using the fact that ]aquV is quasi-
convex on [, b] for r > 1, we get that

(blfa) / Sx)dx

<w;”c%0lwwwmwwu

(4.20)
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