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Sierpiński networks are the most studied networks of fractal nature with applications in various fields of
science. A generalized Sierpiński network is obtained by copying the base network, resulting in the self-
similar network. The extended Sierpiński networks are obtained by introducing a new vertex in a gener-
alized Sierpiński network and attaching this vertex with the extreme vertices. Certain network invariants
are used to find thermodynamic properties, physio-chemical properties, and biological activities of chem-
ical compounds. These network invariants play a dynamic role in QSAR/QSPR study. In this paper, we dis-
cussed Zagreb indices and forgotten topological index for extended Sierpiński networks by using any base
network H. Moreover, for the studied topological indices, we attained some bounds using different
parameters i.e. order, size, maximum and minimum degrees of vertices in network H.
� 2022 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Sierpiński networks are the most studied networks similar to
fractals. A fractal is a geometric structure that is self-similar
throughout its structure. Fractal models are tremendously com-
mon since, nature is full of fractals, for example, plants, canals,
coastlines, mountains, clouds, seashells, and tornadoes. Fractals
help to study and comprehend key scientific ideas, such as how
bacteria grow, freezing water patterns, and brain waves. Sierpiński
and Sierpiński type networks are considered in fractal theory
(Teplyaev, 1998). Klavžar and Milutinović showed that the Sier-
piński networks are similar structure to the Tower of Hanoi
(Klavžar and Milutinović, 1997). The Sierpiński networks have
many attractive properties for instance coding and metric proper-
ties and play an important role in numerous areas of science i.e.
dynamic systems, probability, psychology, biology, chemical graph
theory, computer networking and physical sciences. For more
detail see (Alquran et al., 2020; Naseem et al., 2021; Klavžar
et al., 2002; Romik, 2006; Vecchia and Sanges, 1988).
The networks studied in this article assumed to be finite and
simple. A network/graphH ¼ V ; Eð Þ is a collection of set of vertices
V Hð Þ and set of edges E Hð Þ. The order of graph H is the cardinal-
ity of its vertices, while cardinality of edges is called size and fre-
quently denoted by p and q respectively. The degree of vertex v
is known as the number of edges connected to that particular ver-
tex and denoted by dv . A graph H is known as complete if every
two vertices are incident to each other. d Hð Þ and D Hð Þ represent
the minimum and maximum degree of a vertex in graph H. If
d Hð Þ ¼ D Hð Þ = l, then H is a l-regular graph. The path, star, cycle
and complete graph of order p are represented by Pp; Sp;Cp and Kp.

In mathematical chemistry, chemical graph theory, and phar-
maceutical industry, topological invariants are very important.
The physio-chemical properties of chemical structures can be fore-
casted by using topological invariants. From the last few decades,
several topological indices were established and examined in liter-
ature (Todeschini and Consonni, 2000), which are applied to attain
the facts of numerous characteristics of organic materials which
depend on their molecular structures. Wiener a chemist in 1947
introduced the first topological index in order to determine the
boiling points of paraffins (Wiener, 1947).

Gutman et al. in Gutman and Trinajstić (1972) and Gutman
et al. (1975) introduced the Zagreb indices, which are stated as

M1 Hð Þ ¼
X

r2V Hð Þ
dH rð Þ2 ¼

X
rs2E Hð Þ

dH rð Þ þ dH sð Þð Þ
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Fig. 1. Sierpinski graphs S(1,C4) and S(2,C4).

Fig. 2. Extended Sierpiński graph ESð2;C4Þ.

F. Ishfaq, M. Imran and Muhammad Faisal Nadeem Journal of King Saud University – Science 34 (2022) 102126
M2 Hð Þ ¼
X

rs2E Hð Þ
dH rð ÞdH sð Þð Þ

Furtula and Gutman (2015) proposed forgotten topological
index, stated as

F Hð Þ ¼
X

r2V Hð Þ
dH rð Þ3 ¼

X
rs2E Hð Þ

dH rð Þ2 þ dH sð Þ2
� �

For more detail on topological indices see Liu et al. (2019),
Havare (2021), Akhter and Imran (2017), An and Das (2018), Che
and Chen (2016), Cristea and Steinsky (2013), Gutman (2013),
Horoldagva and Das (2015), Hua and Das (2013), Horoldagva
et al. (2016), and Yoon and Kim (2006).

The generalized Sierpiński graph of dimension t is represented
by S H; tð Þ is a graph with vertex set Vt , where V ¼ V Hð Þ. The ver-
tex set Vt is the set of all words v1v2 . . .v t of length t, where
vp 2 V ;1 6 p 6 t, two vertices u;w linked by an edge in S H; tð Þ if
and only if there is i 2 f1;2; . . . ; tg such that.

� uj ¼ wj if j < i.
� ui – wi and ui;wi 2 E Hð Þ.
� uj ¼ wi and ui ¼ wj if j > i.

From above definition, it is clear that, if uw 2 E S H; tð Þð Þ then
rs 2 E Hð Þ and a word z such that u ¼ zrss . . . s and w ¼ zsrr . . . r. A
vertex of the form uu . . .u is known as extreme vertex and denoted
by �w. For a graph H of order p; S H; tð Þ has p extreme vertices.
Moreover, extreme vertices have same degree in S H; tð Þ as in base
graph H; dH uð Þ þ 1 ¼ dS H;tð Þwuu . . .u and dH wð Þ þ 1 ¼ dS H;tð Þ
uww . . .w. Fig. 1 and Fig. 2 represents the generalized and extended
Sierpiński graphs respectively, where extended Sierpiński graph is
obtained by involving a new vertex x in generalized Sierpiński
graph and joining it with extreme vertices. Extended Sierpiński
graph is represented by ES H; tð Þ.

For v 2 V ; ds H; tð Þ vð Þ 2 fdH vð Þ; dH vð Þ þ 1g, here dH vð Þ repre-
sents the degree of v in H. For our convenience dH vð Þ is repre-
sented by dv in this article. Let jdr ; dsjES H;tð Þ is the number of
copies of fr; sg edge with degrees dr and ds in ES H; tð Þ. For
r; s 2 V Hð Þ; / r; sð Þ represents the triangles of H having r and s as
its vertices, while / Hð Þ represents the number of triangles in H.
For rs 2 E Hð Þ, we have jNr \ Nsj ¼ / r; sð Þ; jNr [ Nsj ¼ dr þ ds�
/ r; sð Þ and jNr � Nsj ¼ dr � / r; sð Þ. We used the function

/p tð Þ ¼ 1þ pþ p2 þ . . .þ pt�1 ¼ pt�1
p�1 for a graph of order p. Imran

and Jamil (2020) calculate the constraints of generalized Sierpiński
2

graphs. We will establish the results for topological properties of
extended Sierpiński graph with any base graph H. For these topo-
logical indices we will obtain some sharp bounds in terms of
numerous parameters. In this article, we will select the first Zagreb,
second Zagreb and forgotten indices to investigate the invariants of
ES H; tð Þ graphs. Following lemmas are helpful in finding the main
results of the paper.

Lemma 1.1. Zhou (2004) Let H be a graph without triangle having
order p, size q > 0. Then M1 Hð Þ 6 pq and equality holds if and only if
H is a complete bipartite graph.
Lemma 1.2. Zhou (2004) Let H be a graph without triangle having
size q > 0. Then M2 Hð Þ 6 q2 and equality holds if and only if H is a
union of a complete bipartite graph and isolated vertices.
Lemma 1.3. Das (2003) Let p and q > 0 be vertices and edges respec-

tively of a graphH. Then 4q2

p 6 M1 Hð Þ 6 2q
p�1 þ p� 2

� �
and left equal-

ity holds if and only if H is a regular graph and right equality holds if
and only if H is Kp;K1;p�1 or K1[p�1.
Lemma 1.4. Zhou (2004) Let q > 0 be a size of a graph H. Then

M2 Hð Þ 6 q
ffiffiffi
2

p
qþ 1

4 � 1
2

� �2
and equality holds if and only if H is a

union of a complete and isolated vertices.
Lemma 1.5. Estrada-Moreno and Rodríguez-Velázquez (2019) Let
p be the order of a graph H, for any edge rs and integer t P 2, we
have

1. jdr ; dsjS H;tð Þ ¼ pt�2 p� dr � ds þ / r; sð Þð Þ
2. jdr þ 1; dsjS H;tð Þ ¼ pt�2 dr � / r; sð Þð Þ � /p t � 2ð Þds

3. jdr ; ds þ 1jS H;tð Þ ¼ pt�2 ds � / r; sð Þð Þ � /p t � 2ð Þdr

4. jdr þ 1; ds þ 1jS H;tð Þ ¼ pt�2 / r; sð Þ þ 1ð Þ þ /p t � 2ð Þ dr þ ds þ 1ð Þ.
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2. Main results

In this part of paper, we obtained the Zagreb and forgotten
topological indices for extended Sierpiński graph by considering
any arbitrary graph H. Furthermore, we also compute some
bounds for ESðH; tÞ. Here d�w represents the degree of extreme ver-
tices and dx is the degree of new vertex which is introduced in gen-
eralized Sierpiński graph in order to obtain ESðH; tÞ throughout
this article. By using Lemma 1.5 we can deduce the following result
for extended Sierpiński graph.

Lemma 2.1. Let p be the order of a graph H, for any edge rs and
integer t P 2, we have

1. jdr; dsjES H;tð Þ ¼ pt�2 p� dr � ds þ / r; sð Þð Þ
2. jdr þ 1; dsjES H;tð Þ ¼ pt�2 dr � / r; sð Þð Þ � /p t � 2ð Þds � 1

3. jdr; ds þ 1jES H;tð Þ ¼ pt�2 ds � / r; sð Þð Þ � /p t � 2ð Þdr � 1

4. jdr þ1;ds þ1jES H;tð Þ ¼ pt�2 / r;sð Þþ1ð Þþ/p t�2ð Þ dr þds þ1ð Þþ2
5. jd �w; dxjES H;tð Þ ¼ p.
Theorem 2.2. Let p and q be vertices and edges of a graph H.
Then first Zagreb index of extended Sierpiński graph ES H; tð Þ of the
graph H of dimension t P 2 is M1 ES H; tð Þð Þ ¼ /p tð Þþ�

/p t � 1ð ÞÞM1 Hð Þ þ 2q 1þ /p t � 1ð Þ� �þ p d �w þ dxð Þ.
Proof. Let p and q be vertices and edges of a graph H. Then the
first Zagreb index of ES H; tð Þ can be defined as

M1 ES H; tð Þð Þ ¼
X

rs2E Hð Þ

X1

i;j¼0

jdr þ i;ds þ jj dr þ iþ ds þ jð Þ

þjd �w; dxjES H;tð Þ d �w þ dxð Þ
Now, by using Lemma 2.1 we have

M1 ES H; tð Þð Þ ¼
X

rs2E Hð Þ
pt�2 p� dr � ds þ / r; sð Þð Þ dr þ dsð Þ�

þ pt�2 dr � / r; sð Þð Þ � /p t � 2ð Þds � 1
� �

dr þ ds þ 1ð Þ
þ pt�2 ds � / r; sð Þð Þ � /p t � 2ð Þdr � 1
� �

dr þ ds þ 1ð Þ
þ pt�2 / r; sð Þ þ 1ð Þ þ /p t � 2ð Þ dr þ ds þ 1ð Þ þ 2
� �

dr þ ds þ 2ð Þ�

þp d�w þ dxð Þ
¼

X
rs2E Hð Þ

pt�1 þ 2pt�2 þ 2/p t � 2ð Þ� �
dr þ dsð Þ

þ
X

rs2E Hð Þ
2 1þ pt�2 þ /p t � 2ð Þ� �þ p d �w þ dxð Þ

¼ /p tð Þ þ /p t � 1ð Þ� �
M1 Hð Þ þ 2q 1þ /p t � 1ð Þ� �þ p d�w þ dxð Þ:

h

From Lemma 1.3 we obtained the next result.

Corollary 2.3. Let p and q > 0 be vertices and edges respectively of a

graph H. Then /p tð Þ þ /p t � 1ð Þ� � 4q2
p þ 2q 1þ /p t � 1ð Þ� �þ

p d �w þ dxð Þ 6 M1 ES H; tð Þð Þ 6 /p tð Þ
p�1 2q þ p2 � 3p þ 2

� � þ /p t�1ð Þ
p�1

2pq þ p2 � 3p þ 2
� � þ 2q 1 þ /p t � 1ð Þ� � þ p d �w þ dxð Þ.

The lower bound is obtained if H is isomorphic to a regular
graph and upper bound is obtained if H is isomorphic to
Kp;K1;p�1 or K1[p�1. Lemma 1.1 gives the result for the upper bound
of ESðH; tÞ.

Corollary 2.4. Let H be a graph without triangle having order p, size
q > 0 and t P 1. Then M1 ES H; tð Þð Þ 6 /p tð Þþ�

/p t � 1ð ÞÞpqþ
2q 1þ /p t � 1ð Þ� �þ p d �w þ dxð Þ.
3

Corollary 2.5. Let Pp; Sp;Cp and Kp be path, star, cycle and complete
graphs of order p. Then the first Zagreb index for extended Sierpiński
graph with dimension t P 1 of these graphs is given as

1. M1 ES Pp; t
� �� � ¼ /p tð Þ 4p� 6ð Þ þ /p t � 1ð Þ 6p� 8ð Þ þ p2 þ 5p� 4

2. M1 ES Sp; t
� �� �¼/p tð Þ p2 �p

� �þ/p t�1ð Þ p2 þp�2
� �þp2 þ5p�4

3. M1 ES Cp; t
� �� � ¼ /p tð Þ 4pð Þ þ /p t � 1ð Þ 6pð Þ þ p2 þ 5p

4. M1 ES Kp; t
� �� � ¼ /p tð Þp p� 1ð Þ2 þ /p t � 1ð Þp2 p� 1ð Þ þ 3p2 � p.
Proof. From Theorem 2.2, we have

M1 ES H; tð Þð Þ ¼ /p tð Þ þ /p t � 1ð Þ� �
M1 Hð Þ þ 2q 1þ /p t � 1ð Þ� �

þ p d �w þ dxð Þ:
Now, by replacing the value of M1 Hð Þ; q and p d�w þ dxð Þ by tak-

ing path, star, cycle and complete graph as a base graph in above
equation, then we will obtain

M1 ES Pp; t
� �� � ¼ /p tð Þ þ /p t � 1ð Þ� �

2 3ð Þ þ 4 p� 3ð Þð Þ
þ2 p� 1ð Þ 1þ /p t � 1ð Þ� �þ 2 pþ 2ð Þ þ p� 2ð Þ 3þ pð Þ

¼ /p tð Þ 4p� 6ð Þ þ /p t � 1ð Þ 6p� 8ð Þ þ p2 þ 5p� 4

M1 ES Sp; t
� �� � ¼ /p tð Þ þ /p t � 1ð Þ� �

p� 1ð Þ pð Þ
þ2 p� 1ð Þ 1þ /p t � 1ð Þ� �þ pþ pð Þ þ p� 1ð Þ 2þ pð Þ

¼ /p tð Þ p2 � p
� �þ /p t � 1ð Þ p2 þ p� 2

� �þ p2 þ 5p� 4

M1 ES Cp; t
� �� � ¼ /p tð Þ þ /p t � 1ð Þ� �

4Pð Þ þ 2 pð Þ 1þ /p t � 1ð Þ� �þ p pþ 3ð Þ
¼ /p tð Þ 4pð Þ þ /p t � 1ð Þ 6pð Þ þ p2 þ 5p:

M1 ES Kp; t
� �� � ¼ /p tð Þ þ /p t � 1ð Þ� �

p p� 1ð Þ2
þp p� 1ð Þ 1þ /p t � 1ð Þ� �þ p 2pð Þ

¼ /p tð Þp p� 1ð Þ2 þ /p t � 1ð Þp2 p� 1ð Þ þ 3p2 � p

h

Theorem 2.6. Let H is a base graph with minimum and maximum
degree d and D respectively. Then for extended Sierpiński graphs, we
have 2qd /p tð Þ þ /p t � 1ð Þ� �þ 2q 1þ /p t � 1ð Þ� �þ p d �w þ dxð Þ 6
M1 ES H; tð Þð Þ 6 2qD /p tð Þ þ /p t � 1ð Þ� �þ 2q 1þ /p t � 1ð Þ� �þ p d �wþð
dxÞ left equality holds if H ffi d-regular graph and right equality holds
if H ffi D-regular graph.
Proof. Let H be a base graph having order p and size q. The first
Zagreb index of ES H; tð Þ can be stated as

M1 ES H; tð Þð Þ ¼
X

rs2E Hð Þ

X1

i;j¼0

jdr þ i; ds þ jj dr þ iþ ds þ jð Þ

þjd�w; dxjES H;tð Þ d�w þ dxð Þ
Now, by using Lemma 2.1 we have,

M1 ES H; tð Þð Þ ¼
X

rs2E Hð Þ
pt�2 p� dr � ds þ / r; sð Þð Þ dr þ dsð Þ�

þ pt�2 dr � / r; sð Þð Þ � /p t � 2ð Þds � 1
� �

dr þ ds þ 1ð Þ
þ pt�2 ds � / r; sð Þð Þ � /p t � 2ð Þdr � 1
� �

dr þ ds þ 1ð Þ
þ pt�2 / r; sð Þ þ 1ð Þ þ /p t � 2ð Þ dr þ ds þ 1ð Þ þ 2
� �

dr þ ds þ 2ð Þ�

þp d �w þ dxð Þ

Since, d Hð Þ ¼ d is the minimum degree in graph H, then we
obtained
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M1 ES H; tð Þð Þ P
X

rs2E Hð Þ
pt�2 p� 2dþ / r; sð Þð Þ2d�

þ 2pt�2 d� / r; sð Þð Þ � 2/p t � 2ð Þd� 1
� �

2dþ 1ð Þ
þ pt�2 / r; sð Þ þ 1ð Þ þ /p t � 2ð Þ 2dþ 1ð Þ þ 2
� �

2dþ 2ð Þ�

þp d�w þ dxð Þ
¼ 2qd /p tð Þ þ /p t � 1ð Þ� �þ 2q 1þ /p t � 1ð Þ� �þ p d �w þ dxð Þ

and equality holds if H ffi d-regular graph
Since, D Hð Þ ¼ D is the maximum degree in H, then inequality

becomes

M1 ES H; tð Þð Þ 6
X

rs2E Hð Þ
pt�2 p� 2Dþ / r; sð Þð Þ2D�

þ 2pt�2 D� / r; sð Þð Þ � 2/p t � 2ð ÞD� 1
� �

2Dþ 1ð Þ
þ pt�2 / r; sð Þ þ 1ð Þ þ /p t � 2ð Þ 2Dþ 1ð Þ þ 2
� �

2Dþ 2ð Þ�

þp d �w þ dxð Þ
6 2qD /p tð Þ þ /p t � 1ð Þ� �þ 2q 1þ /p t � 1ð Þ� �þ p d �w þ dxð Þ

and equality holds if H ffi D-regular graph. h
Corollary 2.7. Let p P 3 be the vertices of a regular graph H. Then
for extended Sierpiński graph, we have /p tð Þ 4pð Þ þ /p t � 1ð Þ 6pð Þþ
p2 þ 5p 6 M1 ES H; tð Þð Þ 6 /p tð Þp p � 1ð Þ2 þ /p t � 1ð Þp2 p � 1ð Þ þ
3p2 � p the left equality holds if H ffi Cp and right equality holds if
H ffi Kp.

Now, in next theorem we compute the formula of second
zagreb index for extended Sierpiński graph.

Theorem 2.8. Let ES H; tð Þ be extended Sierpiński graph with
dimension t P 2, where H having p vertices and q edges. Then
second Zagreb index of ES H; tð Þ is M2 ES H; tð Þð Þ ¼
/p tð Þ þ 2/p t � 1ð Þ� �

M2 Hð Þ þ /p t � 1ð Þ þ /p t � 2ð Þ þ 1
� �

M1 Hð Þþ
q 2 þ /p t � 1ð Þ� � þ p d �w � dxð Þ þ pt�2P

rs2E Hð Þ / r; sð Þ.
Proof. Let H be a graph having p vertices and q edges. The second
Zagreb index of ES H; tð Þ can be stated as

M2 ES H; tð Þð Þ ¼
X

rs2E Hð Þ

X1

i;j¼0

jdr þ i;ds þ jj dr þ ið Þ ds þ jð Þ

þjd �w; dxjES H;tð Þ d �w � dxð Þ
Now, by using Lemma 2.1 we have

M2 ES H; tð Þð Þ ¼
X

rs2E Hð Þ
pt�2 p� dr � ds þ / r; sð Þð Þ dr � dsð Þ�

þ pt�2 dr � / r; sð Þð Þ � /p t � 2ð Þds � 1
� �

dr þ 1ð Þ dsð Þ
þ pt�2 ds � / r; sð Þð Þ � /p t � 2ð Þdr � 1
� �

drð Þ ds þ 1ð Þ
þ pt�2 / r; sð Þ þ 1ð Þ þ /p t � 2ð Þ dr þ ds þ 1ð Þ þ 2
� �

dr þ 1ð Þ ds þ 1ð Þ�

þp d �w � dxð Þ
¼

X
rs2E Hð Þ

pt�1 þ pt�2 þ /p t � 2ð Þ þ 2/p t � 2ð Þ þ 2pt�2
� �

dr � dsð Þ� �

þ
X

rs2E Hð Þ
2þ pt�2 þ /p t � 2ð Þ� �þ pt�2 þ 2/p t � 2ð Þ þ 1

� �
dr þ dsð Þ� �

þpt�2
X

rs2E Hð Þ
/ r; sð Þ þ p d �w � dxð Þ

¼ /p tð Þ þ 2/p t � 1ð Þ� �
M2 Hð Þ þ /p t � 1ð Þ þ /p t � 2ð Þ þ 1

� �
M1 Hð Þ

þq 2þ /p t � 1ð Þ� �þ p d�w � dxð Þ þ pt�2
X

rs2E Hð Þ
/ r; sð Þ:

h

Corollary 2.9. Let Pp; Sp;Cp and Kp be path, star, cycle and complete
graphs of order p. Then second Zagreb index for extended Sierpiński
graph with dimension t P 1 of these graphs is given as

M2 ES Pp; t
� �� � ¼ /p tð Þ 4p� 8ð Þ þ /p t � 1ð Þ 13p� 23ð Þ þ /p t � 2ð Þ

4p� 6ð Þ þ 3p2 þ 4p� 8
4

M2 ES Sp; t
� �� � ¼ /p tð Þ p� 1ð Þ2 þ /p t � 1ð Þ 3p2 � 4pþ 1

� �þ
/p t � 2ð Þ p2 � p

� �þ 4p2 � p� 2; p P 4

M2 ES Cp; t
� �� � ¼ /p tð Þ þ /p t � 2ð Þ� �

4pð Þ þ /p t � 1ð Þ 13pð Þ þ 3p2þ
6p

M2 ES Kp; t
� �� � ¼ /p tð Þ p p�1ð Þ3

2 þ 1
2/p t � 1ð Þ 2p4 � 4p3 þ 3p2 � p

� �þ
/p t � 2ð Þp p� 1ð Þ2 þ 2p3 � p2 þ pt�2 p3�3p2þ2p

2

� �
.

Proof. From Theorem 2.8, we have

M2 ES H; tð Þð Þ ¼ /p tð Þ þ 2/p t � 1ð Þ� �
M2 Hð Þ þ /p t � 1ð Þ þ /p t � 2ð Þ þ 1

� �
M1 Hð Þ

þq 2þ /p t � 1ð Þ� �þ p d �w � dxð Þ þ pt�2
X

rs2E Hð Þ
/ r; sð Þ

:

Now, by replacing the value of M1 Hð Þ;M2 Hð Þ; q and p d�w � dxð Þ
and / r; sð Þ by taking path, star, cycle and complete graph as a base
graph in above equation, then we will obtain

M2 ES Pp ; t
� �� � ¼ /p tð Þ þ 2/p t � 1ð Þ� �

4þ p� 3ð Þ4ð Þ þ /p t � 1ð Þ þ /p t � 2ð Þ þ 1
� �

6þ 4 p� 3ð Þð Þ
þ p� 1ð Þ 2þ /p t � 1ð Þ� �þ 4pþ p� 2ð Þ3p
¼ /p tð Þ 4p� 8ð Þ þ /p t � 1ð Þ 13p� 23ð Þ þ /p t � 2ð Þ 4p� 6ð Þ þ 3p2 þ 4p� 8

M2 ES Sp ; t
� �� � ¼ /p tð Þ þ 2/p t � 1ð Þ� �

p� 1ð Þ2
� �

þ /p t � 1ð Þ þ /p t � 2ð Þ þ 1
� �

p p� 1ð Þð Þ
þ p� 1ð Þ 2þ /p t � 1ð Þ� �þ p2 þ p� 1ð Þ2p

¼ /p tð Þ p� 1ð Þ2 þ /p t � 1ð Þ 3p2 � 4pþ 1
� �þ /p t � 2ð Þ p2 � p

� �þ 4p2 � p� 2

M2 ES Cp; t
� �� � ¼ ð/pðtÞ þ 2/pðt � 1ÞÞð4pÞ þ ð/pðt � 1Þ þ /pðt � 2Þ þ 1Þð4pÞ

þðpÞð2þ /pðt � 1ÞÞ þ pðp� 1Þ
¼ ð/pðtÞ þ /pðt � 2ÞÞð4pÞ þ /pðt � 1Þð13pÞ þ 3p2 þ 6p

M2 ES Kp; t
� �� � ¼ /p tð Þ þ 2/p t � 1ð Þ� � p p�1ð Þ3

2 þ /p t � 1ð Þ þ /p t � 2ð Þ þ 1
� �

p p� 1ð Þ2
� �

þ 2þ /p t � 1ð Þ� � p p�1ð Þ
2 þ p3 þ 3pt�2 / Hð Þ

¼ /p tð Þ þ 2/p t � 1ð Þ� � p p�1ð Þ3
2 þ /p t � 1ð Þ þ /p t � 2ð Þ þ 1

� �
p p� 1ð Þ2

� �

þ 2þ /p t � 1ð Þ� � p p�1ð Þ
2 þ p3 þ pt�2 p3�3p2þ2p

2

� �

¼ /p tð Þ p p�1ð Þ3
2 þ 1

2/p t � 1ð Þ 2p4 � 4p3 þ 3p2 � p
� �þ /p t � 2ð Þp p� 1ð Þ2

þ2p3 � p2 þ pt�2 p3�3p2þ2p
2

� �

h

Theorem 2.10. Let H is a base graph with minimum and maximum
degree d and D respectively. Then for extended Sierpiński graph, we
have l p; dð Þ þ pt�2P

rs2E Hð Þ / r; sð Þ þ p d�w � dxð Þ 6 M2 ES H; tð Þð Þ 6
l p;Dð Þ þ pt�2P

rs2E Hð Þ / r; sð Þ þ p d �w � dxð Þ where l p; dð Þ ¼ qd2 /p

�

tð Þ þ 2/p t � 1ð ÞÞ þ 2qd /p t � 1ð Þ þ /p t � 2ð Þ þ 1
� �þ q /p t � 1ð Þ þ 2

� �
left equality holds if H ffi d-regular graph and right and only if
H ffi D-regular graph.
Proof. Let p and q are the order and size respectively of a graphH .
Then second Zagreb index of ES H; tð Þ can be stated as

M2 ES H; tð Þð Þ ¼
X

rs2E Hð Þ

X1

i;j¼0

jdr þ i; ds þ jj dr þ ið Þ ds þ jð Þ

þjd�w; dxjES H;tð Þ d�w � dxð Þ
Now, by using Lemma 2.1 we have

M2 ES H; tð Þð Þ ¼
X

rs2E Hð Þ
pt�2 p� dr � ds þ / r; sð Þð Þ dr � dsð Þ�

þ pt�2 dr � / r; sð Þð Þ � /p t � 2ð Þds � 1
� �

dr þ 1ð Þ dsð Þ
þ pt�2 ds � / r; sð Þð Þ � /p t � 2ð Þdr � 1
� �

drð Þ ds þ 1ð Þ
þ pt�2 / r; sð Þ þ 1ð Þ þ /p t � 2ð Þ dr þ ds þ 1ð Þ þ 2
� �

dr þ 1ð Þ ds þ 1ð Þ�

þp d �w � dxð Þ



F. Ishfaq, M. Imran and Muhammad Faisal Nadeem Journal of King Saud University – Science 34 (2022) 102126
Since, d Hð Þ ¼ d is the minimum degree ofH. Then we obtained
M2 ES H; tð Þð Þ P

X
rs2E Hð Þ

pt�2 p� 2dþ / r; sð Þð Þd2�

þ2 pt�2 d� / r; sð Þð Þ � 2/p t � 2ð Þd� 1
� �

d2 þ d
� �

þ pt�2 / r; sð Þ þ 1ð Þ þ /p t � 2ð Þ 2dþ 1ð Þ þ 2
� �

d2 þ 2dþ 1
� ��

þp d�w � dxð Þ
¼ qd2 /p tð Þ þ 2/p t � 1ð Þ� �þ 2qd /p t � 1ð Þ þ /p t � 2ð Þ þ 1

� �þ q /p t � 1ð Þ þ 2
� �

þp d�w � dxð Þ þ pt�2
X

rs2E Hð Þ
/ r; sð Þ

and equality holds if H ffi d-regular graph.
As D Hð Þ ¼ D is the maximum degree of H. Then we obtained

M2 ES H; tð Þð Þ 6
X

rs2E Hð Þ
pt�2 p� 2Dþ / r; sð Þð ÞD2
h

þ 2pt�2 D� / r; sð Þð Þ � 2/p t � 2ð ÞD� 1
� �

D2 þ D
� �

þ pt�2 / r; sð Þ þ 1ð Þ þ /p t � 2ð Þ 2Dþ 1ð Þ þ 2
� �

D2 þ 2Dþ 1
� �i

þp d �w � dxð Þ
¼ qD2 /p tð Þ þ 2/p t � 1ð Þ� �þ 2qD /p t � 1ð Þ þ /p t � 2ð Þ þ 1

� �

þq /p t � 1ð Þ þ 2
� �þ p d �w � dxð Þ þ pt�2

X
rs2E Hð Þ

/ r; sð Þ

and equality holds if H ffi D-regular graph. h

If H is without triangle, then above result becomes as follow.

Corollary 2.11. Let H be a graph without triangle. Then
l p; dð Þ þ p d�w � dxð Þ 6 M2 ES H; tð Þð Þ 6 l p;Dð Þ þ p d �w � dxð Þ.
Corollary 2.12. Let p P 4 be the order of a connected regular graph
H. Then /p tð Þ þ /p t � 2ð Þ� �

4pð Þ þ /p t � 1ð Þ 13pð Þþ 3p2 þ 6p 6
M2 ES G; tð Þð Þ 6 /p tð Þ p p�1ð Þ3

2 þ 1
2 /p t � 1ð Þ 2p4 � 4p3 þ 3p2 � p

� �þ
/p t � 2ð Þp p � 1ð Þ2 þ 2p3 � p2 þ pt�2 p3�3p2þ2p

2

� �
. The left equality

holds if H ffi Cp and right equality holds if H ffi Kp.

The following theorem gives the exact formula of forgotten
index of ES H; tð Þ.

Theorem 2.13. Let ES H; tð Þ be extended Sierpiński graph of dimen-
sion t P 2 of base graph H with p vertices and q edges. Then the
forgotten topological index of ES H; tð Þ is F ES H; tð Þð Þ ¼
3/p t�1ð Þþ2
� �

M1 Hð Þþ /p tð Þþ2/p t�1ð Þ� �
F Hð Þþ2q /p t�1ð Þþ1

� �þ
p d2�wþd2x
� �

.

Proof. Let p and q be order and size of a graph H. Then forgotten
topological index of ES H; tð Þ can be defined as

F ES H; tð Þð Þ ¼
X

rs2E Hð Þ

X1

i;j¼0

jdr þ i;ds þ jj dr þ ið Þ2 þ ds þ jð Þ2

þjd�w; dxjES H;tð Þ d2
�w þ d2

x

� �

Now, by using Lemma 2.1 we have

F ES H; tð Þð Þ ¼
X

rs2E Hð Þ
pt�2 p� dr � ds þ / r; sð Þð Þ d2

r þ d2
s

� �h

þ pt�2 dr � / r; sð Þð Þ � /p t � 2ð Þds � 1
� �

dr þ 1ð Þ2 þ d2
s

� �

þ pt�2 ds � / r; sð Þð Þ � /p t � 2ð Þdr � 1
� �

d2
r þ ds þ 1ð Þ2

� �

þ pt�2 / r; sð Þ þ 1ð Þ þ /p t � 2ð Þ dr þ ds þ 1ð Þ þ 2
� �

dr þ 1ð Þ2 þ ds þ 1ð Þ2
� �i

þp d2
�w þ d2

x

� �

¼
X

rs2E Hð Þ
/p tð Þ þ 2/p t � 1ð Þ� �

d2
r þ d2

s

� �
þ 3/p t � 1ð Þ þ 2
� �

dr þ dsð Þ
h

þ2 /p t � 1ð Þ þ 1
� ��þ p d2

�w þ d2
x

� �

¼ /p tð Þ þ 2/p t � 1ð Þ� �
F Hð Þ þ 3/p t � 1ð Þ þ 2

� �
M1 Hð Þ þ 2q /p t � 1ð Þ þ 1

� �

þp d2
�w þ d2

x

� �
:

h
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Corollary 2.14. Let Pp; Sp;Cp and Kp be path, star, cycle and complete
graphs of order p. Then forgotten topological index for extended Sier-
piński graph with dimension t P 1 of these graphs is given as

F ES Pp; t
� �� � ¼ /p tð Þ 8p� 14ð Þ þ /p t � 1ð Þ 13p� 48ð Þ þ p3þ

19p� 24
F ES Sp; t

� �� � ¼ /p tð Þ p3 � 3p2 þ 4p� 2
� �þ /p t � 1ð Þ 2p3 � 3p2þ�

7p� 6Þ þ p3 þ 3p2 þ 4p� 6
F ES Cp; t

� �� � ¼ /p tð Þ8pþ /p t � 1ð Þ 30pð Þ þ p3 þ 19p

F ES Kp; t
� �� � ¼ /p tð Þp p� 1ð Þ3 þ /p t � 1ð Þ 2p4 � 3p3þ�

p2Þ þ 4p3 � 3p2 þ p.
Proof. From Theorem 2.13, we have

F ES H; tð Þð Þ ¼ 3/p t � 1ð Þ þ 2
� �

M1 Hð Þ þ /p tð Þ þ 2/p t � 1ð Þ� �
F Hð Þ

þ 2q /p t � 1ð Þ þ 1
� �þ p d2

�w þ d2
x

� �
:

Now, by replacing the value of M1 Hð Þ; q; F Hð Þ and p d2
�w þ d2

x

� �

by taking path, Star, Cycle and complete graph as a base graph in
above equation, then we will obtain

F ES Pp ; t
� �� � ¼ 3/p t � 1ð Þ þ 2

� �
4p� 6ð Þ þ /p tð Þ þ 2/p t � 1ð Þ� �

8p� 14ð Þ
þ2 p� 1ð Þ /p t � 1ð Þ þ 1

� �þ 2 2þ pð Þ2 þ p� 2ð Þ2 pþ 3ð Þ2
¼ /p tð Þ 8p� 14ð Þ þ /p t � 1ð Þ 13p� 48ð Þ þ p3 þ 19p� 24

F ES Sp ; t
� �� � ¼ 3/p t � 1ð Þ þ 2

� �
p p� 1ð Þ þ /p tð Þ þ 2/p t � 1ð Þ� �

p3 � 3p2 þ 4p� 2
� �

þ2 p� 1ð Þ /p t � 1ð Þ þ 1
� �þ 2p2 þ p� 1ð Þ 22 þ p2

� �

¼ /p tð Þ p3 � 3p2 þ 4p� 2
� �þ /p t � 1ð Þ 2p3 � 3p2 þ 7p� 6

� �þ p3 þ 3p2 þ 4p� 6

F ES Cp ; t
� �� � ¼ 3/p t � 1ð Þ þ 2

� �
4pð Þ þ /p tð Þ þ 2/p t � 1ð Þ� �

8pð Þ
þ2p /p t � 1ð Þ þ 1

� �þ p 9þ p2
� �

¼ /p tð Þ8pþ /p t � 1ð Þ 30pð Þ þ p3 þ 19p

F ES Kp ; t
� �� � ¼ 3/p t � 1ð Þ þ 2

� �
p p� 1ð Þ2 þ /p tð Þ þ 2/p t � 1ð Þ� �

p p� 1ð Þ3
þp p� 1ð Þ /p t � 1ð Þ þ 1

� �þ p 2p2
� �

¼ /p tð Þp p� 1ð Þ3 þ /p t � 1ð Þ 2p4 � 3p3 þ p2
� �þ 4p3 � 3p2 þ p

h

Theorem 2.15. IfH is a base graph, where d and D are minimum and
maximum degrees respectively. Then for extended Sierpiński graph, we
have 2qd2 /p tð Þþ2/p t�1ð Þ� �þ2qd 3/p t�1ð Þþ2

� �þ2q /p t�1ð Þþ�

1Þþp d2
�w þd2

x

� �
6 F ES H; tð Þð Þ6 2qD2 /p tð Þþ2/p t�1ð Þ� �þ 2qD 3/p t�ð�

1Þþ2Þþ2q /p t�1ð Þþ1
� �þp d2

�w þd2
x

� �
left equality holds if Hffi d-

regular graph and right equality holds if HffiD-regular graph.
Proof. Let p and q be order and size respectively of a graph H.
Then forgotten topological index of ES H; tð Þ can be stated as

F ES H; tð Þð Þ ¼
X

rs2E Gð Þ

X1

i;j¼0

jdr þ i;ds þ jj dr þ ið Þ2 þ ds þ jð Þ2
� �

þjd�w;dxjES H;tð Þ d2
�w þ d2

x

� �

Now, by using Lemma 2.1 we have

F ES H; tð Þð Þ ¼
X

rs2E Gð Þ
pt�2 p� dr � ds þ / r; sð Þð Þ d2

r þ d2
s

� �h

þ pt�2 dr � / r; sð Þð Þ � /p t � 2ð Þds � 1
� �

dr þ 1ð Þ2 þ d2
s

� �

þ pt�2 ds � / r; sð Þð Þ � /p t � 2ð Þdr � 1
� �

d2
r þ ds þ 1ð Þ2

� �

þ pt�2 / r; sð Þ þ 1ð Þ þ /p t � 2ð Þ dr þ ds þ 1ð Þ þ 2
� �

dr þ 1ð Þ2 þ ds þ 1ð Þ2
� �i

þp d2
�w þ d2

x

� �
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As d Hð Þ ¼ d is the minimum degree of graph H. Then we have

F ES H; tð Þð Þ P
X

rs2E Hð Þ
pt�2 p� 2dþ / r; sð Þð Þ2d2
h

þ2 pt�2 d� / r; sð Þð Þ � 2/p t � 2ð Þd� 1
� �

2d2 þ 2dþ 1
� �

þ pt�2 / r; sð Þ þ 1ð Þ þ /p t � 2ð Þ 2dþ 1ð Þ þ 2
� �

2d2 þ 4dþ 2
� �i

þp d2
�w þ d2

x

� �

¼ 2qd2 /p tð Þ þ 2/p t � 1ð Þ� �þ 2qd 3/p t � 1ð Þ þ 2
� �þ 2q /p t � 1ð Þ þ 1

� �

þp d2
�w þ d2

x

� �

and equality holds if H ffi d-regular graph
As D Hð Þ ¼ D is the maximum degree of graph H. Then we

obtained

F ES H; tð Þð Þ 6
X

rs2E Hð Þ
pt�2 p� 2Dþ / r; sð Þð Þ2D2
h

þ2 pt�2 D� / r; sð Þð Þ � 2/p t � 2ð ÞD� 1
� �

2D2 þ 2Dþ 1
� �

þ pt�2 / r; sð Þ þ 1ð Þ þ /p t � 2ð Þ 2Dþ 1ð Þ þ 2
� �

2D2 þ 4Dþ 2
� �i

þp d2
�w þ d2

x

� �

¼ 2qD2ð/pðtÞ þ 2/pðt � 1ÞÞ þ 2qDð3/pðt � 1Þ þ 2Þ þ 2qð/pðt � 1Þ þ 1Þ
þp d2

�w þ d2
x

� �

and equality holds if H ffi D-regular graph. h
Corollary 2.16. Let p P 3 be the order of a base graph H. Then

/p tð Þ8pþ /p t � 1ð Þ30pþ p3 þ 19p 6 F ES H; tð Þð Þ 6 /p tð Þp p� 1ð Þ3þ
/p t � 1ð Þ 2p4 � 3p3 þ p2

� �þ 4p3 � 3p2 þ pleft equality holds if
H ffi Cp and right equality holds if H ffi Kp.
3. Conclusion

The extended Sierpiński graphs are obtained by introducing a
new vertex in generalized Sierpiński graph and attached this ver-
tex with extreme vertices. In this paper, we have compute the
Zagreb and forgotten invariants for extended Sierpiński graphs
using any base graph H. Moreover, for these topological indices
of extended Sierpiński graph, we attained some sharp bounds by
applying numerous parameters. In future, we want to extend this
work by applying other topological indices on extended Sierpiński
graphs and attained the fruitful results.
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