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weighted function space. We give the rate of convergence in terms of Lipschitz class by initiate the mod-
ulus of continuity and finally, we present some direct theorems in Peetre’s K -functional.
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1. Introduction and auxiliary results

The q-calculus also known as ‘‘quantum calculus” began to arise
with the interest grown explosively in physic as well as in mathe-
matics both due to the large number of its applications. For
instance, some q-analogues of Fourier analysis (see Koornwinder
and Swarttouw, 1992), q-harmonic analysis to study q-wavelets
and q -wavelets packets (see Bettaibi et al., 2010; Fitouhi and
Bettaibi, 2006). The q-calculus plays very important role in the
development of approximation process and has led in finding more
appropriate generalizations of several classical operators. The q-
operators have better rate of convergence than classical ones (see
Lupas�, 1987; Phillips, 1997). In the recent years, more development
of Szász operators based on Dunkl generalization have been
obtained by several mathematicians.

In 1950, the classical Szász (Szász, 1950) operators were defined
by

Sqðh; yÞ ¼ e�qy
X1
k¼0

ðqyÞk
k!

h
k
q

� �
;h 2 C 0;1½ Þ: ð1:1Þ

There are many important research papers on the study of
approximation of Szász type operators via Dunkl generalization
in q-calculus and in ðp; qÞ-calculus, for instance we refer to
Alotaibi (2019), Alotaibi and Mursaleen (2020), _Içöz and Çekim
(2015), Nasiruzzaman and Mursaleen (2020) and Sucu (2014) etc.
Sucu (2014) gave the Dunkl form of classical Szász-operators with
an exponential function (see Rosenblum, 1994) and the q-Hermite
type polynomials studied by Cheikh et al. (2014).

The basic definition of q-integer and q-factorial is given by:
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q½ �q ¼
1�qq

1�q ; q–1; q 2 N

1; q ¼ 1
0; q ¼ 0

8><
>:

q½ �q! ¼
1; q ¼ 0Yq
k¼1

k½ �q q 2 N:

8><
>: ð1:2Þ

Recalling some basic definitions of the exponential functions
and their recursion formulas in structure of q-Dunkl, we have

ej;qðyÞ ¼
X1
s¼0

ys

cj;qðsÞ
; y 2 ½0;1Þ; Ej;qðyÞ ¼

X1
s¼0

q
sðs�1Þ

2 ys

cj;qðsÞ
; y 2 ½0;1Þ

ð1:3Þ

cj;qðsþ 1Þ ¼ 1� q2jhsþ1þsþ1

1� q

� �
cj;qðsÞ; s 2 N; ð1:4Þ

hs ¼
0 if s 2 2N;

1 if s 2 2Nþ 1:

�
ð1:5Þ

where

cj;qðsÞ ¼
ðq2jþ1; q2Þ½sþ1

2 �ðq2; q2Þ½s2�
ð1� qÞs cj;qðsÞ; s 2 N; ð1:6Þ

and some basic calculations for s ¼ 0;1;2;3;4, the Dunkl q-integers
form are

cj;qð0Þ ¼ 1; cj;qð1Þ ¼
1� q2jþ1

1� q
;

cj;qð2Þ ¼
1� q2jþ1

1� q

� �
1� q2

1� q

� �
;

cj;qð3Þ ¼
1� q2jþ1

1� q

� �
1� q2

1� q

� �
1� q2jþ3

1� q

� �
;

cj;qð4Þ ¼
1� q2jþ1

1� q

� �
1� q2

1� q

� �
1� q2jþ3

1� q

� �
1� q4

1� q

� �
:

By using the definition based on q-integrs and their exponential
Dunkl generalization the Szász operators obtained by _Içöz and Ç
ekim (2015) such as

Dq;qðh; yÞ ¼ 1
ej;qð½q�qyÞ

X1
s¼0

ð½q�qyÞs
cj;qðsÞ

h
1� q2jhsþs

1� qq

� �
; ð1:7Þ

for any j > 1
2 ; y P 0; 0 < q < 1 and h 2 C 0;1½ Þ.

In recent investigation (Nasiruzzaman and Rao, 2018), authors
have introduced a new extended form of Phillips operators by
implement the new parameter jP 0,

P�
q;jðh; yÞ ¼

q2

ejðqyÞ
X1
s¼0

ðqyÞs
cjðsÞ

Z 1

0

e�qtqsþ2jhs�1tsþ2jhs

ðsþ 2jhsÞ! f ðtÞdt;

for each h 2 C½0;1Þ and y 2 ½0;1Þ, where, ejðyÞ ¼
P1

s¼0
ys

cjðsÞ and
cjðsþ1Þ

ðsþ1þ2jhsþ1Þ ¼ cjðsÞ and hs is defined by (5.1).

In this context, we construct the Phillips operators in a newly
modified form via q-calculus generated by exponential function
and study the approximation properties and its related results.
Moreover, we want to calculate the convergence results by apply-
ing the modulus of continuity and investigate their order of
approximation in Lipschitz space and give some direct theorems.
In Nasiruzzaman and Rao (2018), authors have studied a general-
ized Dunkl type modifications of Phillips operators. The approxi-
2

mation results in the present article enable to give a modified
version and have more general results than (Nasiruzzaman and
Rao, 2018). Approximation properties of different types of opera-
tors are obtained by several authors in Alotaibi and Mursaleen
(2020), Kilicman et al. (2020), Milovanovic et al. (2018),
Mohiuddine and Özger (2020), Mursaleen et al. (2020),
Nasiruzzaman and Mursaleen (2020), Rao et al. (2019) and
Srivastava et al. (2019).

Let flq;qðyÞgqP1
be the class of sequence of continuous functions

on semi axis Rþ ¼ ½0;1Þ such that

lq;qðyÞ ¼ y� 1
2½q�q

 !
.

; q 2 N; ð1:8Þ

with the notations

k. ¼ k if k P 0;
0 if k < 0:

�
ð1:9Þ

Now for every h 2 Cf½0;1Þ ¼ fh 2 C½0;1Þ : hðtÞ ¼ OðtfÞ; g when
t ! 1, and y 2 ½0;1Þ; f > q;q 2 N [ f0g;jP � 1

2, we define

U�
q;qðh; yÞ ¼

½q�q
ej;qð½q�qlq;qðyÞÞ

X1
p¼0

ð½q�qlq;qðyÞÞp
cj;qðpÞ

q
ðpþ2jhp Þðpþ2jhpþ1Þ

2 Q �
j;q h qpþ2jhp t

� �� �
; ð1:10Þ

where k ¼ 1
½q�q and

Q �
j;q h qpþ2jhp t

� �� �¼ Z 1=1�q

0

ej;qð�½q�qtÞ½q�pþ2jhp
q tpþ2jhp

½pþ2jhp�q!
h qpþ2jhp t
� �

dqt:

Lemma 1.1. For every h 2 Cf½0;1Þ ¼ fh 2 C½0;1Þ : hðtÞ ¼ OðtfÞg as
t ! 1, and y 2 ½0;1Þ; f > q; q 2 N [ f0g; j P � 1

2, we haveZ 1=1�q

0
q

ðpþ2jhpÞðpþ2jhpþ1Þ
2

� ej;qð�½q�qtÞ½q�pþ2jhp
q tpþ2jhp

½pþ 2jhp�q!
qpþ2jhp t
� �u

dqt

¼ 1

½q�uþ1
q

½pþ 2jhp þ u�q!
½pþ 2jhp�q!

1

q
uðuþ1Þ

2

: ð1:11Þ

In order to get the basic estimates we use the appropriate gen-
eralized definition of gamma function in q-calculus.
Definition 1.2. The generalized definition of gamma function in q-
calculus given by

CqðtÞ ¼
Z 1=1�q

0
yt�1Eqð�qyÞdqy; t > 0; ð1:12Þ

cFqðtÞ ¼
Z 1=Fð1�qÞ

0
yt�1eqð�yÞdqy; t > 0; ð1:13Þ

where we use the formulas CqðtÞ ¼ KðF; tÞcFqðtÞ and

KðF; tÞ ¼ 1
1þF F

t 1þ 1
F

� �t
q 1þ Fð Þt�1

q . Moreover, in particular for any pos-

itive integer q, we have KðF;qÞ ¼ q
qðq�1Þ

2 and CqðqÞ ¼ q
qðq�1Þ

2 cFqðqÞ, with
the following gamma mathematical expression

Cqðlþ 1Þ ¼ l½ �qCqðlÞ for l > 0
1 for l ¼ 0:

�
ð1:14Þ
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Bqðt;mÞ ¼ KðF; tÞ
Z 1=F

0

yt�1

ð1þ yÞtþm
q

dqy

¼ ½t � 1�q
½m�q

Bqðt � 1;mþ 1Þ; t > 1;m > 0;

with

KðF; t þ 1Þ ¼ qtKðF; tÞ;

KðF; tÞ ¼ q
tðt�1Þ

2 ; KðF;0Þ ¼ 1;

and the improper integral of function h for q-integers is calculated
as:Z 1=F

0
hðyÞdqy ¼ ð1� qÞ

X
q2N

h
qq

F

� �
qq

F
; F 2 R� f0g:

For more details we propose to see De Sole and Kac (2005).

In 1954, an inversion formula on the semigroups of positive lin-
ear operators was obtained in May (1977), while recently the
approximation properties of Phillips operators were studied by
applying the Dunkl generalization of an exponential form in
Nasiruzzaman and Rao (2018). Most recently, the approximation
results of Phillips operators by introducing the Dunkl generaliza-
tion of q -exponential form were studied in Nasiruzzaman et al.
(2019), which include the better generalized approximation prop-
erties of Phillips operators for y 2 ½0;1Þ and function f 2 C½0;1Þ
rather than (May, 1977; Nasiruzzaman and Rao, 2018). In this
paper, our results are primarily concerned with the problem on
the domain 0 6 y < 1

2½q�q and
1

2½q�q 6 y < 1for determining the better

generalized approximation results of Phillips operator. Our gener-
alization of Phillips operators gives more appropriate and modified
convergence properties in quantum calculus rather than the pub-
lished article (May, 1977; Nasiruzzaman and Rao, 2018;
Nasiruzzaman et al., 2019).

2. Basic Estimates and their moments

.

Lemma 2.1. Suppose fj ¼ tj for j ¼ 0;1;2;3;4. Then for all q 2 N and

y P 1
2½q�q ; 0 < qq < 1 the operators U�

q;qð �; � Þ, have U�
q;qðf0; yÞ ¼ 1,

and the following properties:

ð1Þ U�
q;qðf1; yÞ ¼ yþ 1

q½2�q ½q�q 2½ �q � q
� �

;

ð2Þ U�
q;qðf2; yÞ 6 y2 þ 1

q2 ½2�q ½q�q 2½ �2q þ ½2�qqþ �2þ ½2�q½1þ 2j�q
� �

q2
n o

y

þ 1
q3 ½2�2q ½q�2q

2½ �3q � ½2�2qq� ½2�qq2 þ 1� ½2�q½1þ 2j�q
� �

q3
� �

ð3Þ U�
q;qðf3; yÞ 6 y3 þ 1

q4 ½2�q ½q�q 2½ �3qqþ 2½2�qq3 þ �3þ 3½2�q½1þ 2j�q
� �

q4
n o

y2

þ 1
q5 ½2�2q ½q�2q

2½ �4q þ ½2�2qqþ ½2�3q 2½ �q½1þ 2j�q þ 2
� �

q2
n

þ½2�q 2½2�q½1þ 2j�q � 2
� �

q4

þ 3� 3½2�q½1þ 2j�q þ ½2�2q ½1þ 2j�2q
� �

q5
o
y

þ 1
q6 ½2�3q ½q�3q

�½2�4qq� ½2�2qq2 þ ½2�3q �2� ½2�q½1þ 2j�q
� �

q3
n

þ2½2�q �½2�q½1þ 2j�q þ 1
� �

q5

þ 3½2�q½1þ 2j�q � ½2�2q ½1þ 2j�2q � 1
� �

q6
o

3

ð4Þ U�
q;qðf4; yÞ 6 ½2�q

q10 ½q�4q
qþ ½2�q þ 3½2�qq2 þ ½2�q þ 1

� �
q4

� �
þ 1

q9 ½q�3q
fð1þ 4½2�qqþ 4q2 þ 12½2�qq3 þ 4½2�q þ 5

� �
q5

þq2 ½2�q þ 2qþ 7½2�qq2 þ 2q3 þ 3 2½2�q þ 1
� �

q4
� �

½1þ 2j�q
þq5 ½2�q þ qþ 3½2�qq2 þ q3

� �
½1þ 2j�2q þ q9½1þ 2j�3qg

y� 1
½2�q ½q�q

� �
þ 1

q8 ½q�2q
2½ �qqþ q2 þ 7½2�qq3 þ 2q4 þ 6½2�q þ 3

� �
q5

n
þ ½2�qq4 þ q5 þ 3½2�qq6 þ q7
� �

½1þ 2j�q þ 7½1þ 2j�2qq8
o

y� 1
½2�q ½q�q

� �2
þ 1

q7 ½q�q 2½ �qq3 þ q4 þ 3½2�qq5Þ þ q6 þ 6½1þ 2j�qq7
n o

y� 1
½2�q ½q�q

� �3
þ y� 1

½2�q ½q�q

� �4
:

Proof. We take into account Lemma 1.1 and the generalized defi-
nition of gamma function in q-integers 1.2. Take hðtÞ ¼ f0;f1;f2,
then easily get that

U�
q;qðf0; yÞ ¼ ½q�q

ej;qð½q�qlq;qðyÞÞ
X1
p¼0

ð½q�qlq;qðyÞÞp
cj;qðpÞ

½pþ2jhp �q !
½q�q ½pþ2jhp �q !

¼ 1:

For hðtÞ ¼ f1, hence

U�
q;qðf1; yÞ ¼ ½q�q

ej;qð½q�qlq;qðyÞÞ
X1
p¼0

ð½q�qlq;qðyÞÞp
cj;qðpÞ

½pþ2jhpþ1�q !
q½q�2q ½pþ2jhp �q !

¼ 1
q½q�qej;qð½q�qlq;qðyÞÞ

X1
p¼0

ð½q�qlq;qðyÞÞp
cj;qðpÞ ½pþ 2jhp þ 1�q

¼ 1
q½q�qej;qð½q�qlq;qðyÞÞ

X1
p¼0

ð½q�qlq;qðyÞÞp
cj;qðpÞ

þ 1
½q�qej;qð½q�qlq;qðyÞÞ

X1
p¼0

ð½q�qlq;qðyÞÞp
cj;qðpÞ ½pþ 2jhp�q

¼ lq;qðyÞ þ 1
q½q�q :

For hðtÞ ¼ f2, we have

U�
q;qðf2;yÞ ¼ ½q�q

ej;qð½q�qlq;qðyÞÞ
X1
p¼0

ð½q�qlq;qðyÞÞp
cj;qðpÞ

½pþ2jhpþ2�q !
q3 ½q�3q ½pþ2jhp �q !

¼ 1
q3 ½q�2qej;qð½q�qlq;qðyÞÞ

X1
p¼0

ð½q�qlq;qðyÞÞp
cj;qðpÞ ½pþ2jhp þ2�q½pþ2jhp þ1�q

¼ 1
q3 ½q�2qej;qð½q�qlq;qðyÞÞ

X1
p¼0

ð½q�qlq;qðyÞÞp
cj;qðpÞ

�f½2�q þqð1þ2qÞ½pþ2jhp�q þq3½pþ2jhp�2qg

¼ ð1þqÞ
q3 ½q�2q

þ ð1þ2qÞ
q2 ½q�q lq;qðyÞþ 1

½q�2qej;qð½q�qlq;qðyÞÞ

X1
p¼0

ð½q�qlq;qðyÞÞp
cj;qðpÞ

½pþ2jhp�2q :

6 ð1þqÞ
q3 ½q�2q

þ ð1þ2qÞ
q2 ½q�q lq;qðyÞþ lq;qðyÞ

� �2
þ ½1þ2j�q

½q�q lq;qðyÞ

Similarly, if hðtÞ ¼ f3 and hðtÞ ¼ f4, then we have

U�
q;qðf3; yÞ ¼ 1

q4½q�3qej;qð½q�qlq;qðyÞÞ
X1
p¼0

ð½q�qlq;qðyÞÞp
cj;qðpÞ

½pþ 2jhp þ 3�q½pþ 2jhp þ 2�q½pþ 2jhp þ 1�q
and
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U�
q;qðf4; yÞ ¼ 1

q10½q�4qej;qð½q�qlq;qðyÞÞ
X1
p¼0

ð½q�qlq;qðyÞÞp
cj;qðpÞ

�½pþ 2jhp þ 4�q½pþ 2jhp þ 3�q½pþ 2jhp þ 2�q
½pþ 2jhp þ 1�q:

Hence for hðtÞ ¼ f3 and hðtÞ ¼ f4 we use results by (1.7) (see _Içöz
and Çekim, 2015), and the recent results obtained in
Nasiruzzaman et al. (2019) we get the required other proofs.
Lemma 2.2. For fj ¼ tj for j ¼ 0;1;2;3;4. Then for all q 2 N and
0 < y < 1

2½q�q ; 0 < qq < 1 then we get

ð2�Þ U�
q;qðf1; yÞ ¼ 1

q½q�q ;

ð3�Þ U�
q;qðf2; yÞ 6 ½2�q

q3 ½q�2q
;

ð4�Þ U�
q;qðf3; yÞ 6 1

q6 ½q�3q
ð�½2�qq� 2q3Þ;

ð5�Þ U�
q;qðf4; yÞ 6 ½2�q

q10 ½q�4q
qþ ½2�q þ 3½2�qq2 þ ½2�q þ 1

� �
q4

� �
:

Lemma 2.3. For any i ¼ 1;2, we suppose ui ¼ U�
q;qððf1 � yÞi; yÞ then

ui ¼

1
q2 ½2�q ½q�q f½2�

2
q � ½2�qqþ ½2�q½1þ 2j�qq2gy

þ 1
q3 ½2�2q ½q�2q

½2�3q � ½2�2qq� ½2�qq2 þ 1� ½2�q½1þ 2j�q
� �

q3
� �

;

for i ¼ 2
1

q½2�q ½q�q �qþ ½2�q
� �

; fori ¼ 1

8>>>>>>><
>>>>>>>:
3. Korovkin type theorems in weighted spaces

In mathematics and other branches of sciences the Korovkin’s
type approximation theory has many applications see Altomare
(2010) (see also Alotaibi et al., 2021; Alotaibi and Mursaleen,
2011, 2016; Braha, 2018, 2020, 2021; Mursaleen and Karakaya,
2012). In the present section, we approximate the sequence of
our new operators fU�

q;qð �; � ÞgqP1
by (1.10) by make use of Korov-

kin’s and weighted Korovkin’s theorem. We take
q ¼ qq; ð0 < qq < 1Þ with limq!1qq ¼ 1 and limq!1qqq ¼ gwhere
0 < g < 1. In this context, we suppose Rþ ¼ ½0;1Þ and let we sym-
bolize the set of all bounded and continuous functions by CBðRþÞ,
and equipped the norm function h on CBðRþÞ by
khkCB

¼ sup
yP0

jhðyÞj:

Theorem 3.1. Let q ¼ qq be the sequences positive numbers satisfy-

ing 0 < qq < 1. Then, for every h 2 f/ : /ðyÞ
1þy2 is convergent

as y ! 1g \ C½0;1Þ, we have

lim
q!1

U�
q;qq

ðh; yÞ ¼ hðyÞ:
Proof. Clearly, as q! 1; 1
½q�q ! 0. By using Lemma 2.1 and Korov-

kin’s theorem, for all j ¼ 0;1;2, we have

lim
q!1

U�
q;qq

ðfj; yÞ ¼ yj
4

is uniformly for every h 2 f/ : /ðyÞ
1þy2 is convergent as y ! 1g\

C½0;1Þ. Thus we follows immediately the proof.

Moreover, we recall the following well-known results in
weighted spaces:

SrðRþÞ ¼ h : jhðyÞj 6 MhrðyÞf g;
TrðRþÞ ¼ h : h 2 SrðRþÞ \ C½0;1Þf g;
Tp

rðRþÞ ¼ h : h 2 TrðRþÞ and lim
y!1

hðyÞ
1þy2 ¼ Mh

� 	
;

where Mh depending on h and positive constant. Additionally, we
notice here TrðRþÞ is a normed space equipped with

khkr ¼ supyP0
jhðyÞj
1þy2.

Theorem 3.2. For all h 2 Tp
rðRþÞ and y P 1

2½q�q with

q ¼ qq; 0 < qq < 1 we have

lim
q!1

kU�
q;qq

ðh; yÞ � hkr ¼ 0:
Proof. To prove this theorem we let hðtÞ ¼ fs for all s ¼ 0;1;2 .
Then for all hðtÞ 2 Tp

rðRþÞ, the Korovkin’s theorem give us
U�

q;qq
ðts; yÞ ! ys as q ! 1. From the Lemma 2.1, we have

U�
q;qq

ðf0; yÞ ¼ 1, then clearly

lim
q!1

U�
q;qq

f0; yð Þ � 1



 





 




r
¼ 0: ð3:1Þ

For hðtÞ ¼ f1

U�
q;qq

f1; yð Þ � y



 





 




r
¼ sup

yP 1
2½q�qq

U�
q;qq ðf1 ;yÞ�y




 



1þy2

¼ 1
qq ½2�qq ½q�qq

½2�qq � qq
� �

sup
yP 1

2½q�qq

1
1þy2

limq!1 1
½q�qq

¼ 0 implies that

lim
q!1

U�
q;qq

f1; yð Þ � y



 





 




r
¼ 0: ð3:2Þ

Similarly, for hðtÞ ¼ f2

U�
q;qq

f2; yð Þ � y2



 





 




r
¼ sup

yP 1
2½q�qq

U�
q;qq ðf2 ;yÞ�y2




 



1þy2

¼ 1
q2q ½2�qq ½q�qq

f½2�2qq þ ½2�qqqq
þ �2þ ½2�qq ½1þ 2j�qq
� �

q2
qg sup

yP 1
2½q�qq

y
1þy2

þ 1
q3q ½2�2qq ½q�

2
qq

½2�3qq � ½2�2qqqq � ½2�qqq2
q

�
þ 1� ½2�qq ½1þ 2j�qq
� �

q3
q

�
sup

yP 1
2½q�qq

1
1þy2

which implies that

lim
q!1

U�
q;qq

f2; yð Þ � y2



 





 




r
¼ 0: ð3:3Þ

Hence the result.

Corollary 3.3. For all 0 6 y < 1
2½q�q and h 2 Tp

rðRþÞ

lim
q!1

kU�
q;qq

ðh; yÞ � hkr ¼ 0:
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In order to investigate the maximum oscillation of u, the notion
of modulus of smoothness of u in classical order given by

xðu; dÞ ¼ sup
jf1�yj6d

juðf1Þ �uðyÞj; f1 2 ½0;1Þ; d > 0; f1 ¼ t ð3:4Þ

for all y 2 ½0;1Þ and u 2 CBðRþÞ, and one has

juðf1Þ �uðyÞj 6 jf1 � yj
d

þ 1
� �

xðu; dÞ: ð3:5Þ

Theorem 3.4. Let q ¼ qq such that 0 < qq < 1. Then for every

h 2 CBðRþÞ and y P 1
2 q½ �q, operators U

�
q;qq ðh; : Þ satisfy

jU�
q;qq

ðh; yÞ � hðyÞj 6 f1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Hq;qq ðyÞ

q
gx h;

1ffiffiffiffiffiffiffiffiffiffi
½q�qq

q
0
B@

1
CA;

where

Hq;qq ðyÞ ¼ 1
q2q ½2�qq

f½2�2qq � ½2�qqqq þ ½2�qq ½1þ 2j�qqq2
qgy

þ 1
q3q ½2�2qq ½q�qq

½2�3qq � ½2�2qqqq � ½2�qqq2
q þ 1� ½2�qq ½1þ 2j�qq

� �
q3
q

� �
:

Proof. We use (3.4), (3.5) and apply Cauchy–Schwarz inequality.

U�
q;qq

ðh; yÞ � hðyÞj

6
½q�qq

ej;qq ð½q�qq lq;qq ðyÞÞ
X1
p¼0

ð½q�qq lq;qq ðyÞÞ
p

cj;qq ðpÞ
q

ðpþ2jhpÞðpþ2jhpþ1Þ
2

q

Q �
j;qq h qpþ2jhp

q f1 � hðyÞ
� �� �

6
½q�qq

ej;qq ð½q�qq lq;qq ðyÞÞ
X1
p¼0

ð½q�qq lq;qq ðyÞÞ
p

cj;qq ðpÞ
q

ðpþ2jhpÞðpþ2jhpþ1Þ
2

q

� Q �
j;qq f0ð Þ þ 1

dQ
�
j;qq jq

pþ2jhk
q f1 � yj

� �
xðh; dÞ

¼ 1
d ð

½q�qq
ej;qq ð½q�qq lq;qq ðyÞÞ

X1
p¼0

ð½q�qq lq;qq ðyÞÞ
p

cj;qq ðpÞ
q

ðpþ2jhp Þðpþ2jhpþ1Þ
2

q

Q �
j;qq jq

pþ2jhk
q f1 � yjÞxðh; dÞ þxðh; dÞ

6 f1þ 1
d

½q�qq
ej;qq ð½q�qq lq;qq ðyÞÞ

X1
p¼0

ð½q�qq lq;qq ðyÞÞ
p

cj;qq ðpÞ
q

ðpþ2jhp Þðpþ2jhpþ1Þ
2

q

"

Q �
j;qq qpþ2jhk

q f1 � y
� �2�1

2

� U�
q;qq

ðf0; yÞ
h i1

2gxðh; dÞ

¼ 1þ 1
d U�

q;qq
qpþ2jhk
q f1 � y

� �2
; y

� �1
2

( )
xðh; dÞ

6 1þ 1
d U�

q;qq
f1 � yð Þ2; y

� �1
2

� 	
xðh; dÞ;

where clearly, if we take d ¼ dq;qq ðyÞ ¼
ffiffiffiffiffiffiffiffi
1

½q�qq

q
, then we get the result.
Corollary 3.5. Let u2 by Lemma 2.3 and suppose dq;qq ðyÞ ¼
ffiffiffiffiffiffiu2

p
,

then

jU�
q;qq

ðh; yÞ � hðyÞj 6 2x h; dq;qq ðyÞ
� �

:

5

4. Rate of convergence

In this part of section our purpose is to present the rate of con-
vergence in terms of Lipschitz function for the our newly operators
U�

q;qðh; yÞ (1.10). We suppose the class of Lipschitz functions is
defined by

LipMðaÞ ¼ h : jhðb1Þ � hðb2Þj 6 Mjb1 � b2ja; ðb1; b2 2 ½0;1ÞÞ �
ð4:1Þ

for all h 2 C½0;1Þ;M > 0 and 0 < a 6 1.

Theorem 4.1. Suppose there is a numbers L > 0 and 0 < a 6 1. Then
the sequence q ¼ qq for every h 2 LipLðaÞ and y P 1

2½q�q have the

inequality
jU�
q;qq

ðh; yÞ � hðyÞj 6 L rq;qq ðyÞ þ Dq;qq

� �a
2
:

where

rq;qq ðyÞ ¼
1

q2½2�q½q�q
2½ �2qq � ½2�qqqq þ ½2�qq ½1þ 2j�qqq2

q

� �
y;

Dq;qq ¼
1

q3
q 2½ �2qq ½q�

2
qq

2½ �3qq �½2�2qqq�½2�qqq2
qþ 1�½2�qq ½1þ2j�qq
� �

q3
qq

� �
;

and rq;qq ðyÞ þ Dq;qq ¼ u2 by Lemma 2.3.
Proof. We demonstrate the proof of this theorem by (4.1) and
well-known H ölder’s inequality.
jU�
q;qq

ðh; yÞ � hðyÞj
6 jU�

q;qq
ðhðf1Þ � hðyÞ; yÞj

6 U�
q;qq

jhðf1Þ � hðyÞj; yð Þ
6 LU�

q;qq
jf1 � yja; y� �

6 L
½q�qq

ej;qq ð½q�qq lq;qq ðyÞÞ
X1
p¼0

ð½q�qq lq;qq ðyÞÞ
p

cj;qq ðpÞ
q

ðpþ2jhp Þðpþ2jhpþ1Þ
2

q

�Q �
j;qq

jf1 � yja� �
6 L

½q�qq
ej;qq ð½q�qq lq;qq ðyÞÞ

X1
p¼0

ð½q�qq lq;qq ðyÞÞ
p

cj;qq ðpÞ
q

ðpþ2jhp Þðpþ2jhpþ1Þ
2

q

� �2�a
2

� ð½q�qq lq;qq ðyÞÞ
p

cj;qq ðpÞ
q

ðpþ2jhp Þðpþ2jhpþ1Þ
2

q

� �a
2

Q �
j;qq

jf1 � yja� �

6 L
½q�qq

ej;qq ð½q�qq lq;qq ðyÞÞ
X1
p¼0

ð½q�qq lq;qq ðyÞÞ
p

cj;qq ðpÞ
q

ðpþ2jhp Þðpþ2jhpþ1Þ
2

q Q �
j;qq

f0ð Þ
 !2�a

2

� ½q�qq
ej;qq ð½q�qq lq;qq ðyÞÞ

X1
p¼0

ð½q�qq lq;qq ðyÞÞ
p

cj;qq ðpÞ
q

ðpþ2jhp Þðpþ2jhpþ1Þ
2

q

 

�Q �
j;qq

jf1 � yjð Þ
�a

2

¼ LU�
q;qq

ðf1 � yÞ2; y
� �a

2
:

This completes the proof.

Further more we write

C2
BðRþÞ ¼ fu 2 CBðRþÞ : u0;u00 2 CBðRþÞg; ð4:2Þ

with the defined norm by

kukC2
BðRþÞ ¼ kukCBðRþÞ þ ku0kCBðRþÞ þ ku00kCBðRþÞ; ð4:3Þ

also

kukCBðRþÞ ¼ sup
y2Rþ

juðyÞj: ð4:4Þ
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Theorem 4.2. Let h 2 C2
BðRþÞ and q ¼ qq such that qq 2 ð0;1Þ. Then

for y P 1
2½q�q, the operators U�

q;qð �; � Þ defined by (1.10) satisfy

jU�
q;qq

ðh;yÞ�hðyÞj6 1
qq½2�qq ½q�qq

½2�qq �qq
� �

þrq;qq ðyÞ
2

 !
khkC2

BðRþÞ:
Proof. Use the Taylor series formula, we go through the expression

2hðf1Þ ¼ 2hðyÞ þ 2h0ðyÞðf1 � yÞ þ h00ðvÞðf1 � yÞ2; v 2 ðy;f1Þ:
Linearity of U�

q;qq
implies that

U�
q;qq

ðh;yÞ�hðyÞ ¼ h0ðyÞU�
q;qq

ðf1 �yÞ;yð Þþh00ðvÞ
2

U�
q;qq

ðf1 �yÞ2;y
� �

:

Therefore,

jU�
q;qq

ðh; yÞ � hðyÞj

6 1
qq½2�qq ½q�qq

½2�qq � qq
� � !

kh0kCBðRþÞ þ ðrq;qq ðyÞÞ
kh00kCBðRþÞ

2
:

By (4.3), kh0kCBðRþÞ 6 khkC2
BðRþÞ and kh00kCBðRþÞ 6 khkC2

BðRþÞ. Hence

jU�
q;qq

ðh; yÞ � hðyÞj 6 1
qq½2�qq ½q�qq

½2�qq � qq
� � !

khkC2
BðRþÞ

þ ðrq;qq ðyÞÞ
khkC2

BðRþÞ
2

:

Which completes the proof.
5. Some direct approximation

In 1968, Jaak Peetre introduced K-functional K2ðh; dÞ (Peetre,
1968) as

K2ðu; dÞ ¼ inf ku� vkCBðRþÞ þ dkvkC2
BðRþÞ

� �
: v 2 C2

BðRþÞ
n o

: ð5:1Þ

for a given d > 0 and u 2 ½0;1Þ.
For an absolute positive real constant C one has

K2ðu; dÞ 6 Cx2ðu; d
1
2Þ, where x2 indicates modulus of continuity

of the function u by order two such that

x2ðu; dÞ ¼ sup
0<l<d

sup
y2Rþ

juðyþ 2lÞ � 2uðyþ lÞ þuðyÞj: ð5:2Þ

Theorem 5.1. Let q ¼ qq such that 0 < qq 6 1. Then for every

h 2 CBðRþÞ and y P 1
2½q�q there exits a positive constant D such that

jU�
q;qq

ðh; yÞ � hðyÞj

6 2Dfx2 h;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
2qq ½2�qq ½q�qq

½2�qq � qq
� �

þ rq;qq ðyÞ
4

r� �

þmin 1; 1
2qq ½2�qq ½q�qq

½2�qq � qq
� �

þ rq;qq ðyÞ
4

� �
khkCBðRþÞg:
Proof. Using Theorem 4.2, we have

jU�
q;qq

ðh; yÞ � hðyÞj 6 jU�
q;qq

ðh� v; yÞj þ jU�
q;qq

ðv; yÞ � vðyÞj þ jhðyÞ

�vðyÞj 6 2kh� vkCBðRþÞ þ 1
qq ½2�qq ½q�qq

½2�qq � qq
� �

þ rq;qq ðyÞ
2

� �
kvkC2

BðRþÞ

¼ 2 kh� vkCBðRþÞ þ
1

qq ½2�qq ½q�qq
½2�qq�qq

� �
þ
rq;qq ðyÞ

2

2 kvkC2
BðRþÞ

0
@

1
A:
6

By implement the infimum property over all of v 2 C2
BðRþÞ and use

(5.1), we get

jU�
q;qq

ðh; yÞ � hðyÞj 6 2K2 h;

1
qq ½2�qq ½q�qq

½2�qq � qq
� �

þ rq;qq ðyÞ
2

2

0
B@

1
CA:

From Ciupa (1995) for an absolute and positive real D, one has
introduced the connection with Peetre’s K-functional K2 by

K2ðh; dÞ 6 Dfx2ðh;
ffiffiffi
d

p
Þ þminð1; dÞkhkg:

Which is enable to give the complete prove.

For an arbitrary h 2 Tp
rðRþÞ, the recent investigation on

weighted modulus of continuity established by Atakut (2002)

Xðu; dÞ ¼ sup
jlj6d;y2Rþ

juðyþ lÞ �uðyÞj
ð1þ l2Þð1þ y2Þ : ð5:3Þ

In addition, we have the results limd!0Xðu; dÞ ¼ 0 and

juðf1Þ �uðyÞj 6 2 1þ jf1 � yj
d

� �
ð1þ d2Þð1þ y2Þð1

þ ðf1 � yÞ2ÞXðu; dÞ; ð5:4Þ
where f1; y 2 Rþ.

Theorem 5.2. For every h 2 Tp
rðRþÞ and y P 1

2½q�q there exits a

positive K such that K ¼ 1þK1 þ 4K1K2, where K1;K2 > 0
such that

sup
y2½ 1

2½q�qq
;vj;qq ðqÞÞ

U�
q;qq

ðh;yÞ�hðyÞ



 




1þy2
6K 1þWj;qq ðqÞ

� �
X h;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Wj;qq ðqÞ

q� �
;

and

Wj;qq ðqÞ ¼ max 1
q2q ½2�qq ½q�qq

2½ �2qq � ½2�qqqq þ ½2�qq ½1þ 2j�qqq2
q

� �
;

�
1

q3q ½2�2qq ½q�
2
qq

2½ �3qq � ½2�2qqqq � ½2�qqq2
q þ 1� ½2�qq ½1þ 2j�qq

� �
q3
q

� o
:

Proof. Using (5.3), (5.4) and then apply the inequality of Cauchy–
Schwarz, we get that

U�
q;qq

ðh; yÞ � hðyÞ



 


 6 2ð1þ d2Þð1þ y2ÞXðh; dÞ

1þU�
q;qq

ðf1 � yÞ2; y
� �

þU�
q;qq

1þ ðf1 � yÞ2
� �

jf1�yj
d ; y

� �� � ð5:5Þ

and

U�
q;qq

1þ ðf1 � yÞ2
� �

jf1�yj
d ; y

� �
6 2 U�

q;qq
1þ ðf1 � yÞ4; y
� �� �1

2
U�

q;qq
ðf1�yÞ2

d2
; y

� �� �1
2
:

ð5:6Þ

In the light of Lemma 2.3, if we take

Wj;qq ðqÞ ¼ max 1
q2q ½2�qq ½q�qq

2½ �2qq � ½2�qqqq þ ½2�qq ½1þ 2j�qqq2
q

� �
;

�
1

q3q ½2�2qq ½q�
2
qq

2½ �3qq � ½2�2qqqq � ½2�qqq2
q þ 1� ½2�qq ½1þ 2j�qq

� �
q3
q

� o
;

then easily we see that

U�
q;qq

ðf1 � yÞ2; y
� �

6 Wj;qq ðqÞð1þ yÞ: ð5:7Þ
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For a constant K1 > 0 we have

U�
q;qq

ðf1 � yÞ2; y
� �

6 K1ð1þ yÞ: ð5:8Þ

Similarly a small calculation leads us to

U�
q;qq

ððf1 �yÞ4;yÞ6 qj;qq ðqÞ
� �2

þ2qj;qq ðqÞ#q;qq ðqÞyþ #q;qq ðqÞ
� �2

y2

6 1j;qq ðqÞ 1þyþy2
� �

;

where

qj;qq ðqÞ ¼
1

q3
q 2½ �2qq ½q�

2
qq

2½ �3qq � ½2�2qqqq � ½2�qqq2
q þ 1� ½2�qq ½1þ 2j�qq

� �
q3
q

� �
;

#q;qq ðqÞ ¼
1

q2
q½2�qq ½q�qq

ð½2�2qq � ½2�qqqq þ ½2�qq 1þ 2j½ �qqq2
qÞ

1j;qq ðqÞ ¼ maxfqj;qq ðqÞ;qj;qq ðqÞ#q;qq ðqÞ; #q;qq ðqÞg:

Since 1
½q�iqq

! 0 as q ! 1, for all i ¼ 1;2;3, we have

U�
q;qq

1þ ðf1 � yÞ4; y
� �� �1

2 6 K2 2þ yþ y2
� �1

2

for a constant K2 > 0.
Also (5.7) implies that

U�
q;qq

ðf1 � yÞ2
d2

; y

 ! !1
2

6 1
d

Wj;qq ðqÞ
� �1

2
1þ yð Þ12: ð5:9Þ

Hence, by combining (5.6)–(5.9) and (5.5), and finally if we take

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Wj;qq ðqÞ

q
after taking supremum over all y 2 ½ 1

2½q�qq
;Wj;qq ðqÞÞ,

we get the result.
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