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Abstract In this paper, we establish two identities for functions of two variables and apply them to
give new Hermite-Hadamard type fractional integral inequalities for double fractional integrals
involving functions whose derivatives are bounded or co-ordinates convex function on
A :=[a,b] x [¢,d] in R* with a < b, ¢ < d.
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1. Introduction

Let f: IC R — R be a convex mapping defined on the interval
I of real numbers and a,b € I with a < b. The following double
inequality:

f(“ ! b) < g <O (1)

is known in the literature as Hermite-Hadamard inequality for
convex mappings. Note that some of the classical inequalities
for means can be derived from (1) for appropriate particular
selections of the mapping f. Both inequalities hold in the
reversed direction if f'is concave.
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It is well known that the Hermite—Hadamard’s inequality
plays an important role in nonlinear analysis. Over the last
decade, this classical inequality has been improved and gener-
alized in a number of ways; there have been a large number of
studies on Hermite-Hadamard’s inequality reporting its role in
nonlinear analysis (Alomari et al., 2009; Azpeitia, 1994;
Bakula and Pecari¢, 2004; Dragomir and Pearce, 2000), later,
this classical inequality has been improved (Kirmact and
Dikici, 2013; Set et al., 2011; Latif and Dragomir, 2012;
Ozdemir et al., 2010) and is generalized in a number of ways
(Hussain et al., 2009; Sarikaya and Aktan, 2011; Sarikaya
et al., 2014a).

Let us now consider a bidemensional interval
A =:]a,b] x [c,d] in R* with a<b and ¢ <d. A mapping
f: A — Ris said to be convex on A if the following inequality:

Aix+ (1 =0z, p+ (1= w) <tflx,p) + (1= 0)fz,w) (2
holds, for all (x,y),(z,w) € A and r€[0,1]. A function

f:A— R is said to be convex on the co-ordinates on A if
the partial mappings f, :[a,b] = R, f (u)=f(u,y) and
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feile,d = R, f.(v) = f(x,v) are convex where defined for all
X € [a,b] and y € [¢,d] (Dragomir and Pearce, 2000).

A formal definition for co-ordinated convex function may
be stated as follows:

Definition 1. A function f: A — R will be called co-ordinated
convex on A, for all 7,5 €[0,1] and (x,y), (u,w) € A, if the
following inequality holds:

Sx+ (1= 1)y, su+ (1= s)w) < 15/(x,u) + (1 = )f(y,u)
+ (1 = 9)f(x,w) + (1 = ) (1 — )f(y,w). (3)

Clearly, every convex function is co-ordinated convex.
Furthermore, there exist co-ordinated convex function which
is not convex (Dragomir, 2001). Several recent studies have
expressed concerns on Hermite-Hadamard’s inequality for
some convex function on the co-ordinates on a rectangle from
the plane R* (Sarikaya and Yaldiz, 2013; Ozdemir et al., 2011;
Sarikaya et al., 2012; Sarikaya et al. (2014c)). More details, one
can consult Sarikaya (2014), Sarikaya et al. (2014b) and
Sarikaya (2015).

Earlier, Dragomir (2001) establish the following inequality
of Hermite-Hadamard type for co-ordinated convex mapping
on a rectangle from the plane R*. Later, another proof of a
special version of the following theorem, using the definition
of the co-ordinated convex function was reported (Sarikaya
and Yaldiz, 2013).

Theorem 2. Suppose that f: A — R is co-ordinated convex on
A. Then one has the inequalities:

a+b c+d 171 bl e+ 1 a+b
<3 ’ J—c )
f( 2 2l>\2{b7a/“.f<Y d)dx+d7 f( 3 J)d}]
1
<m / / Sx, y)dydx
1 1 b .
\Z{m//(~xcd\+7/fxd

d
s [ fana+ 2 ool

S L1100 +1) 10,0 (4)

The above inequalities are sharp.

In the following section, some relevant definitions and
mathematical preliminaries of fractional calculus theory are
presented. For more details, one can consult Gorenflo and
Mainardi (1997), Kilbas et al. (2006), Samko et al. (1993),
Miller and Ross (1993).

Definition 3. Let '€ L,[a, b]. The Riemann-Liouville integrals
J2.f and Jj-f of order o > 0 with ¢ > 0 are defined by

) = %) / - 0d, x> (5)
b
“_f(x) *ﬁ/ (t—x)""'fl)dt, x<b (6)

respectively. Here, I'(a) is the Gamma function.

It is remarkable that Sarikaya et al. (2012) first give the fol-
lowing interesting integral inequalities of Hermite—Hadamard
type involving Riemann—Liouville fractional integrals.

Theorem 4. Let f:[a,b] —» R be a positive function with
0<a<band fe Ljab). If fis a convex function on [a,b],
then the following inequalities for fractional integrals hold:

(57) < o= ap e+ o) SO )

with o > 0.

Meanwhile, Sarikaya et al. (2012) presented the following
important integral identity including the first-order derivative
of f to establish many interesting Hermite—-Hadamard type
inequalities for convexity functions via Riemann-Liouville
fractional integrals of the order o > 0.

Lemma 5. Let f:[a,b] — R be a differentiable mapping on
(a,b) witha < b. If f’ € Lia,b], then the following equality for
fractional integrals holds:

a b
A0 T L ) + 3 ) ®
_b—a/1 [(17[)“7111f/(la+(17l)b)d[' (9)

Definition 6. Let /'€ L,([a,b] X [c,d]). The Riemann-Liouville
mtegrals J“+ o JZ'ff, JZL/i[,+ and J“bf‘_d, of order o, f > 0 with

> 0 are deﬁned by

Jﬁaﬁﬁf(x ) — )" 1, s)dsdt,

(10)
J“ﬁ Axy) / / x =0 (s = ) e, s)dsdt,
(11)
J“ﬁ(,f(x ») / / s)ﬁ*'f(t,s)dsdt,
(12)
and
J”ﬁ ) / / t—x)"" (s — )", s)dsdt,
(13)

respectively. Similar to Definitions 3 and 6 we introduce the
following fractional integrals:

it (v ) =g [ om0 (15w
Jg,f(x,%d) _ F(loc) / b(tfx)“*lf(t,%d)dt, (15)

B0 =g [ o= )as a9




382

A. Akkurt et al.

d
(50 ) =i [ o= (5 )asan

Objective of the present study is to state and prove the
Hermite—Hadamard type inequality for co-ordinated convex
mapping on a rectangle from the plane R*. In order to achieve
our goal, we first give two important identities and then by
using these identities we prove some integral inequalities. We
have obtained some results which are a simpler proof of the
results presented by Sarikaya (2012).

2. Main results

To establish our main results, we need the following first
identity:

Lemma 7. Ler f:ACR?> >R be a partial differentiable
mapping on A = [a,b] x [c,d] in R* with a < b and ¢ < d and
for € L(A). Then the following equality holds.:

AT e+ DI(p+1)

B p , .
e SO+ I b+ T Slad)

i flad] <2 b+ b
7 flae)+ 7 flad)]) — LD 0 )+ 08 fib,d)

(d=c)’
+J5 fla, c)+Jfrf(b oO|+F

b
T h—a)jd-cf {// (b= @)
+(b—v’€)“7l(y— ) - v =o!
+x—a) ™ (d= )] x I, )dyax | (18)

where

1) = [ [ ftooisdo s [ [ o oo

o[ [ utemaedn s [ [ o deds, (19
and

F=fla,c)+ fla,d) + f(b,c) + f(b,d). (20)

Proof. For any x,¢ € [a,b] and s,y € [¢,d],x # 1, s # y, we
have

/ /fmordrdaf/ Ifi(o,y) — f.(0,s)]|do

= [flo,y) = flo,9)]I]
= flx,y) = flx, ) = flt,y) + fl,5). (21)
Choose t=a, s=c; t=a, s=d; t=b, s=c; t=b, s=d

in (21), respectively, we get

= [ [ oo = fx.n) ~fix.0) ~ lay) +flao),

(22)

L= / X / ' fo(o D)dedo = f(x,y) — flx,d) — flay) +fla.d),

(23)
L= /b

7f(b7y) +f(b7c)7
(24)

" fulo,2)dedo = flx, )~ flx.

- / ) / ' [0 v)dvdo = f(x,y) — flx,d) — fib,y) +f(b.d).
(25)

Adding these four integrals side by side, we obtain

I(x,y) =L+L+6L+14
= 4f(x,y) = 2[f(x,¢) + f(x,d)] = 2[f(a,y) + f(b, y)]
+fla,¢) + fla,d) + f(b,c) + f(b,d). (26)

Multiplying (26) by T(g(l})))

equality with respect to (x,y) on [a, b] x

# / ' / b3y () Ty vy
b [
a;l" / (b—x)" ! (d— y)

B oc;F / (b—=x)"""(d=»)""" [fla.y) +/b.y) dydx

F al p—1
T // (b—x)""(d—y)" dydx.

Thus, in (27) by means of simple calculations, we have

p
(d—c) V2 fb,0) + 720 )

(B +1
5 p (b—a)(d—c)’
et d) + T fb d)] + 5o ——rp )

= W / / (b—x)""(d =y I(x, y)dydsx. (28)

and integrating the resulting
[, d], we have

x)* N (d—p)" fx,p)dydx

Hf(x,e) +/(x,d))dx

(27)

L (b,d) -

(b —a)”

_2F(oc+ ) r

Multiplying (26) by #ﬁ‘))
equality with respect to (x,y) on [a,b] x

calculations, we have

(d-eof
20(+1)

and integrating the resulting
[c,d], and by similar

T flb,c) — [J2f(b,c) + T2 f(b,d)]

(b—a)(d-c)
AT(a+ DB+ 1)

— )" (x, y)dydx. (29)

o2 flase) + T f(b, )] +

s [e-oo

Multiplying (26) by =2 =/

ar@I(p)
equality with respect to (x,y) on [a, b] x

and integrating the resulting
[¢, d], we have
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d-o’
—_— [J’ fa,c)+ J;-fla, d)]

c*f(a d) 2F(ﬁ+ )

)+ ) +

:W/f/d“

Multiplying (26) by ?(ﬁ(_m)

equality with respect to (x,y) on [a,b] X

(d—c)
2I(p+1)

(b—a)'(d=-c)
AT(a+ DI(f+1)

(v = o H(x, y)dydx. (30)

and integrating the resulting
[¢,d], we have

sztff(a7 C)

— u [in fla,c) + J’frf(b c)]

2 (x +1)
warml [

Adding these ( 28)7 31) side by side, which completes the proof.

[J3-fla, ¢) + Jy-fla, d)]

(b—a)(d—c)
AT(a+ DB+ 1)

)7 (d — ») ' I(x, y)dydx. (31)

Corollary 8. If we take oo = ff =1 in Lemma 7, we get

d C//f‘cydydx

_m[ fla,y) +1(b,y)]dy + F

b pd
:(b—a)lm / / I(x,y)dydx. o)

Theorem 9. Let f: ACR*> — R be a partial differentiable
mapping on A := [a,b] x [c,d] in R* with a < b and ¢ < d and

fo €LA). If fr € Lo(A), ie |Ifllo= sup  |ZAoD

(o0)e(abyx(ed) | 27
< 00, then one has the inequality:

b
o | P s

Ar(c+ DB+ 1) [

B B . B
(b_a):x(d_c)ﬂ JZ*cv-f(b’d)+JZ+,d’-f(b7[')+Jz cf( d)

w2 fla,0) = 2 b0 4 )
LT fla,e) + T fla,d)] - % [P flad) + I (b, d)

i fla,c) + (b, )] + F| <Allf,. || (b—a)(d—c). (33)

Proof. From Lemma 7, taking the modulus, it follows that

AT e+ DI(p+1)

V=
(b—a)*(d—c)'

[J“f S d)+ T fb,)+ T fla,d)

i 0.0 <2 6.0 R 45 )
L flad)] - % P fland) + I f1b.d) +- 7 flase)
+Jh f(b,c)] + F| (34)

<(b—a d—c)f {/b/ b=y d-n"

b= =)+ (v =) = o)

+(x—a)'(d— yﬂl {/ / I (6,0)|duds
+ / ) / |fy:(0,7)|drdo+ / / If,..(a,7)|drdo
+ b / d\m(mf)mfda}dydx}_ 55

Since f,, € L..(A), we get

AL [rosram [ oo
+/”h/( b-x" - [/,,h/c drda]a’ydx (36)

[ wmarwm o [ o] avs
// (x—a) ' (d— yﬁl{//drdo]dydx}

Bl el b =)™t (d—)
(b—a)(d—c)’ o ﬁ
=45l (b = a)(d = c). (37)

This completes the proof.

el aﬂnm

Corollary 10. If we take o = =1 in Theorem 9, we get

\m/j’[’fwm

%a) [ oAt ajas
fﬁ lay) +A1b ,yndyw]

<Al (b —a)(d—c).
(38)

Theorem 11. Let [ ACR> — R be a partial differentiable
mapping on A := [a,b] x [c,d] in R* with a < b and ¢ < d and
Jfoe € L(A). If |f...] is a convex function on the co-ordinates on
A, then the following inequality holds:

AT(c+ DB+ 1)
(b—a)* (d—c)

I )] -

7L o Sy d) + T 0, 0) + T fla,d)

2M(x+1)

W[f fb,¢) + T f(b,d)

LT flae) + T fla,d)] —(;f—i” [ fla,d) + I fib.d)
+J5 fla, ¢) + Jb f(b, c) —O—F’ <(b—a)d-c)
% Vel oo )] + on(b.6)] 4 [fo(, )] (39)

Proof. Since |f,.(0,7)| is co-ordinates on A, we know that
X € la,b], y € e
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. b—oc o—a, d— T—¢
VJT(67T)‘7 fm(b—a_‘—b*ab’d +Ed>‘
b— O'd T b oT—¢
<—
o— ad T c—at—
R s A G0 lfm( ).

From Lemma 7, we have

|J|< —a°c ﬁ{// (b= d ="

+<b<x>“ o+ (x = (=

+(x—a)”‘71(d—y)ﬁ’1 X {/a /( If;. (0, 7)|dvdo

+/ax Kd ,}T(va)|dfda+/xh /L1 If, (e, 7)|drdo
+/Xb /d V;n(o.’r)‘d‘[do':| dydx}

By using co-ordinated convexity of |f,.|, we get

I

+(b—x)“(y M+ (x—a) T (y—o)!

(40)

(41)

a0 ([ el

b—ot— c—ad—1

R e L R e A GO
Lozat= Vmbd)| drd6+/ /{:chl Z
b—o1— ad T

+ @)+ 5 | (bo)
o—atT—

+ b—ad— Vm(b d)ﬂd‘rda

+f /f[iiZZiZ @ >I+b EAS
c—ad—rt

oy aa—cleb:0) A d)qdfda

% / [l; Zj ngxac)\ Z =l (ad)

aadr —a

b} +

<>f>{// [0t

Ho=x)" =0+ (x =) =)

J’_

db d—
rma - ([ P e

b—o1— c—ad—1

)|+ TS S i (by0)

o—at—
b—ad—

With a simple calculation, we have

+

[fﬁ(b d)|] d‘z:da}dydx—Al +As+ Az + Ay,

(a,0)|

(42)

Z_a%\fm@vd)l]dwa)dydx} (43)

b
al
ba1+l /m//bx (d=»)"
{//[M

+o—a)(d=)fo:(b,0)[ + (0 = @) (x =€) f5:(b,d) dedtf}dydx (45)

A=

DWfoe(a,0)| + (b= 0)(t=)|f;(a,d)]

op
(b - a)x+l(d7 )ﬁ+l

(b _ a)aHrZ (d— )/f+2
% 2 28

for(a, ) +[foe(a, d)]

b+ el = 7N 7 (a1

o (by ) + 5o (b, )] (40)

Similarly, we also have the following equalities

{/h/d“’ o)(d=1)lfoe(a; )|+ (b= 0) (=) f;e(a,d)|
+(o—a)(d— )lfﬁ(b,c)\+(a—a)(‘:—c){f,,t(b,d)ﬂd‘cdo}dydx
DDy ()l b)) + ). (47)

Ag_ba““ fm//xa“yc -

X{/a / [(b=0)(d=1)|f,.(a,)|+ (b= ) (x = )|f,.(a,d)|
+(U_“)(d_f)lfm(b7€)\+(6—a)(f—C)Vm(b,d)l]drda}dydx
:W[V&(asc’)ﬂlﬁ{(md)\+[f;,,(b,c)|+[f;,,(b,d)|] (48)

and

{//[b )= oo )|+ (= 0) (= ) ()
Ho—a)d- )vmw,c)\+(a—a)(r—cm(b,d)ndrda}dydx
O )l d)| 1 (0.0)| 1 (5. (49)

Adding these (46)—(49) side by side, if we put in (44), we obtain
(39). This completes the proof of the theorem.

Corollary 12. If we take oo = =1 in Theorem 11, we get

gl [

2 / asy) +A1b ,y>]dy+F\ (b—a)(d—)[[fye(arc)
+|vm< D Von (b, + (b D] (50)

b
o | oAl

Lemma 13. Let f: ACR?* — R be a partial differentiable map-
ping on A:=[a,b] x [c,d] in R®> with a<b,c<d and

for € L(A). Then the following equality holds:
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ot}

o3 et

) )

+1 4
( )“(d o it d)+JL  flb,e) + I fla,d)

+JZL.d*f(a7c)} :4(17—51?%/“ [ {[(b_
+(t*a)%l} [(dfs)ﬁ*‘ +(Sfc)/m]

u+l (+z[

</ / foe(0,7) dfda) }dsdt (51)

Proof. Choose x =2 and y =

¢ in (21), we have

[
| —.f(n ¢ *ﬁ ). (52)

Multiplying (52) by %

and mtegratlng the resulting

equahty with respect to (s,7) on [a,b] x , we get
b z+b (+/
Y 1 /; 1
71_ T / / (b—1) {/ / Sfoo,t d‘cda}dsdt
anrbaLer 1 I p-1
oc)l"(ﬁ / / b—1) —s)" dsdt
- P VY a+b
oc)F 3 / / (b=1)""(d—ys) f( 3 7s)dsaz’i

a)F / / (b—0)""(d—s)"f ( d)dsdt
+a)71"/ / (b—1)" ! (d— s)ﬁ f(t,s)dsdt.
By simple calculations, we have

(b—a) (d—c)’ [fa+b c+ (b—a)* 4 [a+b
C(a+1)T (ﬁ+1)f( 2 2d>_r(a+1)ﬂ f( 2 7d)

e a+f( )t

:—/ / (b—0)""(d—s)""

u{l HI

{/ foe(0,7) drda}dsdl (54)

(b= (s=e)P!

Multiplying (52) by NEI0)
equality with respect to (s,7) on [a,b] x
methods above we have

(b—a)(d—c)’ fa+b c+d\ (b—a) s fat+b
Tt )T (ﬁ+1)f( PR )_F(oc+1)de( p ")

Ao e

— 1 ¢ el Y3
_F(a)rlb’/al/c (b— 1) (d—s)
X { N Tfm(a,r)drda}dsdt. (55)

(53)

, integrating the resulting
[c,d], and by similar

s

Multiplying (52) by %

equality with respect to (s, ) on [a,b] x
methods above we have

(b—a)(d—c)' [fa+b c+
r(a+1)r(/3+1)f<T’ 2J>_

(d—c) c+ 5
ta (a5 s

*m / b / d(b—ﬂ“(d—s)’“{ / N / %/fm(a,r)drda}dsdt.

(56)

integrating the resulting
[¢,d], and by similar

(e (3"a)

(=)~ (s=c)P"!

Multiplying (52) by eI
equality with respect to (s, ) on [a,b] x
methods above we have

(b—a)y(d—c) fa+b c+ (b—a) , (a+b

F(oc+1)l"(ﬁ+l)f( 2 ’Tﬁ*r(aﬂ)*"f(T")
_\B .

—ﬁ‘fﬁ—ﬁl)m(%”) 7, fla)

ﬁ)// (b=0"'d {/ / fgzO'Td’CdO'}dsd[

(57)

integrating the resulting
[c,d], and by similar

Adding these (54)—(57) side by side and multiplying both sides

% we get the desired equality (51).

Corollary 14. If we take oo = =1 in Lemma 13, we get

) [ e

- (dl o) /[df(aT-i—bv}’)dy +m/ﬂh /{lf(x,y)dydx

:m / ' / 'd{ /7 /7/’(0 T)drdcr}dsdt. (58)

Theorem 15. Let f: ACR?> — R be a partial differentiable
mapping on A := [a,b] x [c,d] in R* with a < b and ¢ < d. If
Joe € Lo (A), then the following equality holds:

P(a;bf;d) _zr(fj)){ C+f(a+b )Hﬁﬂ(am c)}
o ) ()

2
O 0 S
1732 flao)) | Wl O
@7+ (@=D) @+ (B-1)
8 { o+ 1 B+1 ) (59)
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Proof. In Lemma 13, taking the modulus, it follows that
a+b c+ rp+1) a+b 5 a+b
P( 2 2J> 2(d c)/{‘*f( ) Gl
I'le+1) [, c+ c+
stomar (05 ) e (5}

I(a+DO(B+1) . p .

+4(b7a)1(d76)ﬂ[ S d)+ T2 (D)

+7 fad)+ T flae)| (60)
aﬁ“fo‘r”oc b _ el —a a—1

<4(b_a)1(d_c),3/u / {[o-07" 4 (-0 ]

X (d—s)ﬁfl—i-(s—c)/}*l] X #—t #—s‘}dsdz

_Wello(b—a)(d=o) [ 2"+ (2= 1)) (2'ﬁ+(ﬂ1))} 1)

o 4 a+1 p+1

for f,. € Lo (A).

Remark 16. If we take o« = f =1 in Theorem 15, we get

(5t [ty [ A1)
! " [Tl
*m/a / S, y)dyd| < FE= (b —a)(d = c). (62)

which is proved by Sarikaya in Sarikaya (2012).

Theorem 17. Let f: ACR?> — R be a partial differentiable
mapping on A :=[a,b] x [c,d] in R* with a < b and ¢ < d. If
Ifo.] is a convex function on the co-ordinates on A, then the
Sfollowing equality holds:

P.(a;bf;d) r(p Cl)%{ r+f(a+b )+J,}f(a+b C)}

2(d

B ) oc39)
)
B

(
L+ DEB+H) [ P ofibe
- 4(b—a)'(d—c) [JZ+ D+ T8 10
+ I asd) + T fae)]| (63)
22— (0 + 12 1 g2 — (B 12 41
< (b—a)(d—c) PICE)) 2B+1)
y lfm_(a, C)| + lfrrr(a’ d)‘ ?: lfrfr(b7 C)| + lfrrr(b7 d)‘ . (64)

Proof. Since |f,.(0,7)| is co-ordinates on A, we know that
t€la,b], s€cd

b—oc o—a,d—-t 1—cC
VJT(G T)‘_},[or(b a +b7ab7ﬂ +d Cd)'

b— O'd b oT—¢
< —
g— ad o—at—
o= (b.o)l+ 7=V bsd)l. (69)
From Lemma 13, using co-ordinated convexity of |f,, |, we
have
fa+b c+ r(p+1 ){ (a+b ) 5 <a+b )}
= s ¥ +J! ¢
P( 2 2d> 2(d—c) s !
I(a+1)

c+d c+d
2(b—a>’{””f “3 )””(”_)}

I fad)+ T a0 ’ (66)

soara | [l v

ath  exd
x [(d—s)’f*‘ +(s— c)/H] x / If,.(¢.7)|drdo
t s

<4(b—a’“ ”“/ /
u\/) u/
X [(d—s)"" +(s—¢)" 1 / / [(b—o0)

+(b=0) (1= fye(a. )| +(o ~ @) (d— 1) f b:0)]
= O)lf, (b, )| dedo }dsdr = Ky + K+ K+ Ko, (68)

}dsdt (67)

t—a)l_l}

f5e(a,0)|

With a simple calculation, we have

b [ oo

x [(d—s)ﬁ 1+<s—c>” ‘} x|f,u(a,c)]

u+l)

K, =

|y (ac)]
4(b _ a)atJrl (d— C)/Hl

:

ds:| (69)

(b—o0) 7)dtdo

x[/ [(b—z) T -a ]
X [/{d{(d—s)ﬁur(s—c)ﬁl] /;Td(d—'c)dr

ath ath
3

:%U [(bft)”#(r—a)“"}/{T(bfa)dadt

+/M [(b _ l)afl + (t7a>"*1] /; (b — q)dddt:|

ctd petd

dsdt =

ath

/’ ] (b—o0)do

’ {(dfs)ﬁ*lﬁL(Sfc)ﬁ*]}I i (d—r)drds

+ [(al’—s)/H +(s—c)bfl] /;’(d—r)d‘cds

fela,0)| a2 — (a+ 1227 +1 p2F — (B+1)27" +1 ,
T (ot 1) S A

(70)
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Similarly, we also have the following equalities

] a—1
K= (b a1+1 ﬂ+l/ / _t t_a) }

X [(dfs)/H +(s—e)" l} X |foe( - b 0)(t— ¢)dudo|dsdt

fila,d)] 02" — (o 1)2* ‘+152“—(/3+1)2” '+1

B 2(at1) gy -9 (D)
Ks = (b a z+1 )/I+l/ / 7t 7‘1) 7}

[(dfs)ﬁ +(s—o)' 1 >< Ifoe(byc) / /_ o —a)(d—1)dvdo|dsdt

f(byo) e2* — (e 1)2 "+ 1 2P — (B 1)2F 41

s 2t ) G B
and

x [(dfs)”*‘ +s=0" ‘} < bal| [*

a2 g b
= 21(0(-{—1) 2/5(ﬂ+1)

dsdt

(o —a)(t— c¢)drdo

—a)(d—c). (73)

Thus, if we put the last four equalities in (68), we obtain (64).
This completes the proof of the theorem.

Corollary 18. If we take oo = =1 in Theorem 17, we get
a+b c+ _ 1 /bf c+d d 1 /df a+b d
272 ) b-a) ), Ta—o )\ 2 )Y

/ / S, y)dydx| < %
x (lfaxam»+lfm<a,d>|:lfm(b,c>|+lfm<bvd>|), (74)

3. Conclusion

In this work we give two identities for functions of two
variables and apply them to give new Hermite-Hadamard type
Fractional integral inequalities for double Fractional integrals
involving functions whose derivatives are bounded or
co-ordinates convex function on A := [a,b] x [¢,d] in R* with
a<b, c<d.
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