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Abstract The aim of this paper is to present an efficient and reliable treatment of the variational
iteration method (VIM) for partial differential equations with fractional time derivative. The frac-
tional derivative is described in the Jumarie sense. The obtained results are in good agreement with
the existing ones in open literature and it is shown that the technique introduced here is robust, effi-
cient and easy to implement.
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1. Introduction

Mathematics is the art of giving things misleading names. The
beautiful and at first look mysterious name the fractional calcu-
lus is just one of those misnomers which are the essence of math-
ematics. Differential equations of fractional order appear more
and more frequently in various research areas and engineering
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applications. For example nonlinear oscillation of earthquake
can be modeled with fractional derivatives (He, 1998), the
fluid-dynamic traffic model with fractional derivatives (He,
1999) can eliminate the deficiency arising from the assumptions
of continuum traffic flow. Based on experimental data frac-
tional partial differential equations for seepage flow in porous
media are suggested in He (1998), and many differential equa-
tions and fractional differential equations have recently proved
to be valuable tools to the modeling of many physical phenom-
ena (Achouri and Omrani, 2009; Yildirim and Momani, 2010;
Kogak and Yildirim, 2009; Yildirim and Giilkanat, 2010;
Podlubny, 1999; Diethelm and Ford, 2002; Miller and Ross,
2003; Achouri et al., xxxx; Barari et al., 2008; Ghotbi et al.,
xxxx; Barari et al., xxxx; Fouladi et al., 2010; Faraz et al., Xxxxx;
Khan, 2009; Khan et al., xxxx; Khan and Austin, 2010). Differ-
ent fractional partial differential equations have been studied
and solved including the space-time fractional diffusion-wave
equation (Khan et al., xxxx; Wu and Lee, 2010; Das, 2009),
the fractional telegraph equation (Momani, 2005), the
fractional Kdv equation (Momani, 2005), the space and time
fractional Burgers equations (Mustafa Inc., 2008) and the


mailto:nfaraz_math@yahoo.com
mailto:yasirmath@ yahoo.com
mailto:yasirmath@ yahoo.com
mailto:jafari@umz.ac.ir
mailto:ahmet.yildirim@ ege.edu.tr
mailto:ahmet.yildirim@ ege.edu.tr
http://dx.doi.org/10.1016/j.jksus.2010.07.025
http://dx.doi.org/10.1016/j.jksus.2010.07.025
http://www.sciencedirect.com/science/journal/10183647

414

N. Faraz et al.

space-time-fractional Fokker—Planck equation (Yildirim,
2010). In recent times, Jumarie (1993) proposed a new modified
Riemann-Liouville left derivative. Jumarie’s modified deriva-
tive was successfully applied in the stochastic fractional models
Jumarie, 2006, fractional Laplace problems (Jumarie, 2009) etc.

He’s variational iteration method (He, 1999; He et al.,
2010) based on the use of restricted variations, correction func-
tional and Lagrange multiplier technique developed by Inokuti
et al. (1978). This method does not require the presence of
small parameters in the differential equation, and provides
the solution (or an approximation to it) as a sequence of iter-
ates. The method does not require that the nonlinearities be
differentiable with respect to the dependent variable and its
derivatives. This technique is, in fact, a modifying of the gen-
eral Lagrange multiplier method into an iteration method,
which is called correction functional. The method has been
shown to solve effectively, easily, and accurately a large class
of nonlinear problems, generally one or two iterations lead
to high accurate solutions. In this technique, the equations
are initially approximated with possible unknowns. A correc-
tion functional is established by the general Lagrange multi-
plier which can be identified optimally via the variational
theory. The method provides rapidly the convergent successive
approximations of the exact solution. Besides, the VIM has no
restrictions or unrealistic assumptions such as linearization or
small parameters that are used in the nonlinear operators.

The basic idea described in this paper is expected to be fur-
ther employed to solve other linear as well as nonlinear prob-
lem in fractional calculus.

2. Basic definition

We give some basic definitions and properties of the fractional
calculus theory which are used further in this letter

Definition 2.1. Jumarie is defined the fractional derivative
(Jumarie, 2009) as the following limit form

h—0 ha (2 ! )

This definition is close to the standard definition of deriva-
tives, and as a direct result, the ath derivative of a constant,
0 <a<1iszero

Definition 2.2. Fractional integral operator of order o > 0 is
defined as

oli;f(X):ﬁ [ a-ar e 2o (2.2)

Definition 2.3. The modified Riemann-Liouville derivative
(Jumarie, 2009) is defined as

1 d'

oDf(x) = i) d¥ [ (x = &)"(f(¢) — A0))de, (2.3)

where x € [0,1],n— 1 <a<nandn > 1.

Definition 2.4. Fractional derivative of compounded functions
(Jumarie, 2009) is defined as

df=T(1+a)df, 0<a<l (2.4)

Definition 2.5. The integral with respect to (dx)* (Jumarie,
2009) is defined as the solution of the fractional differential
equation

dy = f(x)(dx)", O<a<l1 (2.5)

Lemma 2.1. Let f{x) denote a continuous function (Jumarie,
2009) then the solution of the Eq. (2.5) is defined as

y= / o))

For example f(x) = x” in Eq. (2.6) one obtains

[ ety T TG

(oc+~/+1) o
Definition 2.6. Assume that the

- oc/x(x — A, 0<a<l  (2.6)

0<a<l (2.7)

continuous function

f:R— R, x — f(x) has a fractional derivative of order ko,

for any positive integer k and any o, 0 < « < 1; then the follow-
ing equality holds, which is

ok
flx+h) = Zh /A, 0<a<l 0<a<] (2.8)

On making the substitution # — x and x — 0 we obtain the
fractional Mc-Laurin series

ok

9=3 " o,

k=0

0<a<l (2.9)

IS

3. Fractional variation iteration method (FVIM)

To describe the solution procedure of the fractional variational
iteration method, we consider the following fractional differen-
tial equation:

o

(e, 1) = Klelu(e, 1)+ p(x.0),
u(x,0) =flx), a>o (3.1)

where K]x] is the differential operator in x, f(x) and p(x, ¢) are
continuous functions. According to the VIM, we can construct
a correct functional for Eq. (3.1) as follows

u(x, 1) — Kixfu(x, 1) — p(, z))} ,

>0, xeR,

v

Upi1(x,8) = u,(x) + I {} (gz
(1) = 1 (x) +ﬁ / -
(g &)~ Kilu(9) - plx &) ). (32)

Using Eq. (2.6), we obtain a new correction functional

1
I'(e+1)

x /0[/1(5) (ggxu(x,f)—K[x}u(x <

It is obvious that the successive approximations u;,j > 0 can
be established by determining A, a general Lagrange’s multi-
plier, which can be identified optimally via the variational the-
ory. The function u, is a restricted variation which means
ou, = 0. Therefore, we first determine the Lagrange multiplier

Upy1 (X, 1) =1, (x) +

(3.3)
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/ that will be identified optimally via integration by parts. The
successive approximations u,.i(x,7),n > 0 of the solution
u(x, t) will be readily obtained upon using the obtained La-
grange multiplier and by using any selective function u,. The
initial values are usually used for selecting the zeroth approx-
imation ug. With 1 determined, then several approximations
uj(x,1),j = 0, follows immediately. Consequently, the exact
solution may be obtained by using

u(x) = lim u,(x). (3.4)
4. Applications

In this section we shall illustrate the FVIM by following
examples.

Example 4.1. Consider the following one-dimensional linear
inhomogeneous fractional wave equation

Pu(x,t) 1 ,0%u(x,1)

B :ix e 0<x<l, t>0, l<a<?2
u(0,1) =0, wu(l,£) =1+sinhy¢,
u(x,0) = x. u,(x,0) =% 4.1)

To solve Eq. (4.1) by means of FVIM, we construct a correc-
tional functional which reads

1
I'(l+oa)

[ ok 5 Py

0

un+l(xa [) = un(x) +

(4.2)

Imposing the stationary condition (di, =0) on the correc-
tional functional,

dA(E)

oe

The generalized Lagrange multiplier can be identified by the
above equations,

A8 =—1. (4.4)
Substituting Eq. (4.4) into the functional Eq. (4.2) yields the
iteration formulation as follows

Upi1 (X, 8) = u,(x) — ﬁ

) /Of{a“u,,(x@)_ﬁazun(x@}( & @5

=0, and 1+ A(&)]_, = 0. (4.3)

o 2 ox?
From the initial value, we can derive

uo(x, 1) = x + x*t,

xrQ2) ,
u 0 =ra 0

le"(Z) 1424
w0 =rasa

¥'I(2) 143
u3(-x7 t) - r(z + 30() )

(4.6)

Therefore the solution is

xT(2) xT(2) xXT(2)
) = x4 X2t 1 1424 1432
O R v L v, T2+3)
1 1 1
b — V2 1 o 20 3o
Ul t) =3t I e T TRt
u(x,t) =x+x*tE, (%) (4.7)

where E,,(#*) denotes two-parameter Mittag—Leffler function.
Result obtained in Eq. (4.7) is exactly the same result, obtained
by Momani (2005).

Example 4.2. Consider the two-dimensional inhomogeneous
wave equation

OFu(x,y, 1) Oulx,p,t)  Pu(x,y,1)

ar o T gp o =St
u(0,y,1) =0,u(2m, y,1) =0,
u(x,0,1) = 0,u(x,2n,1) =0,
u(x,y,0) =sinxsin y, (4.8)

The correctional functional for Eq. (4.8) can be constructed as
1 ! 81un(x7 y7 é)
U1 (X, 1, 1) = uy(x, p) +m /0 1(5){7

Fity(x,y,8)  Fiin(x,y, &)

_ ) 7> _ n ) ) d o 4‘9

- i ) (49)

Making the correction functional stationary, the Lagrange

multiplier can be identified as

AE) = —1.

Substituting value of Lagrange multiplier in the Eq. (4.9), we
get the following iteration formula

1 ! 6114,1()(7_}’7 C)
un+1(-x7y7t)_un(xay)fr(]_i_a)/O { 85«
(9212n X, ), 82ﬁn X, ), o
N (zyé)_ (2yé) (deY"
ox Qy
Beginning with an initial approximation uy(x,y,?) = u(x,

»,0) = f(x) =sinxsiny, we obtain the following first order
approximation solution

i i 1 ' 89‘ My
u(x,y,t) =sinxsiny — 19 / { uoé}y &)
0

821)0(}(,)/76) 52540(?67)/75) o
B T }(dé)

(4.10)

(4.11)

. . 1
=Smxsmy —m

! : : F(l) —o : : o
><./0 (smxsmymé +2s1nxs1ny)(d£)

2¢*sin x sin y

= "7 4.12
I'(l+a) (412)
Similarly, we have
ur (X, . 1) = i (x,,1) “T+o)
! L 4sin xsin y
X —2sinxsiny — ———— & | (dé)*
[ = a0
B 4¢% sin xsin y
r(l+2a)
t3oc
H3(x,y, [) =-8 Sinxsinym,

(4.13)
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The solution in a series form is given by

o 20
u(x,y,t) =sinxsiny — 25inxsinym+ 4sinxsinym
[31
—Eisinxsinym...7
u(x,y,t) = sinxsinyi (=26 =sinxsinyE,(—2¢")  (4.14)
o = T(mo 1) i * '

One can see that obtained result is good agreement of existing
one in the literature (Jumarie, 2009).

5. Conclusion

Variational iteration method has been known as a powerful tool
for solving many functional equations such as ordinary, partial
differential equations, integral equations and fractional differ-
ential equations. In this article, we have presented an new form
of variational iteration method having integral w.r.t. (d¢)”. The
present work shows the validity and great potential of the vari-
ational iteration method for solving linear and nonlinear frac-
tional partial differential equations. Both examples show that
the results of the variational iteration method having integral
w.r.t. (d¢)* are in excellent agreement with those obtained by
classical VIM or other methods present in open literature.
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