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1. Introduction modelling of biological, physiological, chemical process, electronic,
Let us assume the neutral delay differential equation (NDDE) of
the type

y0 xð Þ ¼ f x; y xð Þ; y x� l x; y xð Þð Þð Þ; y0 x� m x; y xð Þð Þð Þð Þ;
x1 6 x 6 xf ;

with

y xð Þ ¼ / xð Þ x 6 x1: ð1:1Þ
where f : x1; xf

� �� R� R� R ! R is a differentiable function,
l x; y xð Þð Þ and m x; y xð Þð Þ are continuous functions on x1; xf

� �� R

such that x� l x; y xð Þð Þ < xf and x� m x; y xð Þð Þ < xf . Also / xð Þ repre-
sents the initial function (Karimi and Aminataei, 2008).

This problem can be considered as a particular class of delay
differential equation which arises frequently in mathematical
transportation system (control of ships and aircrafts), neural net-
works and economic growth. Neutral delay differential equation
systems are of immense interest by many researchers (Driver,
1977; El’sgol’ts and Norkin, 1973; Gopalsamy, 1992; Halanay,
1966; Jamshidi and Wang, 1984; Kuang, 1993; Kolmanovskii and
Myshkis, 1992; Lelarsmee et al., 1982). Some researchers replaces
the delay differential equation by a system of ordinary differential
equation to find the solution, which inherit partial differences
among delay differential equation and system of ordinary differen-
tial equation (Kuang, 1993). So it is good to solve delay differential
equation independently. Many researchers try to solve delay dif-
ferential equation using Runge–Kutta method (Bellen and
Zennaro, 2004), Radau, waveform relaxation (Lelarsmee et al.,
1982) and Bellman’s method (Bellen and Zennaro, 2004). Wang
et al. used Runge–Kutta-type methods (Wang et al., 2009a), one-
leg H-method (Wang et al., 2009b), variational iteration method
(Wang and Chen, 2010) and Xueqin Lv and Yue Gao used reproduc-
ing kernel Hilbert space method (RKHSM) (Lv and Gao, 2012) to
solve NDDE. In this paper we solved NDDE using Haar wavelet
which transform the delay differential equation into algebraic
equations. We describe the basic Haar wavelet and their integra-
tion in Section 2, solution of neutral delay differential equation
using Haar wavelet is described in Section 3. We have shown six
benchmark problems and report the maximum absolute error of
each problem and compared with exact solution in Section 4.
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2. Haar wavelet

Haar wavelet has excellent features, compact support, symme-
try, orthogonality and better approximations of square integrable
functions (Chui, 1992; Debnath and Shah, 2015; Yves, 1999). Thats
why Haar wavelet method is becoming more attractive among
researchers. Solution of lumped and distributed-parameter system
was given by Chen and Hsiao using Haar wavelet (Chen and Hsiao,
1997), after that Lepik (2007), Lepik and Hein (2014) and Islam
et al. (2010) solved the ordinary differential equation by Haar
wavelet. Also many researchers are using wavelets to solve the
ordinary and partial differential equations, which can be seen in
Oruç (2017a, 2018, 2017b), Pandit and Kumar (2012, 2014).
Table 1
Comparison between analytical solution and Haar wavelet series method for problem
1 with J = 2.

x ¼ 1
16

� �
Exact HWSM Error

1 1.0645 1.0643 2.000E�004
3 1.2062 1.2159 9.600E�002
5 1.3668 1.3856 1.880E�002
7 1.5488 1.5516 2.700E�002
9 1.7551 1.7450 1.01E�002
11 1.9887 1.9893 6.000E�003
13 2.2535 2.2575 4.000E�003
15 2.5536 2.5525 1.100E�003

Table 2
Maximum absolute errors with different reso-
lutions for problem 1.

Level of Resolution J Max. abs. Error

4 1.8877 E�004
5 3.1031 E�005
6 3.4746 E�006
7 1.5236 E�006
8 2.2379 E�007
9 3.7991 E�008
10 5.8536 E�009

Fig. 1. Graph of prob
The Haar wavelet family for x 2 0;1½ � is given as follows (Gu and
Jiang, 1996; Oruç, 2017a).

hi xð Þ ¼
1; f1 ið Þ 6 x < f2 ið Þ
�1; f2 ið Þ 6 x < f3 ið Þ
0; otherwise

8><
>: ð2:1Þ

where i indicates the wavelet number and
f1 ið Þ ¼ k

m ; f2 ið Þ ¼ kþ0:5
m ; f3 ið Þ ¼ kþ1

m ;

m ¼ 2 j; j ¼ 0;1;2 . . . ; J, and integer k ¼ 0;1 . . . ;m� 1:
J indicates the level of resolution, k represents the translations

parameter and index i is calculated as i ¼ mþ kþ 1 which is true
for i P 2. For i ¼ 1 the Haar wavelet is given as

h1 xð Þ ¼ 1; 0 6 x < 1
0; otherwise

�
ð2:2Þ

The Integration of Haar wavelet can be obtained by following (Gu
and Jiang, 1996; Lepik and Hein, 2014):

I1hi xð Þ ¼
x� f1 ið Þ; f1 ið Þ 6 x < f2 ið Þ
f3 ið Þ � x; f2 ið Þ 6 x < f3 ið Þ
0; otherwise

8><
>: ð2:3Þ

Any square integrable function f xð Þ 2 L2 0;1½ � can be approxi-
mated by the dilation and translation of Haar wavelet as (Lepik
and Hein, 2014)

f xð Þ ¼
X2M
i¼1

aihi xð Þ ð2:4Þ

The Haar wavelet series coefficients ai are calculated as:

ai ¼< y xð Þ;hi xð Þ >¼
Z 1

0
y xð Þ:hi xð Þdx: ð2:5Þ

Collocation points are given as

X uð Þ ¼ 2u� 1
2M

; ð2:6Þ

u ¼ 1;2; . . . ;2M and M ¼ 2J .
lem 1 for J = 5.
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3. Haar wavelet series solution of neutral delay differential
equations

Let us assume the following neutral delay differential equation

y0 xð Þ ¼ f x; y xð Þ; y x� l x; y xð Þð Þð Þ; y0 x� m x; y xð Þð Þð Þð Þ;
x1 6 x 6 xf ;

ð3:1Þ

with

y xð Þ ¼ / xð Þ x 6 x1:

Let the haar wavelet series of first derivative is

y0 xð Þ ¼
X2M
i¼1

aihi xð Þ: ð3:2Þ
Fig. 2. loglog plot of p

Table 4
Maximum absolute errors with different reso-
lutions for problem 2.

Level of Resolution J Max. abs. Error

3 1.5000 E�003
4 8.2354 E�004
5 3.8198 E�004
6 2.0353 E�004
7 1.0458 E�004
8 5.3230E�005
9 2.6683E�005
10 1.3362E�006

Table 3
Comparison between analytical solution and Haar wavelet series method for problem
2 with J = 2.

x ¼ 1
16

� �
Exact HWM Error

1 0.0625 0.0629 4.0000E�003
3 0.1864 0.1886 2.200E�003
5 0.3074 0.3099 2.500E�003
7 0.4237 0.4243 6.000E�003
9 0.5333 0.5325 8.000E�003
11 0.6346 0.6386 6.000E�003
13 0.7260 0.7112 1.480E�002
15 0.8061 0.8830 2.310E�002
Now integrating from 0 to x w.r.t to x we get

y xð Þ ¼
X2M
i¼1

aiI1hi xð Þ þ y 0ð Þ: ð3:3Þ

Also

y0 x� m x; y xð Þð Þð Þ ¼
X2M
i¼1

aihi x� m x; y xð Þð Þð Þ: ð3:4Þ

y x� l x; y xð Þð Þð Þ ¼
X2M
i¼1

aiI1hi x� l x; y xð Þð Þð Þ þ y 0ð Þ: ð3:5Þ

Using Eqs. (3.2)–(3.5) in Eq. (3.1), we get the following system of
algebraic equations
roblem 2 for J = 4.

Table 5
Comparison between analytical solution and Haar wavelet method for problem 3
with J = 2.

x ¼ 1
16

� �
Exact HWM Error

1 0.0625 0.0629 4.000E�004
3 0.1864 0.1886 2.200E�003
5 0.3074 0.3099 2.500E�003
7 0.4237 0.4243 6.000E�003
9 0.5333 0.5325 8.000E�003
11 0.6346 0.6286 6.000E�002
13 0.7260 0.7112 1.480E�002
15 0.7806 0.7830 2.310E�003

Table 6
Maximum absolute errors with different reso-
lutions for problem 3.

Level of Resolution J Max. abs. Error

3 9.3374E�004
4 5.0517E�004
5 1.5678E�004
6 6.9632E�005
7 3.7205E�005
8 9.6130E�006
9 6.8820E�006
10 1.9670E�006



Table 8
Maximum absolute errors with different reso-
lutions for problem 4.

Level of Resolution J Max. abs. Error

4 7.0605E�005
5 1.4873E�005
6 3.6656E�006
7 8.7681E�007
8 2.1541E�007

Fig. 3. loglog plot of problem 3 for J = 6.

Table 7
Maximum absolute errors of problem 4 with J = 3.

Our Method Wang et al. (2009a) Wang et al. (2009b) Wang and Chen (2010) Lv and Gao (2012)

3.6461E�004 2.31E�003 5.47E�002 5.96E�003 9.45E�004
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X2M
i¼1

aihi xð Þ ¼ f x;
X2M
i¼1

aiI1hi xð Þ þ y 0ð Þ;
X2M
i¼1

aiI1hi x� l x; y xð Þð Þð Þ
 

þy 0ð Þ;
X2M
i¼1

aihi x� m x; y xð Þð Þð Þ
!

ð3:6Þ

Solving this system of algebraic equation we can find the unknown
Haar wavelet series coefficients ai0s and then put in Eq. (3.3) to get
the approximate Haar wavelet series solution of the NDDE.

In case of nonlinear NDDE we applied the same method and
obtained the system of nonlinear equations which are solved by
Newton’s method. We obtain the unknown Haar wavelet series
coefficients ai0s and then put in Eq. (3.3) to get the approximate
Haar wavelet series solution of the nonlinear neutral delay differ-
ential equations.

3.1. Convergence analysis of the Haar wavelet series method

Lemma. Let y xð Þ be a square integrable function with bounded first
derivative on 0;1ð Þ and y xj

� �
be Haar wavelet approximation of y xð Þ

then the error norm at Jth level satisfies the inequality.
kej xð Þk 6
ffiffiffiffi
K
7

r
C � 2�3

2M : ð3:7Þ

where K is a positive constant and C is given by

C ¼
Z 1

0
jxh2 xð Þjdx ð3:8Þ
Proof. For the proof see Islam et al. (2010), Pandit and Kumar
(2014). h



Fig. 4. Plot of problem 4 for J = 5.

Table 9
Maximum absolute error for problem 5 with J = 3.

Our Method Wang et al. (2009a) Wang et al. (2009b) Wang and Chen (2010) Lv and Gao (2012)

8.9532E�005 1.85E�003 7.66E�002 4.94E�003 4.01E�004

Table 10
Maximum absolute errors with different reso-
lutions for problem 5.

Level of Resolution J Max. abs. Error

4 1.3456E�005
5 1.9630E�006
6 2.8093E�007
7 3.9528E�008
8 5.4910E�009
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4. Numerical illustrations

Here we present six problems to illustrate the developed
method and obtain maximum absolute errors (M.A.E.). The results
are compared with the exact solution of the problems and other
methods such as Wang et al. (2009a,b), Wang and Chen (2010),
Lv and Gao (2012).

Problem 1. Let us take the following NDDE

y0 xð Þ þ ffiffiffiffiffiffiffiffiffi
cosx

p
y0

ffiffiffi
x

p� �þ sin
ffiffiffi
x

p� �þ ex
� �

y sinxð Þ ¼ ex þ ffiffiffiffiffiffiffiffiffi
cosx

p
e
ffiffi
x

p

þ sin
ffiffiffi
x

p� �þ ex
� �

e sinxð Þ: x 2 0;1½ �
ð4:1Þ

with initial condition

y xð Þ ¼ ex; x 6 0 ð4:2Þ
Analytical solution is

y xð Þ ¼ ex: ð4:3Þ
Obtained maximum absolute errors with different resolutions are
given in the Tables 1, 2 and graph is given in the Fig. 1.
Problem 2. Let us take the following NDDE

y0 xð Þ þ ffiffiffi
x

p
y0 e�

x
2

� �� y
ffiffiffi
x

p
e�x

� �þ y xð Þ� � ¼ cosxþ ffiffiffi
x

p
cos e�

x
2

� ��
� sin

ffiffiffi
x

p
e�x

� �þ sinxÞ: x 2 0;1½ �
ð4:4Þ

with the initial condition

y xð Þ ¼ sinx; x 6 0: ð4:5Þ
The analytical solution is

y xð Þ ¼ sinx: ð4:6Þ



Fig. 5. Plot of problem 5 for J = 5.
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Obtained maximum absolute errors with different resolutions are
given in the Tables 3, 4 and graph is given in Fig. 2.
Problem 3. Let us take the following NDDE

y0 xð Þ þ exy0 x� sin x2
� �� �þ cos xð Þy x� sinxð Þ ¼ �e�x � esinx

2

þcos xð Þesin xð Þ�x; x 2 0;1½ �
ð4:7Þ

with initial condition

y xð Þ ¼ e�x; x 6 0 ð4:8Þ
The analytical solution is

y xð Þ ¼ e�x: ð4:9Þ
Obtained maximum absolute errors with different resolutions are
given in the Tables 5, 6 and graph is given in Fig. 3.
Table 11
Comparison between analytical solution and Haar wavelet series method for problem
6 with J = 2.

x ¼ 1
16

� �
Exact HWSM Error

1 1.0645 1.0608 3.700E�003
3 1.2062 1.2006 5.700E�003
5 1.3668 1.3664 4.000E�004
7 1.5488 1.5463 2.500E�003
9 1.7551 1.7468 8.300E�003
11 1.9887 1.9819 6.900E�003
13 2.2535 2.2485 5.000E�003
Problem 4. Let us take the following NDDE

y0 xð Þ¼0:5y0 0:80xð Þþ0:10y 0:80xð Þ�y xð Þþ 0:80x�0:50ð Þe�0:80xþe�x;

x2 0;1½ �

with the initial condition

y 0ð Þ ¼ 0; x 6 0 ð4:10Þ
The analytical solution is

y xð Þ ¼ xe�x: ð4:11Þ
Obtained maximum absolute errors along with comparison to exist-
ing methods are given in the Tables 7, 8 and graph is given in Fig. 4.
15 2.5536 2.5488 4.800E�003

Table 12
Maximum absolute errors with different reso-
lutions for problem 6.

Level of Resolution J Max. abs. Error

2 8.300E�003
3 2.5862E�04
4 4.5075E�05
5 1.3195E�05
Problem 5. Let us take the following NDDE

y0 xð Þ ¼ 0:50y0 0:50xð Þ þ 0:50y 0:50xð Þ � y xð Þ;
x 2 0;1½ �

with initial condition

y 0ð Þ ¼ 1; x 6 0 ð4:12Þ
The analytical solution is

y xð Þ ¼ e�x: ð4:13Þ
Obtained maximum absolute errors along with the comparison to
existing methods are given in the Tables 9, 10 and graph is given
in Fig. 5.
Problem 6. Let us take the following nonlinear NDDE.

y xð Þy0 xð Þ þ ffiffiffiffiffiffiffiffiffi
cosx

p
y0

ffiffiffi
x

p� �þ sin
ffiffiffi
x

p� �þ ex
� �

y sinxð Þ ¼ e2x þ ffiffiffiffiffiffiffiffiffi
cosx

p
e
ffiffi
x

p

þ sin
ffiffiffi
x

p� �þ ex
� �

e sinxð Þ: x 2 0;1½ �
ð4:14Þ

with the initial condition

y xð Þ ¼ ex; x 6 0 ð4:15Þ
The analytical solution is

y xð Þ ¼ ex: ð4:16Þ
Obtained maximum absolute errors with different resolutions are
given in the Tables 11, 12 and graph is given in Fig. 6.
6 1.9151E�06



Fig. 6. Graph of problem 6 for J = 5.
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5. Conclusion

Haar wavelet series method has been applied successfully to
solve the linear and nonlinear neutral delay differential equations,
which is easy to apply directly. As we have observed that this
method has less calculation and takes less time to solve the prob-
lems and yield accurate results on increasing the resolution level.
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