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Abstract The paper develops a weak-form integral equation method (WFIEM) for solving the sin-
gularly perturbed convection—diffusion equation, which is too ill-posed to find the singular solution
using conventional methods. We use Green’s second identity to generate integral equation, which
includes a source term and boundary functions on the space-time boundary, and the derived adjoint
Trefftz test functions. Then the singular solution is expressed in terms of a set of exponentially-fitted
trial functions, which automatically satisfy the boundary conditions. The numerical algorithm
deduced from the WFIEM is effective and accurate in the numerical solutions of highly singular

parabolic type problems as will be observed by numerical examples.
© 2016 The Author. Production and hosting by Elsevier B.V. on behalf of King Saud University. Thisis an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The mathematical models that involve a combination of con-
vective, diffusive and reactive terms are widespread in many
engineering and scientific branches. Often we may encounter
the problem that the boundary layers are presented when the
convective term dominates than the diffusive term. When the
Péclet number is large, the difficulty might appear in the
numerical approximations. Thus a vast literature has built
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up over the last few decades on a variety of techniques for
analyzing and overcoming these difficulties (Morton, 1996).

Our problem is to find u(x,¢) in the following singular
convection—diffusion equation:

u(x,1) = e (X, 1) — cux(x, 1) + au(x, 1) + S(x, 1), (1)
u(0, 1) = uo(1), 2
u(l, 1) = (1), 3)
u(x,0) = f(x), (4)

where (x,7) € Q: {0 < x < £,0 <t < £y}, &> 01is a small diffu-
sion coefficient, ¢ is the transport velocity, a is a constant reac-
tion rate, ¢ is the length, # is the final time, and S(x, ) is the
source term. We suppose that the boundary values
uo(t)#u,(t). For a given problem if uy(¢) = u,(z) we can trans-
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form it by w(x, ) = u(x,t) + xt to a new problem for w(x, ¢)
with the new boundary conditions w(0,7) =uy(7) and
w(l, 1) = u,(t) + Lt#w(0, 7).

Because the highest order term u,, is multiplied by a small
parameter ¢, Eq. (1) is one of the singularly perturbed prob-
lems of parabolic type partial differential equations (PDEs),
which exhibits boundary layers near to x =0 and x = ¢. The
singularly perturbed parabolic type problems have been an
interesting subject for many applications, of which a lot of
numerical methods were proposed to solve them (Boglaev,
1998; Clavero and Gracia, 2005, 2010; Hemker et al., 2000;
Kopteva, 1997; LinB and Madden, 2007; Mukherjee and
Natesan, 2011; Ng-Stynes et al., 1988; Shishkin, 1997). The
numerical methods to treat the singularly perturbed problems
were surveyed by Kadalbajoo and Patidar (2002), Kadalbajoo
and Gupta (2010). More difficult asymptotic behavior at small
diffusivity of the solutions in a rectangle with corner layers was
analyzed by Gie et al. (2013) and Hamouda et al. (2016).
Recently, Temam et al. (2015) have explored the recent pro-
gresses in boundary layer theory, where the boundary layer
analysis is performed on a curved boundary, and also the inte-
rior transition layers at the turning point characteristics in an
interval domain and classical (ordinary), characteristic (para-
bolic) and corner (elliptic) boundary layers in a rectangular
domain are provided using the technique of correctors and
the tools of functional analysis.

Itis known that the singularly perturbed convection—diffusion
Eq. (1) is highly ill-posed (Rajan and Reddy, 2016), and as men-
tioned there the discretization of the singularly perturbed convec-
tion—diffusion equation often leads to a highly ill-conditioned
system which results in an unstable numerical solution. Due to
the presence of boundary layers phenomena we have to seek more
suitable trial functions and test functions in the weak-form
methods, which lead to stable and robust numerical methods to
give stable solution for any value of the diffusion parameter.

The remaining portion is arranged as follows. In Section 2
we introduce a weak-form integral equation method based on
Green’s second identity and the adjoint operator. In Section 3
we derive the spectral functions to simplify the weak-form inte-
gral equation derived in Section 2. Using the exponentially-
fitted trial functions to expand the singular solution and using
the adjoint Trefftz test functions, we can derive a quite simple
linear system in Section 4, which is then solved using the con-
jugate gradient method (CGM) to determine the expansion
coefficients. Numerical examples are given in Section 5, and
the conclusions are drawn in Section 6.

2. A weak-form integral equation method

The idea of weak-form integral equation method with inserting
the adjoint Trefftz functions as test functions has been success-
fully developed by Liu (2016a), Liu and Chang (2016) and Liu
and Wang (2016) to solve the direct and inverse problems of
elliptic and parabolic PDEs. In order to explore the new
method we first derive the following results.

Theorem 1 (Green’s second identity). Let Q be a bounded
region in the plane (x,t) with a counter-clockwise contour T
consists of finitely many smooth curves. Let u(x,t) and v(x, t) be
functions that are differentiable in Q and continuous on Q.
Then

// (uH*v + vHu)dxdt = %[ s(uvy — vuy) + cuvldt — uvdsx,

5
where
u &*u du
H(u)—a—gwﬁ—Ca—au, (6)
. o v oy
H(V) E‘i‘ ﬁ'ﬁ‘(af-i‘(lv (7)

are, respectively, the linear parabolic operator and its adjoint
operator.

Proof. Inserting

uvdxdt = — ¢ uvdx — viudxdt,

I o 4 o

—874 Tu,vdt + 8}1{ uvdt — ¢ [ [ uvydxdt,
r

e[ Jouwvdxdt = le{ uvdt — ¢ [ [ uvdxdt,
r
—a [ Juvdxdt = —a [ [, vudxdt

—¢& [ Jo uxxvdxdt =

into the first integral term in left-hand side of Eq. (5) and mov-
ing the double integral terms to the left-hand side we can prove
this theorem. [J

Theorem 2. For the singular problem (1) we have the following
integral relation:

fo v(x, t)dxdt = f;[u(x, t)v(x, t7) — u(x,0)v(x, 0)]dx
+f0 4,0, (£, 1) — u(0, )v, (0, 1)]dt
— I [ (K z) (€, 1) — u, (0, £)v(0, 1)]dt
+f v(€, 1) — u(0, £)v(0, 1)]dt

(8)

Sor any function v(x,t) with H'v =0, where u(x,0) = f(x),

u(0,1) = uy(t) and u(€,t) = u,(t) are given functions.

Proof. Inserting Hu = S(x,¢) and H*v =0 into Eq. (5), inte-
grating along the contour I'=T, UL UT;UTy={0<
x<bt=0tU{x=00<t<t3U{0<x<t=tU{x=
0,0 <7< t7}, and inserting the corresponding conditions in
Egs. (2)-(4) we can prove this theorem. [

3. The adjoint Trefftz test functions

In order to simplify the weak-form integral Eq. (8), we need to
find the adjoint Trefftz test function v(x, ), which satisfies the
following adjoint PDE as well as the adjoint boundary
conditions:

dv v oy
HV E‘I‘ m*FCaiJraV—O (9)
40, 1) = (4, 1) = 0. (10)
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Theorem 3. For the singular problem, the adjoint Trefftz test
functions which satisfy Eqs. (9) and (10) are given by

vj(x7 Z) = eXp[()“./' - (l)([ - tf‘)]G(xvj% (11)
) exp (25 sin/™
G(x.j) = exp (5 sin, (12)
where
g’
A ﬂ—'— z , j€N. (13)
Proof. Let
I(t) = ¢ (14)

be the integrating factor, and multiplying Eq. (9) by I(z) we
have

l(t)v e O I(t)v e l(t)v

o1 x> ox 13
By letting
w(x, 1) = I(t)v(x, 1), (16)

a simpler PDE for w(x, ) follows:

wi(x, 1) = —ewy(x, 1) — ewye(x, 7). (17)
Upon taking

= y()A@), (18)

and using the method of separation of variables it follows that

AW _ —er) —er'(x) _

w(x, t)

— = 19
N AT )
where the eigenvalue / is to be determined.

In order to satisfy the boundary conditions
v(0,¢) = v(¢,t) = 0 in Eq. (10) we impose
»(0) = y(¢) =0, (20)

such that by Egs. (19) and (20) we can derive Eq. (13). As a
consequence we have the following solutions:

A1) = D", (21)

y(x) = Cexp (;—C;x) sin‘me, (22)
where C and D are constants. Therefore, by Egs. (16), (18) and
(14) we can derive Egs. (11) and (12), of which v/(x,r) are
closed-form spectral solutions of the adjoint equation

H*'v =0, and automatically satisfy the boundary conditions
v(0,¢) = v(¢,1) = 0 in Eq. (10) due to

G(0,)) = G(£,)) = 0. (23)

We may call v/(x, 1),/ € N the adjoint Trefftz test functions,
because they satisfy the adjoint equation automatically; more-
over, v/(x,1),j € N are spectral functions. [

Inserting Eq. (11) into Eq. (8) we can derive a quite simple
integral relation between S(x, 7) and other boundary functions.

Theorem 4. For the singular convection—diffusion Eq. (1), the
solution u(x, t;) = g(x) at any time ty, the given source function
S(x,1), and the given conditions u(x,0) = f(x),u(0,1) = uy(t),
u(l, 1) = u, (1) satisfy the following weak-form integral relation:

o g (x, t)dx = [ [ S(x, 1)v/(x, £)dxd
+f0 X)v(x,0)dx — [ e[ug(£)vi (€, 1) — uo(£)v2(0, 2)]dt,

where v/(x,1),j € N are the adjoint Trefftz test functions.

Proof. This theorem follows

v(0,7) =v(¢, 1) =0. O

from Eq. (8) using

4. Numerical algorithm of WFIEM

To prompt the introduction of the exponentially-fitted trial
functions, let us consider

e/ (x)+)y(x)=0, 0<x<1,

(25)
¥(0) =0, y(1) =1,
which has a closed-form solution:
e — 1
)=y (26)

It can be seen that the singular solution is of the exponential
type function.
There are two basic trial functions we need:

d)/'( ):i//: 17¢/( )_07 (b/(é):lv (27)
¢j(x) = e,/[/fiei\ ) ¢](0) =1, (bj(e) =0, (28)

and via a linear superposition they can generate other trial
functions, which automatically satisfy the given boundary
conditions.

Then we describe a simple algorithm to solve g(x) in the
integral Eq. (24). For the solution of the singular convec-
tion—diffusion Eq. (1) we may consider

0= Y asd ), 9)
¢j( ) — (b= 51)(:‘ ]ﬁer/fle/‘7 (30)
B0) = (B — B + Byl a1)

where m; and m, are integers chosen by the user, s; are
multiple-scales, and B, = uy(t;) and f, = u,(t;). In the trial
functions ¢;(x), f; and f, must be different constants; other-
wise, ¢;(x) will be constants. We impose an extra moment
equation:

Sa-t (32)

J=—my

to guarantee that the boundary conditions are satisfied. The
new idea of using the exponentially and polynomially fitted
trial functions as the bases for a trial solution was first devel-
oped by Liu (2016b) to solve the third-order singular boundary
value problems.

Inserting Eq. (29) with s; = 1 into Eq. (24) and integrating,
and letting j=1,...,n, — 1 we can derive a linear system:
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Ac=e (33)

to determine the expansion coefficients ¢ := {a;} whose num-
ber is n = m; 4+ m, + 1. The dimension of A is n, x n, including
Eq. (32). According to the idea of equilibrated matrix method
(Liu, 2012), the multiple-scales s; are given by

[l

= (34)
llajll”

where a; is the jth column vector of the coefficient matrix A,

and s; = 1.
Instead of Eq. (33), we can solve a normal linear system:

J

Dc = by, (35)
where
b, ;= Ae, D:= ATA > 0. (36)

The algorithm of conjugate gradient method (CGM) for
solving Eq. (35) is summarized as follows.

(1) Give an initial ¢y and then compute ry = D¢y — b, and
set py = Io.

(ii)) For £ =0,1,2,..., we repeat the following iterations:

e

Mie = 3Top, »

Ci+1 = €k — NP

Ier1 = Degyy — by, (37)
vk

Q1 = Sk

3
Irell®

Pit1 = %1Pr + Tiy-

If ¢, converges according to a given stopping criterion
[ltxr1 || < &1, then stop; otherwise, go to step (ii).

There are many different methods to choose the test func-
tions and trial functions. Here, the method of adjoint Trefftz
test functions transforms the strong form in Eq. (1) into the
most weak-form integral Eq. (24). Moreover, the test functions
can be solved in closed-form by Eq. (11), which significantly
enhance the efficiency of the presented method in the solution
of the singular problems at hand. From Egs. (11) and (12) we
can observe that the singular behavior of the singular problems
is reflected in the test functions. On the other hand, in order to
simulate the singular behavior of the singular problems we
have used the exponentially-fitted functions as the trial func-
tions, which automatically satisfy the boundary conditions.
When we take enough bases and generate enough algebraic
equations using many linearly independent test functions
v/(x,1), we can solve the singular problems effectively and
accurately. The above two points using the adjoint Trefftz test
functions and the exponentially-fitted trial functions are highly
original and sufficiently novel.

5. Numerical examples

In this section we apply the weak-form integral equation
method (WFIEM) to solve Eq. (1). Sometimes we may want
to find all the time histories of u(x,7) in a time interval
t € (0,¢]. For this purpose we rewrite Eqgs. (11), (12) and
(24) to

vi(x,s571) = exp[(%; — a)(s — 1)) exp (52) sinZ*,

G(x,)) = exp () sinZ*,

Jy 8)G(x,dx = [ fy S(

+f0 X (x, 05 )dx — [ efue(s

X, )V (x, 83 1)dxds

WL, s58) — ug(s)vi(0, ;7)) ds.

(38)

Reminding that the linear system (33) has a constant coef-
ficient matrix A, while the right-hand side is a time-varying
input vector for ¢ € (0, #]. Hence, we can obtain

e(t) = (ATA) 'ATe(r). (39)

Upon  substituting the time-varying coefficients
c(t) = {a;(¢)} into Eq. (29) we can obtain the time-varying sin-
gular solution u(x, ) = g(x;1).

Example 1. In order to assess the accuracy of the new method,
we consider an exact solution:

u(x,r) = exp (—t — \/i;) (40)

of Eq. (1), where we take ¢=0.005,¢=0.1 and
—(2+4 a)+/e, such that S(x, ) = 0.

In the WFIEM we take m; =12,m; =0, and n, =31,

which is convergence with 37 steps as shown in Fig. 1(a), where

the convergence criterion is given by ¢ = 107'°. In Fig. 1(b)

1E+1 (a)
1E+0
1E-1
1E-2
1E-3
1E-4
1E-5
1E-6
1E-7
1E-8
1E-9
1E-10
1E-11 \ \ \ \

0 10 20 X . 30 40
Number of iterations

Residual

iy (b)

0.3 — ———-Numerical

Exact

0.2 —

u(z,t,)

0.1 —

0.0
\ \ \ \ \

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 1 For the singular problem of example 1 solved by the
WFIEM, (a) showing the convergence iterations, and (b) com-
paring numerical and exact solutions.
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Fig. 2 For the singular problem of example 1 solved by the
WFIEM, showing the numerical errors in a time interval.

we plot the numerical and exact solutions at 7y = 1, whose
maximum error is 1.77 x 107*.

In Fig. 2 we plot the numerical errors in a time interval
t € (0,1], whose maximum error in the whole domain is
1.91 x 107*. It can be seen that the WFIEM is very accurate
and has no problems of error propagation and error amplified.

Example 2. Next we consider a more complex exact solution
with two boundary layers at x =0 and x = 1:

u(x, 1) =t(l —x)
+t[1 + (x—1)exp <—%) — xexp (x—\;;)},
(41)

where we take ¢ = 0.01,a¢ = —0.1 and ¢ = —0.19, and accord-
ingly the exact S(x,¢) can be computed from Eq. (1).

In Fig. 3(a) we plot the numerical solution, while in Fig. 3
(b) the exact solution in a time interval 7€ (0,2], whose
maximum error in the whole domain is 2.88 x 107, It can be
seen that the numerical solution is very close to the exact one.
Again we can observe that the error is not being amplified.

Example 3. Finally we consider

w(x,t)
2
0,1],

wy(x, 1) — ewyy(x, 1) + =e' — 1+ sin(mx),
(x, 1) € (0,1) x (
w(0,7) =w(l,7) =

w(x,0) =0,

0. (42)

which is a variant of Eq. (32) in Clavero and Gracia (2010).

In order to apply the exponentially-fitted trial functions in
Eqgs. (30) and (31) to solve the above problem we need to
consider the following variable transformation:

Numerical u(x,t)

= —
4 T
- -
>
No < ¥ o
S 2
X ; =
N < =
e —
R P
0
0
02
04
08
X 08

1

Fig. 3 For the singular problem of example 2 solved by the
WFIEM, comparing the numerical and exact solutions in a time
interval.

u(x, 1) = w(x, ) + xt, (43)
such that Eq. (42) becomes

u(x, 1) — eug(x, 1) + “()2”> =x+3¥+e — 1 +sin(nx),
u(x,0) =0.
Solving u(x,7) by the WFIEM, one can obtain

w(x, 1) = u(x, 1) — xt.

We take ¢ = 107 for a highly singular problem. We take
my = m, = 100, and n, = 31 in the WFIEM, which converges
after 448 steps under the convergence criterion ¢ = 107", as
shown in Fig. 4(a). In Fig. 4(b) we plot the numerical solutions
at two different times.
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1E+0
1E-1
1E-2
1E-3
1E-4
1E-5
1E-6
1E-7
1E-8
1E-9
1E-10
1E-11 = \ \ \ \ \

Residual

o

100 200 . 300 . 400 500
Number of iterations

0.0

0.0 0.2 04 0.6 08 L0
T

Fig. 4 For the singular problem of example 3 solved by the
WFIEM, (a) showing the convergence iterations and (b) showing
numerical solutions at two different times.

6. Conclusions

In this paper we have derived a weak-form integral equation
method to tackle the highly singular problem of the one-
dimensional convection—diffusion equation. Because the
closed-form spectral functions were used as the adjoint Trefftz
test functions in the integral equation, we can easily find the
singular solution at any time. The use of exponentially-fitted
trial functions as solution bases can faithfully capture the sin-
gular behavior in the boundary layers. Through numerical
experiments, we have confirmed that the proposed algorithm
is applicable to the singular convection—diffusion equation.
Moreover, the WFIEM is very accurate and no error propaga-
tion and amplification.
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