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1. Introduction

The study of the behavior of fluids according to their viscosity is
one of the interesting physical problems. Viscosity is a very impor-
tant parameter that characterizes the behavior of the fluid since it
links the stress of a fluid in motion with the rate of deformation of
their constituent elements. For this reason, researchers are increas-
ingly using generalized fluid models to meet the specific needs of
modeling, such as the non-Newtonian fluids, which the viscosity
cannot be defined as a constant value because of the non-linear
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relation between the strain rate and the shear stress (Gijsen et al.,
1999). If the non-Newtonian character is manifested by the
decreasing of the viscosity with increasing shear rate, then it is
in the case of rheofluidifiant fluids (or pseudoplastic) (Kim, 2002;
Chamekh and Elzaki, 2018).

In this study, we treat the equations modeling the blood behav-
ior in the abdominal aorta in case of an aneurysm involving the
non-Newtonian model of Bingham. This modeling is based on the
biochemical problem of blood flow in Abdominal Aortic Aneurysms
diseases (AAA) (Campa et al., 1987; Goodall et al., 2001; Hallin
et al., 2001). It is described by the convection-diffusion-reaction
phenomenon, whose blood is considered as an incompressible
and rigid viscoplastic fluid with a yield stress of Bingham taking
into account the concentration effect of red cells. Then, a result
of existence and uniqueness of a maximum principle is proposed
for the concentration corresponding to this problem in a three-
dimensional delimited domain, also some preliminary and nota-
tions found in Messelmi (2014) and Merouani and Messelmi
(2015). In the last part, we simulate the blood flow in AAA regular-
ized by Papanastasiou and some numerical results on velocity field
and concentration of red cells in AAA are presented.
2. Biological background

Blood is probably the most important biological fluid and its
rheology is interesting from both a theoretical and applied point
of view. It is a concentrated suspension of several species of parti-
cles in the plasma. It contains almost 45% of figurative elements in
volume and 55% plasma (Marieb, 1993; Robertson et al., 2008;
Brujan, 2010; Toungara, 2011). In the 45%, we find 97% of red
blood cells or erythrocytes, and the other 3% are distributed
between white blood cells or leucocytes and platelets or thrombo-
cytes (Marieb, 1993; Robertson et al., 2008; Toungara, 2011).
Therefore, the red blood cells give a rheological behavior of blood
(Robertson et al., 2009; Brujan, 2010). It is well known that blood
is an incompressible Newtonian fluid (Gijsen et al., 1999;
Paramasivam et al., 2010; Janela et al., 2010).

In general, the natural evolution of AAA differs between
humans (Mofidi et al., 2006; DeRubertis et al., 2007). The risk of
re-offending is 25% for aneurysms between 4:1 cm and 7 cm in
diameter and 9:5%for aneurysms less than 4 cm (Khanafar et al.,
2006; Paramasivam et al., 2010). There are many constitutive mod-
els that are more complex used to study blood flow as the law of
power or Cross (Johnstona et al., 2004; Robertson et al., 2008;
Messelmi, 2011). More recently, the Binghammodel has been used
in the modeling of blood flow to describe its behavior through
threshold stress and blocking phenomena that describe blood clot-
ting, formation, and lysis of blood clots. We can find in several
works on the phenomena of convection-diffusion-reaction which
make the study of the coagulation and the formation of blood clots
(Merouani and Messelmi, 2015; Hansen et al., 2015; Anand et al.,
2003). To do this study, we consider a mathematical model that
describes the flow of blood involving the non-Newtonian model
of Bingham.
3. Problem description

The purpose of our analysis is to determine the effect of red
blood cell concentration on blood behavior. In order to guarantee
this, we consider an incompressible flow inside a domain
X;X � Rn (n ¼ 2;3) an open bounded Lipschitzian boundary C;Sn

is the space of the symmetric tensors of order n� 1 on Rn. The
blood temperature is assumed constant. For this problem, viscos-
ity, yield strength, and diffusivity are supposed to depend on the
concentration of red blood cells.
Let the space R3 and S3 are equipped by their usual scalar pro-
duct and Euclidean norm, respectively. For a velocity field

u 2 H1ðXÞ3, we consider the deformation rate tensor defined by

DðuÞ ¼ ðDijðuÞÞ16i;j6n; DijðuÞ ¼ 1
2
ðui;j þ uj;iÞ; 8 u 2 H1ðXÞ3:

The equation of fluid motion is given by

uru ¼ divðrÞ þ f in X; ð1Þ

divðuÞ ¼ 0 in X; ð2Þ
with r is the field of constraints and where the density of fluid is
assumed to be 1 and f represents the density by volume forces act-
ing on the fluid, under the condition of incompressibility (2)
because the density is constant all along the fluid path.

The model of Bingham is characterized by

rD ¼ 2lðCÞDðuÞ þ gðCÞ DðuÞ
jDðuÞj if jDðuÞj– 0

jrDj 6 gðCÞ if jDðuÞj ¼ 0;

(
in X ð3Þ

with rD is the deviator of the constraint r l > 0 and g P 0, which
gives the variation of the velocity with the variation of the shear
stress, whose viscosity l and the yield g depends on the concentra-
tion C of the red cells.

Further, if we assume that the advection convection phenomena
of the fluid undergo a chemical reaction under isothermal condi-
tions, then the equation governing the concentration C is given by

urC � divðgðCÞrCÞ ¼ RðCÞ in X: ð4Þ
This equation describes the variation of the concentration of the
particles constituting the fluid where g is the diffusivity of the fluid
and R is the reaction function (interaction and collision) between
the different particles constituting the fluid. In a particular case,
we have RðCÞ ¼ �K C of first-order chemical reaction with Kis a con-
stant chemical reaction rate. We assume that the boundary condi-
tions have been taken by:

u ¼ 0on C; C ¼ 0 on C: ð5Þ
The nonlinear advection – diffusion – reaction problem for sta-

tionary Bingham fluid is modeled by the partial differential system
which consists in finding:

� the velocity field u ¼ ðuiÞ : X�!Rn,
� the field of constraints r ¼ ðrijÞ : X�!Sn,
� the concentration C : X�!R,

that verify the Eqs. ((1)–(5)).

4. Variational formulation

To determine the variational formulation that corresponds to
the problem ((1)–(5)). We consider the following space H defined
by

H ¼ v 2 H1
0ðXÞ3 n divv ¼ 0

n o
;

where H is a Hilbert space with a scalar product and an induced
norm, respectively,

ðu; vÞH ¼ ðui;v iÞH1ðXÞ; kukH ¼ kukH1ðXÞ 8u;v 2 H:

The set H is Banach space. We introduce the following operators

B : H3 ! R; Bðu;v;wÞ ¼
Z
X
u � rv �wdx

E : H1ðXÞ2 � H ! R; Eðh; s;vÞ ¼
Z
X
hrs � vdx:
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We assume the following hypothesis

8x 2 X; lð�; xÞ 2 C0ðRÞ and
9l1;l2 > 0 : l1 6 lðy; xÞ 6 l2 8y 2 R; 8x 2 X: ð6Þ

8x 2 X; gð�; xÞ 2 C0ðRÞ and
9g0 > 0 : 0 6 gðy; xÞ 6 g0 8y 2 R; 8x 2 X: ð7Þ

g > g� > 0: ð8Þ

Rð�; xÞ : X � R ! R is L Lipschitzian and Rð�; xÞ 2 L2ðX� RÞ
ð9Þ

Multiplying (1) by a test function ðv � uÞ 2 H, we getZ
X
uruðv � uÞ ¼

Z
X
divðrÞðv � uÞ þ

Z
X
f ðv � uÞ: ð10Þ

Using a generalized Green formula, we obtainZ
X
uruðv � uÞ ¼

Z
C
rðv � uÞ �

Z
X
r Dðv � uÞ þ

Z
X
f ðv � uÞ ð11Þ

The variational formulation can be givenZ
X
uruðv � uÞ þ 2

Z
X
lðCÞDðuÞDðv � uÞ þ gðCÞ jDðvÞj � jDðuÞjð Þ

P
Z
X
f ðv � uÞ; 8 v 2 H; ð12Þ

Z
X
rCuuþ

Z
X
gðCÞrCru ¼

Z
X
RðCÞu; 8u 2 H1

0ðXÞ: ð13Þ
5. Existence of solution

The proof of existence is based on the application of Schauder’s
fixed point theorem, using in this framework an auxiliary existence
result obtained in Kim (1987) and Kim (2002).

To begin, for the operator B and E, we have the following
proprieties.

Lemma 5.1. See (Lions, 1969)

(i)The operator B is trilinear, continuous on H3 and for all
ðu;v;wÞ 2 H3 we have
Bðu;v;wÞ ¼ �Bðu;w;vÞ: ð14Þ
(ii)The operator E is trilinear, continuous on H1

0ðXÞ3 and

Eðh; s;vÞ ¼ �Eðs; h;vÞ for all ðh; s;vÞ: ð15Þ

We have a first result of existence.

Lemma 5.2. For k 2 H1
0ðXÞ, it exists a unique solution uk of the

problem

Bðuk;uk; vÞ þ 2
Z
X
lðkÞeðukÞeðv � ukÞþ

gðkÞjeðvÞj � gðkÞjeðukÞj P
Z
X
f ðv � ukÞ 8v 2 H;

ð16Þ

satisfy

kukkH 6 c1; ð17Þ
where c1 is a positive constant does not depend on k.
Theorem 5.1. Let uk 2 H is the solution of problem (16). Then, it
exists a unique solution Ck 2 H of
EðCk;/;ukÞ þ
Z
X
gðkÞrCkrudx

¼
Z
X
RðCkÞudx 8u 2 H1

0ðXÞ:
ð18Þ

and satisfy

kCkkH1
0ðXÞ 6 c2; ð19Þ

where c2 is a positive constant does not depend on k.
Proof. Let E the following bilinear form

E : H1
0ðXÞ � H1

0ðXÞ ! R; ðw;uÞ# Eðw;u;ukÞ þ
Z
X
gðkÞrwrudx

The trilinear operator E is continuous on H1
0ðXÞ � H1

0ðXÞ � H. In fact,
using the Hölder inequality and Poincaré theorem, we have

j
Z
X
rwu � vdx j6 krwukL2ðXÞkvkL2ðXÞ

Then, we obtain

j
Z
X
rwu � vdx j6 kwkH1

0ðXÞkukH1
0ðXÞkvkH: ð20Þ

Consider r 2 L2ðXÞ and the following linear problem

EðCkr ;uÞ ¼
Z
X
rudx 8u 2 H1

0ðXÞ: ð21Þ

Using the continuity of E, we can simply show that E is continuous.

j EðCkr;uÞ j¼j
Z
X
rCkru � uk þ

Z
X
gðkÞrCkr � rudx j

6 j
Z
X
rCkru � uk j þj

Z
X
gðkÞrCkr � rudx j :

Using Hölder inequality and Poincaré theorem, we get

6 krCkrukL2ðXÞkukkL2ðXÞ þ gðkÞkrCkrkL2ðXÞkrukL2ðXÞ

6 c1CpkCkrkH1
0ðXÞkukH1

0ðXÞ þ gðkÞkCkrkH1
0ðXÞkukH1

0ðXÞ:

Then, we obtain

j EðCkr;uÞ j6 KkCkrkH1
0ðXÞkukH1

0ðXÞ;

with K ¼ ðc1Cp þ gðkÞÞ.
In addition, by (15), we remark that Eðu;u;vÞ ¼ 0. Then,

EðCkr ;CkrÞ ¼
R
X gðkÞjrCkr j2dx, using in addition that (8), we have

the coercivity of E.

EðCkr ;CkrÞ P g�kCkrk2H1
0ðXÞ:

Adding that lðuÞ ¼ R
X rudx is lineair continuous by Poincaré for-

mula, we have

jlðuÞ j¼ j
Z
X
rudx j6 krkL2ðXÞkukL2ðXÞ 6 C2

pkrkH1
0ðXÞkukH1

0ðXÞ:

Using Lax-Milgrame theorem on H1ðXÞ � H1ðXÞ, then, the problem
(23) have a unique solution Ckr 2 H1

0ðXÞ.
To get auxiliary solution of problem (18), we consider the

following operator

L : L2ðXÞ ! L2ðXÞ;
Lr ¼ RðCkr Þ:

(
ð22Þ

Since g verify (8), for r1; r2 2 L2ðXÞ, we have
j Lr1 � Lr2 j¼ jRðCkr1 Þ � RðCkr2 Þj 6 LjCkr1 � Ckr2 j :
We denote C1 ¼ Ckr1 and C2 ¼ Ckr2 , respectively, solutions of the
following problems
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EðCkr1 ;uÞ ¼
Z
X
r1udx 8 u 2 H1

0ðXÞ; ð23Þ

EðCkr2 ;uÞ ¼
Z
X
r2udx 8 u 2 H1

0ðXÞ; ð24Þ

Subtracting the Eqs. (23) et (24), and using u ¼ Ckr1 � Ckr2 as a test
function, we get

EðC1 � C2;C1 � C2Þ ¼
Z
X
ðr1 � r2ÞðC1 � C2Þdx;

Z
X
rðC1 � C2ÞðC1 � C2Þ � uk þ

Z
X
gðkÞjrðC1 � C2Þj2dx

¼
Z
X
ðr1 � r2ÞðC1 � C2Þdx;

As g verify (8), we obtain
R
X rðC1 � C2ÞðC1 � C2Þ � ukþR

X g�ðkÞjrðC1 � C2Þj2dx 6
R
X rðC1 � C2ÞðC1 � C2Þ � uk þ

R
X gðkÞjr

ðC1 � C2Þj2dx ¼ R
Xðr1 � r2ÞðC1 � C2Þdx.
Fig. 1. Fusiform aneurysms caused by the AA

Fig. 2. The velocity profiles ux on x 2 ½0; L� for the fusiform AAA model without bifurcatio
ðl ¼ 0:056 Pa sÞ.
Using Eðu;u;vÞ ¼ 0, then,
R
X rðC1 � C2ÞðC1 � C2Þ � uk > 0.

Therefore

g�kC1 � C2k2H1
0ðXÞdx 6 kr1 � r2kL2ðXÞkC1 � C2kL2ðXÞ;

g�kC1 � C2k2H1
0ðXÞ 6 kr1 � r2kL2ðXÞCpkC1 � C2kH1

0ðXÞ;

kC1 � C2kH1
0ðXÞ 6

Cp

g�
kr1 � r2kL2ðXÞ:

We have

j Lr1 � Lr2 j6 LjC1 � C2 j :
Then,

kLr1 � Lr2k2L2ðXÞ 6 L2kC1 � C2k2L2ðXÞ

6 L2C2
pkC1 � C2k2H1

0ðXÞ 6
L2C4

p

g2�
kr1 � r2k2L2ðXÞ

kLr1 � Lr2k2L2ðXÞ 6
L2
c1
kr1 � r2k2L2ðXÞ, with c1 ¼ g�

C2
p
:

A diseases without and with bifurcation.

n, the left figure for a low rate ðl ¼ 0:00345 Pa sÞ and the right figure for a high rate
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We can write

kLr1 � Lr2k2L2ðXÞ 6
L2

c1
kr1 � r2k2L2ðXÞ;

kL2r1 � L2r2k2L2ðXÞ 6
L2

c1
kr1 � r2k2L2ðXÞ;

..

.

kLmr1 � Lmr2k2L2ðXÞ 6
L2

c1
kr1 � r2k2L2ðXÞ:

The operator L is contracting in the space L2ðXÞ. So, according to
Banach’s fixed point theorem Lm admits a fixed point that we
denote ~r 2 L2ðXÞ which gives Lm~r ¼ L~r.

Then, the fixed-point uniqueness gives L~r ¼ ~r which also gives
L~r ¼ RðC~rÞ ¼ ~r, which implies that the Eq. (18) has a unique

solution Ck 2 H1
0ðXÞ.

Finding now the estimate (19). We choose Ck as a test function
of the Eq. (18). Therefore, we haveZ
X
rCkCk � uk þ

Z
X
gðkÞjrCkj2dx ¼

Z
X
RðCkÞCkdx;8Ck 2 H1

0ðXÞ

Using the Hölder inequality, we obtain
Fig. 3. The velocity profiles ux on the domain x 2 ½0; L� for the fusiform AAA model, t
ðl ¼ 0:00345 Pa sÞ.
Z
X
rCkCk � uk þ g�ðkÞkCkk2H1

0ðXÞ 6 kRkL2ðXÞkCkkL2ðXÞ

g�ðkÞkCkk2H1
0ðXÞ 6 kRkL2ðXÞkCkkL2ðXÞ:

Using the Poincaré inequality, we obtain

g�ðkÞkCkk2H1
0ðXÞ 6 CpkRkL2ðXÞkCkkH1

0ðXÞ:

Therefore,

kCkkH1
0ðXÞ 6

Cp

g�
kRkL2ðXÞ:

So, we obtain

kCkkH1
0ðXÞ 6 c2:
6. Numerical treatment

In literature, the Papanastasiou model (Papanastasiou, 1987) of
regularization has been widely used in numerical simulations of
flows of viscoplastic fluids (Glowinski et al., 2010; Messelmi,
2014; Paramasivam et al., 2010; Soto et al., 2010). The
Papanastasiou-Bingham model is as follows:

rD ¼ 2lDðuÞ þ g
DðuÞ
jDðuÞj 1� exp

�2
e

jDðuÞj
� �� �

: ð25Þ
he left figure for a low rate ðl ¼ 0:056 Pa sÞ and the right figure for a high rate
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We will consider now the problem ((1)–(5) with replacing (3)
by (25)). The goal is treated this problem numerically simulation.
To do this, here and below, we suppose that fluid is stationary, lam-
inar, viscoplastic and incompressible. We suppose that the volume
forces are negligible in front of the forces of viscosity, the blood dif-
fusion coefficient g, the yield stress g and the blood viscosity l do
not depend on the concentration, except the Reaction function that
is nonlinear and generally has an unknown expression. According
to the bio-mechanical problem ((1)–(5) with replacing (3) by
(25)), the variational formulation is as followsZ

X
uruv þ

Z
X
2lDðuÞ : DðvÞ�

Z
X
pr:v �

Z
X
qr:u

þ
Z
X
g

DðuÞ : DðvÞ
ðDðuÞ : DðuÞÞ12

1� exp
�2
e

ðDðuÞ : DðuÞÞ12
� �� �

¼ 0; 8v 2 V1

ð26Þ
Z
X
urC/þ

Z
X
grCr/ ¼

Z
X
RðCÞ/; 8/ 2 H1

0ðXÞ: ð27Þ
6.1. Numerical results

This section focuses on the 2D numerical study of the effect of
concentration of blood cell in fusiform aneurysms caused by the
AAA diseases in two-dimensional model. We use in this study
Fig. 4. The velocity profiles ux on the domain x 2 ½0; L� for a low and high rate, the left
fusiform AAA model with bifurcation.
two types of geometries of an Abdominal Aortic Aneurysms, one
presents a fusiform aneurysm caused by the AAA diseases without
bifurcation and with bifurcation (Fig. 1). It represents a fusiform
AAA with a bifurcation at the level of the abdominal aorta, which
is split into two iliac arteries. The AAA models have a aorta diam-
eter d ¼ 1;8 cm, the maximum diameter, D ¼ 2:75 d, a length,
L ¼ 4 d. The diameter of each output of the right and left branches
of the bifurcation is d0 ¼ 0:72 d. The order of the average velocity
of blood is u0 	 0;25 m=s, since it does not circulate at the same
velocity throughout the body. The meshes were built with Free-
fem++ software. We found that the ux component of the velocity
along x in½0; L� varies nonlinearly between 0;015 and 0:25 m=s,
while the uy component 0:0034 and 0:18 m=s for a high rate of
shear that due to a very low viscosity mu ¼ 0:00345 Pa s. In this
state, we can conclude that blood behaves like a Newtonian fluid.
This shows that the main flow is relatively dominated by the ux

component. The resolution is done by varying the number of
meshes to test the convergence using triangular finite elements.
The velocity is computed throughout aneurysmal fusiform at a
variable rate of shear which respectively to the deformation of
the red blood cell rolls on both models of AAA, shown in Fig. 2.

The solutions of the velocity for different numbers of meshes,
Fig. 2 are obtained in a compatible way, which makes it possible
to conclude to the convergence. For both models with or without
bifurcation of AAA disease, a remarkable change in velocity compo-
nent ux with a relatively high viscosity ðl ¼ 0:056 Pa sÞ can be
figure for the fusiform AAA model without bifurcation and the right figure for the



Fig. 5. The pressure that corresponds to the velocity profiles ux on the domain x 2 ½0; L� for a low and high rate, the left figure for the fusiform AAA model without bifurcation
and the right figure for the fusiform AAA model with bifurcation.

M. Chamekh et al. / Journal of King Saud University – Science 31 (2019) 1463–1470 1469
observed, than to the case of a shear rate due to a lower viscosity
ðl ¼ 0:00345 Pa sÞ.

We set the number of meshes at n ¼ 100. The velocity compo-
nent ux for both models and in both cases low and high shear
rates are confounded, see Fig. 3, which shows the convergent
even if we let us change the regularization values. We noted in
the case of AAA without bifurcation, when the shear rate is rela-
tively low the value of ux is almost constant in the first half of the
aneurysm fusiform ðx 2 ½0; L2�Þ, then this value increases remark-
ably in the second half. This increase does not appear in the same
way when the viscosity is relatively low. On the other hand, for
the bifurcated model, there is a remarkably large change in speed
for the case of a low shear rate compared with the case of a high
rate. We have noticed that the smallest regularization value we
can take to get convergent solutions for the AAA model without
bifurcation is 4 � 10�2 and 3 � 10�2 for the other. This can influence
the reasonableness of the result obtained, since it takes the value
of regularization to be small to obtain precise solutions. In what
follows, we are interested in the study of blood flow in the
aneurysmal fusiform with velocity distribution analysis in the
aorta. Fig. 4 shows the velocity profiles of an AAA with and with-
out bifurcation for a high and low shear rate. Comparing the
results, we find that both models of the AAA have the same veloc-
ity profiles for a low viscosity l ¼ 0:00345 Pa s. That was not the
case for a low shear rate.

7. Discussions

When we treat the flow of blood and its viscosity, we talk about
the concentration of red blood cells. It varies between 130 and
170 kg=m3 in a healthy man and between 110 and 150 kg=m3 in
a woman. From the Fig. 5, we notice that the concentrations corre-
sponding to the previous velocities for a high shear rate of two
models decrease. On the other hand, for a very high viscosity, the
concentration of hemoglobin throughout the hump remains stable
at very important values for the two models of AAA with or with-
out a bifurcation. This increase can produce a blockage of blood
flow at this hump. On the one hand, for blood pressure Fig. 5, it
is almost the same situation for both models of AAA at low viscos-
ity. On the other hand, it is obviously important in the presence of
the bifurcated geometry of the aorta. We can conclude that when
the velocity is in the stage of acceleration Fig. 4, the pressure will
be strongly increasing (5). This phenomenon characterizes blood
modeled as Bingham fluid. This is shown in Fig. 5 for pressure in
case of a low shear rate of the AAA model with bifurcation. More-
over, this shows the great influence of decay of the viscosity and
thus the growth of concentration on pressure and velocity.
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