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In this article, we construct new specific conditions for the asymptotic stability (AS) and boundedness (B)
of solutions to nonlinear Volterra integro-differential equations (VIDEs) of first order with a constant
retardation. Our analysis is based on the successful construction of suitable Lyapunov-Krasovskii func-
tionals (LKFs). The results of this paper are new, and they improve and complete that can be found in
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1. Introduction

The Volterra integral equations (VIEs) and Volterra integro-
differential equations (VIDEs) appeared after their establishment
by Vito Volterra, in 1926. Thereafter they have wide applications
in sciences and engineering. Namely, these equations appeared in
many physical applications such as glass forming process, nano-
hydrodynamics, heat transfer, diffusion process in general, neutron
diffusion and biological species coexisting together with increasing
and decreasing rates of generating and wind ripple in the desert
(see Wazwaz (2011)). More details about the sources where these
equations arise can be found in physics, biology and engineering
applications books. In addition, for more details of some of such
applications, we referee the readers to the books of Burton
(2005) and Wazwaz (2011). By this way we mean that it is worth
and deserve to investigate properties of solutions of (VIDEs).

On the other hand, the important techniques used in the litera-
ture to search the qualitative behaviors (QBs) of paths of linear and
non-linear (VIEs), (IDEs), (VIDEs), and etc., without finding the
explicit solutions, are known as the second Lyapunov function(al)
method, perturbation theory, fixed point method, the variation of

Peer review under responsibility of King Saud University.

ELSEVIER Production and hosting by Elsevier

E-mail address: cemtunc@yahoo.com

http://dx.doi.org/10.1016/j.jksus.2017.05.003

constants formula and so on. In reality, we cannot find the analyt-
ical solutions of the equations mentioned, except very particular
cases, and some time it become impossible to find the solutions,
except numerically. Therefore it is an important need to use the
former methods during the investigations.

Particularly, in the last four decades, researchers have produced
a vast body of important results on the qualitative properties (QPs)
of (VIDEs) by using the methods mentioned. In fact, several quali-
tative properties (QPs) of solutions; stability (S), boundedness (B),
convergence (C), globally existence (GE) of solutions, etc., of differ-
ent and the same models of linear and nonlinear (VIDEs) have been
examined in the literature by many authors. For a comprehensive
review and some recent results of (VIEs) and (VIDEs), we refer the
reader to see (Atkinson, 1997; Becker, 2009; Brunner, 2004;
Burton, 1979; Burton, 1982; Burton, 2005; Costarelli and Spigler,
2014; Furumochi and Matsuoka, 1999; Graef and Tung, 2015;
Graef et al., 2016; Hara et al.,1990; Hritonenko and Yatsenko,
2013; Maleknejad and Najafi, 2011; Miller,1971; Morchalo, 1991;
Napoles Valdes, 2001; Raffoul, 2004; Raffoul, 2007; Raffoul,
2013; Staffans, 1988; Tung, 2016a,b,c; Tung, 2017a,b,c; Tunc and
Ahyan, 2017; Tun¢ and Mohammed, 2017ab; Tun¢ and
Mohammed, 2017c; Vanualailai and Nakagiri, 2003; Zhang, 2005;
Da Zhang, 1990 and the references therein). In that scientific
sources, the authors obtained many interesting and valuable
results on the (QPs) of specific (VIDEs). The mentioned authors
benefited from the Lyapunov functions (LFs) or (LKFs) and obtained
sufficient conditions which imply (S), (B), (C), etc. of solutions.

As renowned from this way, the following scientific works are
notable.

1018-3647/© 2017 The Author. Production and hosting by Elsevier B.V. on behalf of King Saud University.
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Morchalo (1991) considered the following scalar Volterra

integro-differential equation
t t
% {x(t) —/ D(t, s)x(s)ds} = t +/ C(t,s)x(s)ds (1)
0 0
with x(ty) = X0, where ty > 0, x € R, A(t) is a continuous function
for t €], ] =[0,00), and C(t,s) and D(t,s) are continuous functions
for0<s<t<co.
The author discussed the (B) of solutions of the (VIDE) (1) by
means of a Lyapunov function. The assumptions are constructed
in (Morchalo, 1991) are given below.

Assumptions A Morchalo, 1991. Let

/Dts

a(t,k) =A(t) + k/oc |C(u, t)|du +% /t |A(t)D(t,s) + C(t,s)|ds.
t 0

Z(t,x(t

and

It is assumed that the following assumption are true.

(M1) There are positive constants m and M such that
X < mZ(t,x)if|[x| <M,t €].] = [0,00).
(M2) There is a positive constant m; such that

|A(t)D(t,s)| < mq|C(t,s)|forall0 < s <

(M3) There is a positive constant b such that the following integral
is convergent;

t < oo.

<b < ocforallt €], x| <M

/ t |C(t,$)|Z% (s, x(s))ds
0

(M4) There is a positive constant c such that the following integral
is convergent;

/ / IC(t,5)|Z%(s,x(s))ds)dt < ¢ < oc.
(M5) There are positive constants a and k such that

a(t,k) < —a < Oforallt € J,

and

1
jmm1 -k=0

Theorem A Morchalo, 1991. Let assumptions (M1)-(M5) be hold
Then the solution x(t) = x(t, to,Xo) of (VIDE) (1) is f-bounded.

Besides, recently, Tunc¢ (2017) considered the (VIDE) without
delay of the form

%{x(t)—/o‘ D(t,s)x(s)ds} ——A(t)x(t)+/(; C(t,s)x(s)ds

+e(t,Xx) (2)

with x(to) = Xo, where to > 0, x € R, A(t) and e(t,x) are continuous
functions for t €], J =[0,00), and J x R, respectively, and C(t,s)
and D(t,s) are continuous functions for 0 < s < t < co. The author
investigated the (AS) and (B) of solutions of (VIDE) (2) by defining
new suitable Lyapunov functions.

In this paper, instead of (VIDEs) (1) and (2), we are concerned
with the (QPs) of solutions of nonlinear first order retarded (VIDEs)
equations of the form of

{ / b(t,s)g cls} —a(t)x(t)
+/.[ c(t,s)g(x(s))ds
+p(t,x(t), x(t — 0)) 3)

with x(to) = xo, where t — g > 0, 0 is a positive constant, x € R, a(t),
g(x) and p(t,x,x(t — o)) are continuous functions for te R,
R, =[0,00), on R, and R, x R x R, respectively, and b(t,s) and
c(t,s) are continuous functions for 0 < s <t < oc.

We assume throughout the paper that when we need x denotes
x(t), that is, x = x(t).

For any t, > 0 and initial function ¢ € C([to — 0,t0]), let
x(t) = x(t, to, ¢) denote the solution of (VIDE) (1) on [ty — 7, 00)
such that x(t) = ¢(t) on ¢ € C([to — T, to))-

Let Clto, t1] and Clto,c0) denote the set of all continuous real-
valued functions on [to, t;] and [to, o), respectively.

2. Stability and boundedness

Definition 2.1. Let f : ®, — R be a continuous and non-negative
function. The zero solution of

O [ besweds| <.yt =x @)
for t € |, is said to be
(A1) f— (S) if for given each ¢ > 0 and each t, > 0, there exists a
5 =90(etg) >0 such that ¢ € C[0, to],for all
te R, [l¢] < oand f(t) < o] = |y(t,to, d)| < &,
(A2) asymptotic f— (S) if it is f— (S) and
limly(t, to, )| = 0

for every |¢| < 6 and every f(t) — 0 as t — oo,

(A3) f— bounded if for every bounded function f: R, — R,
there exists a bounded solution y(t, to, ¢) of (4).

Assumptions A.
Let

1 t

ot ) = a(t) -5 \ (O)b(t,s) +c(t, s)|ds

_n / c(u+ 0, 0)ldu
t—o

(H1) There exist positive constants m; and m, such that

la(t)b(t,s)| < mqlc(t,s)|for0 <s <t < oo
and
g(x)| < my|x|forx € R.
(H2) There exist positive constants g, and k; such that
wy(t, ly) = kq > Oforallt € R..

Let p(t,x,x(t —0)) = 0.

Theorem 2.2. If assumptions (H1)-(H2) are true, then all solutions
of (VIDE) (3) are f-bounded.
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Proof. We define a (LKF) Vl(t) =Vi(t,x) by

V1:%[X* * b(t,s)g(x(s))ds] +#1/ /ti

t—o
+ 0,5)|dux’(s)ds, (5)
where the constant i, € R, i; > 0, and it is determined later in the

proof. O

We see from (5) that V;(t,0) =0 and V;(t,x) > 0 when x#O0.
From this reason, it can be followed that (LKF) V, is positive
definite.

By means of the (LKF) given in (5) and (VIDE) (3), a straightfor-
ward calculation implies that

/ b(t,s)g(x(s))ds]
XE[X_/, b(t,s)g(x(s))ds]

s [ |<u+ot>|du—ul/ c(£,5)b2(5)ds
ta

b(t,5)g(x(s))ds]

Jt-o

- -
<fan— [ clesixis)ds
e [ et a0t py [ s
= awe x| clt s

t

+a(t)x b(t S)g(x(s))ds
/ b(t,s)g(x(s))ds x / c(t,s)g(x(s))ds
+ X / [c(u+a,t)|du

- [ lele.s)s)as. (6)

We now consider the second and third terms in (6). Indeed, by the
hypotheses of Theorem 2.2 and the fact 2|ab| < a2 + b%, we have

t

b(t,s)g(x(s))ds

Jt-o

X /t c(t,s)g(x(s))ds + a(t)x

=x [ Ja(t)b(t,s) +c(t,s)|g(x(s))ds
< % t la(t)b(t,s) + c(t,s)|x*(t)ds
3 [ aobes) + e s

= /[:_ la(®)b(t,s) + c(t,s)|ds

oy [ jaon(es) + cle.9is)s
< %xz /[[ a(t)b(t,s) + c(t,s)|ds

3 [ (aon(es) + 5oy
< %xz [ la(t)b(t,s) + c(t,s)|ds

+ %m%(ml +1) /:0 |c(t,s)x*(s)ds. (7)

Then, by (6) and (7), a simple computation shows that

V) < —a(te + %xz /[t la®)b(t,s) + c(t, s)|ds
wymim + ) [ e

X /ta IC(u+ 0, t)|du — / (L, 5)[x2(s)ds

- [ Hfb(t,s)c(t,u)x(s)x(u)dsdu
= a0~y [ laon(es) + ot e

" / e+ 0.0)|dul

~l — ymom 1) [ sy

[ et opess

[ s wsinis s ®)
Let

1
Hy :imﬁ(ml +1)

/[ [ b(t,s)c(t,u)g(x(s))g(x(u))dsdu > 0

Then, by the assumption (H2), that is, w; (t, it;) = ki > 0, we obtain
-l t
2 Jio

+ [ /m lc(u + o, t)|dulx®* < —kix?
t—o

Vi< —[a(t) - la(t)b(t,s) + c(t,s)|ds]x>

so that V| (t,x(t)) < 0.
Integrating the inequality V' (t,x(t))
obtain

Vi (£,X(8)) < Vi(Eo,X(to)).

Hence, the proof is complete by observing that

2[x / b(t,s)x(s)ds] +,u1/ [7 C(u+ a,s)|dux’(s)ds
() < V(to,x(to)) = K1 > 0,Ky € R.

< 0 from to(> 0) to t, we

Corollary 2.3. If the assumptions of Theorem 2.2 hold, then the trivial
solution of (VIDE) (3) is (AS). In fact, V, = V1(t,x(t)) is positive
definite and we find V| = V) (t,x(t)) < —k;x?(t). This result guaran-
tees that all solutions of (VIDE) (3) are (f-AS) (since Vy is positive
definite and V', is negative definite).

Let p(t,x,x(t — 0))=0

and

ot ) = a(t) — yma(mi+ 1) [ e(t9)lds

~ 1t [ letw+ o.0idu—q(0) - 500 [ bie.s)ds
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Assumption B. (H3) There exist positive constants yu, and k; such
that

wy(t, 1) = ky > Oforallt € R,
and
Ip(t,x, x(t — 0))| < q(t)[x],

where q(t) is a non-negative and continuous function for all t € R,.

Theorem 2.4. If suppose that assumptions (H1) — (H3) are true, then
all solutions of (VIDE) (3) are f-bounded.

Proof. In the proof, we benefit from (LKF) V,(t) = V,(t,x(t))
defined by

B 1 t 2 t oo 5
Vy = 5 [x — /H b(t,s)g(x(s))ds] + u, /0 /HT |c(u + a,s)|dux”(s)ds,
9)

where p, € R, u, > 0, we specific it later in the proof. O

By the assumptions of Theorem 2.4, (8) and (VIDE) (3), it can be
easily obtained that
t

2/ la(
iy [ letu+ 0,0)dul
t—-o

V, < —[a(t) t)b(t,s) + c(t,s)|ds]x?

1ty — g mam 4 1) [ feles)s)ds

B t-o )

w [ s
+p(t,x,x(t — 0))xX

—p(t,x,x(t — 7)) t b(t,s)x(s)ds.

t—o

We consider the terms

p(t,x,x(t — 0))x — p(t,x,x(t — 7)) [ b(t,s)x(s)ds.

t-o
In view of the assumption (H3)
2lef| < |e]” + If)* we have

and the inequality
ot

p(t,x,x(t — 0))x — p(t,x,x(t — 7)) / b(t,s)x(s)ds.
t-o

< [p(t,x, X(t — 0))[1X|
+ Ip(t,x,x(t — 0))] /H |b(t, s)[|x(s)lds

< q(Ox* +q(0)lx] - |b(t,s)[1x(s)|ds

a0 4300 [ 1ble.91 )i

t

= a0 +5a0 [ peidsic

t—-o

+ %q(t) /[ |b(t,s)|x*(s)ds.

-0

Then

1/t

Vy<— {a(t) 2/ la(t)b(t,s) +c(t,s)|ds} x?

+ _,uz /m\c(u+a,t)|du+q(t)+%q(t) /t, Ib(t,s)|ds}x2

t—a

(= gmaom 4 1) [ fetes)sias

+ :%q(t)/m|b(t,s)\}x2(s)ds—u2/0 le(ts) (s)ds

<- {a(t)—%m%(ml +1)/ \c(t7s)|ds}x2

t-o

+ ,uz/ ‘\c(u+a,t)|du}x2
L Jt

—0

+lawregan [ pesias)e
|- gmaom 4 1) [ fetes)sias

+ :%q(t)/m|b(t,s)\}x2(s)ds

<~ [on(t)
- - gmami vy [

Jt-a

ces)+a) [ s} s
Let
W, >mi(m; +1)>0

such that

ot ot

c(t,5)h2(s)ds > q(t) /

t—-a

(1, f%mﬁ(m +1) / Ib(t,s)[x*(s)ds

Jt-o

Hence, we get
V) < —[ma(t, ;)% < 0.

By the integration of the estimate V5 (t) < 0 from zero ¢, to ¢, it
follows that

t 2
Vo= [ biesigxe)ds

t—-o

t 00
+Hz/ / |C(u + 0, s)|dux’(s)ds
0 Jt-o
= Vz(t'x(t)) < VZ(tO,X(tO)) = K2 > 071(2 c R.

This result guarantees the f-boundedness of solutions of (VIDE) (3)
considered.

3. Conclusion

We consider a specific kind of non-linear functional (VIDEs) of
first order with constant retardation. We investigate the (AS) and
(B) of solutions that (VIDEs) by the (LKFs) approach. The results
of this paper are new and they have a novelty and improve some
results can be found in the literature (Morchalo, 1991; Tung,
2017b).
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In addition, the results obtained here complement that results
can be found in the literature on (QPs) of solutions of (VIDEs) with-
out or with retardation (see the references of this paper and that in
the literature).

Finally, the improvement obtained in the present paper can
explained by the following details:

1% It is notable that when we compare (VIDE) (3) investigated
here with (VIDE) (1), which studied by Morchalo (1991), it fol-
lows that (VIDE) (1) is linear, however, (VIDE) (3) is non-linear,
and it has also a constant retardation. In addition, if we choose
p(t,x,x(t—0)) =0, gkx)=x, b(ts)=D(,s), c(ts)=C(t,s),
—a(t) = A(t), and take zero "0” instead of t — o, then (VIDE)(3)
reduces to (VIDE) (1). That is, (VIDE) (3) includes and improves
(VIDE) (1) from the linear case to the non-linear case and
retarded (VIDEs). The statements just mentioned show the
improvement obtained and one of the contribution of this work
to the relevant literature.

2% When we compare (VIDE) (3) considered in this paper with
(VIDE) (2), which studied by Tung (2017b), it can be seen that
(VIDE) (2) is linear provided that e(t,x) = 0, and it is without
retardation. However, (VIDE) (3) is non-linear, and it has also
a constant retardation. In addition, if we choose
p(t,x,x(t — a)) = e(t,x), g(x) = x,a(t) = A(t), and take zero "0"
instead of t — o, then (VIDE) (3) reduces to (VIDE) (2). This
information shows clearly the other improvement done by the
present paper and display clearly another contribution of the
present paper to the literature.

3% On the other hand, it is notable that the (LKF) makes neces-
sary to construct a suitable auxiliary functional which gives
meaningful result(s) for the problem under investigation.
Indeed, there is no general method for constructing such (LKFs)
in the literature. Moreover, the problem of Lyapunov- Krasovs-
kii characterization of (S), (AS) and (B) of nonlinear retarded
(VIDEs) with non-smooth (LKFs) has remained as an unsolved
problem in the related literature by present time, and hence
the need continued and is still maintaining for researchers ben-
efiting from that auxiliary functionals.

To arrive the aim of this paper, we construct a new suitable
(LKF), and by that auxiliary functional we discuss the (AS) and
(B) of solutions of (VIDE) (3).To the best of our information,
(AS) and (B) of retarded (VIDEs) of the form of (VIDE) (3) were
not discussed by this time in the literature. This paper may be
the first attempt in the literature on the topic for that kind of
retarded (VIDEs). The results established are also different from
that found in the literature (see, Atkinson, 1997; Becker, 2009;
Brunner, 2004; Burton, 1979, 1982, 2005; Costarelli and Spigler,
2014; Furumochi and Matsuoka, 1999; Graef and Tung, 2015;
Hara et al.,1990; Hritonenko and Yatsenko, 2013; Maleknejad
and Najafi, 2011; Miller,1971; Morchalo, 1991; Napoles
Valdes, 2001; Raffoul, 2004, 2007, 2013; Staffans, 1988; Tung,
2016a,b; Tung, 2017ab,c; Vanualailai and Nakagiri, 2003;
Zhang, 2005; Da Zhang, 1990 and the references therein). By
this way, we would like to mean that the retarded functional
(VIDEs) considered and the assumptions established here are
different from those currently can be found in the literature
and the references of this paper. The information just men-
tioned indicates the novelty and originality of the present
paper.

4% Finally, to the best of our knowledge the results of Morchalo
(1991) are not true in the general case. We would not like to
give here the details of that problems in Morchalo (1991). By
present work, we revise, correct and improve the results of
Morchalo (1991) for the scalar case, and we obtain the result
of Morchalo (1991) under more weaker conditions for the cases

of with and without retardation in (VIDE) (3). This case can be
seen when we compare assumptions (M1) — (M5) of Morchalo
(1991) with that assumptions (H1) — (H2) given above. In addi-
tion, we improve of the results of Tun¢ (2017b) from the situa-
tion without retardation to the more general situations with
retardation.

In view of all the information mentioned, it can be checked and
seen the new and novel properties of the present paper and the
improvement obtained in this paper.

Acknowledgement

The author of this paper would like to express his sincere appre-
ciation to the main editor and the anonymous referees for their
valuable comments and suggestions which have led to an improve-
ment in the presentation of the paper.

References

Atkinson, K.E., 1997. The numerical solution of integral equations of the second
kind. Cambridge Monographs on Applied and Computational Mathematics, 4.
Cambridge University Press, Cambridge.

Becker, L.B., 2009. Uniformly continuous L'~ solutions of Volterra equations and
global asymptotic stability. Cubo 11 (3), 1-24.

Brunner, H., 2004. Collocation methods for Volterra integral and related functional
differential equations. Cambridge Monographs on Applied and Computational
Mathematics, 15. Cambridge University Press, Cambridge.

Burton, T.A., 1979. Stability theory for Volterra equations. J. Differ. Equ. 32 (1), 101-
118.

Burton, T.A., 1982. Construction of Liapunov functionals for Volterra equations. J.
Math. Anal. Appl. 85 (1), 90-105.

Burton, T.A., 2005. Volterra integral and differential equations. . Second ed.
Mathematics in Science and Engineering Second ed. 202 Elsevier B.V.,
Amsterdam.

Costarelli, D., Spigler, R., 2014. A collocation method for solving nonlinear Volterra
integro-differential equations of neutral type by sigmoidal functions. ]. Integral
Equ. Appl. 26 (1), 15-52.

Furumochi, T., Matsuoka, S., 1999. Stability and boundedness in Volterra integro-
differential equations. Mem. Fac. Sci. Eng. Shimane Univ. Ser. B Math. Sci. 32,
25-40.

Graef, J.R., Tung, C., 2015. Continuability and boundedness of multi-delay functional
integro-differential equations of the second order. Rev. R. Acad. Cienc. Exactas
Fis. Nat. Ser. A Math. 109 (1), 169-173.

Graef, J., Tung, C., Sevgin, S., 2016. Behavior of solutions of nonlinear functional
Volterra integro-differential equations with multiple delays. Dyn. Syst. Appl. 25
(1-2), 39-46.

Hara, T., Yoneyama, T., Itoh, T., 1990. Asymptotic stability criteria for nonlinear
Volterra integro-differential equations. Funkcial. Ekvac. 33 (1), 39-57.

Hritonenko, N., Yatsenko, Y., 2013. Mathematical modeling in economics, ecology
and the environment. Second ed. of the 1999 original. Springer Optimization
and Its Applications, 88. Springer, New York, p. 2013.

Maleknejad, K., Najafi, E., 2011. Numerical solution of nonlinear Volterra integral
equations using the idea of quasilinearization. Commun. Nonlinear Sci. Numer.
Simul. 16 (1), 93-100.

Miller, RK., 1971. Asymptotic stability properties of linear Volterra integro-
differential equations. J. Differ. Equ. 10, 485-506.

Morchalo, J., 1991. Stability theory for Volterra equations. Zb. Rad. Prirod. Mat. Fak.
Ser. Mat. 21 (2), 175-183.

Napoles Valdes, J.E., 2001. A note on the boundedness of an integro-differential
equation. Quaest. Math. 24 (2), 213-216.

Raffoul, Y., 2004. Boundedness in nonlinear functional differential equations with
applications to Volterra integrodifferential equations. ]J. Integral Equ. Appl. 16
(4), 375-388.

Raffoul, Y., 2007. Construction of Lyapunov functionals in functional differential
equations with applications to exponential stability in Volterra integro-
differential equations. Aust. . Math. Anal. Appl. 4 (2), 13.

Raffoul, Y., 2013. Exponential stability and instability in finite delay nonlinear
Volterra integro-differential equations. Dyn. Contin. Discrete Impuls. Syst. Ser. A
Math. Anal. 20 (1), 95-106.

Staffans, 0.J., 1988. A direct Lyapunov approach to Volterra integro-differential
equations. SIAM ]. Math. Anal. 19 (4), 879-901.

Tung, C., 2016a. New stability and boundedness results to Volterra integro-
differential equations with delay. ]. Egypt. Math. Soc. 24 (2), 210-213.

Tung, C., 2016b. Properties of solutions to Volterra integro-differential equations
with delay. Appl. Math. Inf. Sci. 10 (5), 1775-1780.

Tung, C., 2016c. A note on the qualitative behaviors of non-linear Volterra integro-
differential equation. J. Egypt. Math. Soc. 24 (2), 187-192.


http://refhub.elsevier.com/S1018-3647(17)30242-2/h0005
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0005
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0005
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0010
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0010
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0010
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0015
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0015
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0015
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0020
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0020
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0025
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0025
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0030
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0030
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0030
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0035
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0035
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0035
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0040
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0040
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0040
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0045
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0045
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0045
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0050
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0050
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0050
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0050
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0055
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0055
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0060
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0060
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0060
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0065
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0065
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0065
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0070
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0070
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0075
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0075
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0080
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0080
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0085
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0085
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0085
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0090
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0090
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0090
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0095
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0095
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0095
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0100
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0100
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0105
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0105
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0110
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0110
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0115
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0115

536 C. Tung/Journal of King Saud University — Science 30 (2018) 531-536

Tung, C.,, 2017a. Qualitative properties in nonlinear Volterra integro-differential
equations with delay. J. Taibah Univ. Sci. 11, 309-314.

Tung, C., 2017b. On qualitative properties in Volterra integro-differential equations.
AIP Proc. 1798, (1), 9 020164.

Tung, C., 2017c. Stability and boundedness in Volterra-integro differential equations
with delays. Dyn. Syst. Appl. 26 (1), 121-130.

Tunc, C., Ahyan, T., 2017. Global existence and boundedness on a certain nonlinear
integro-differential equation of second order. Dyn. Contin. Discrete Impuls. Syst.
Ser. A Math. Anal. 24 (1), 69-77.

Tung, C., Mohammed, S.A., 2017a. On the stability and instability of functional
Volterra integro-differential equations of first order. Bull. Math. Anal. Appl. 9
(1), 151-160.

Tung, C., Mohammed, S.A., 2017b. New results on exponential stability of nonlinear
Volterra integro-differential equations with constant time-lag. Proyecciones (In
press).

Tung, C., Mohammed, S.A., 2017c. A remark on the stability and boundedness
criteria in retarded Volterra integro-differential equations. ]. Egypt. Math. Soc.
(In press)

Vanualailai, J., Nakagiri, S., 2003. Stability of a system of Volterra integro-differential
equations. J. Math. Anal. Appl. 281 (2), 602-619.

Zhang, B., 2005. Necessary and sufficient conditions for stability in Volterra
equations of non-convolution type. Dyn. Syst. Appl. 14 (3-4), 525-549.

Da Zhang, Z., 1990. Asymptotic stability of Volterra integro-differential equations. J.
Harbin Inst. Tech. 4, 11-19.

Wazwaz, A., 2011. Linear and Nonlinear Integral Equations. Methods and
Applications. Higher Education Press; Springer, Beijing; Heidelberg.


http://refhub.elsevier.com/S1018-3647(17)30242-2/h0120
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0120
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0125
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0125
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0130
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0130
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0135
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0135
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0135
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0140
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0140
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0140
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0145
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0145
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0145
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0150
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0150
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0150
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0155
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0155
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0160
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0160
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0165
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0165
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0170
http://refhub.elsevier.com/S1018-3647(17)30242-2/h0170

	Asymptotic stability and boundedness criteria for nonlinear retarded Volterra integro-differential equations
	1 Introduction
	2 Stability and boundedness
	3 Conclusion
	Acknowledgement
	References


