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In this study, we are interested in exploring the conformable space-time fractional mKdV equations via
hyperbolic function approach. A traveling wave transformation and the conformable derivative are used
to convert the nonlinear fractional differential equation into a nonlinear ordinary differential equation.
Then, the resulting equation is elucidated by utilizing the hyperbolic function approach through
Mathematica. A variety of soliton type solutions including, hyperbolic and trigonometric functions, is for-
mulated and the graphical representation for these solutions is given by using MATLAB.
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1. Introduction

The Korteweg-deVries (KdV), Boussinesq, Kadomtsev-
Petviashvili, and Whitham-Broer-Kaup (WBK) equations are the
well-known completely integrable models that describe the prop-
agation of shallow waDepartment of Mathematicster (Wadati,
1973; Ohkuma and Wadati, 1983; Ablowitz and Segur, 1981).
The adynamic of shallow water waves in various places like sea
beaches are governed bt the KdV and Boussinesq Equations
(Korteweg and de Vries, 1895; Yan and Zhang, 2001). The KdV
equation has an impact in modeling blood pressure pulses
(Schamel, 1973; Mousavian et al., 2011). Furthermore, Wazwaz
(Wazwaz, 2017) introduced the nonlinear modified KdV equations
of (3 + 1)-dimension and investigate their exact soliton and kink
solutions. In particular, Nuruddeen (Nuruddeen, 2018) has
explored the soliton solutions for the conformable space-time frac-
tional modified KdV equations of (3 + 1)-dimension.

There are various mathematical approaches to solve PDEs with
nonlinear characteristics or fractional derivatives. Some of the com-
monly used approaches are: The ansatz (Hosseini et al., 2018), mod-
ified simple equation (Jawad et al., 2010), the extended trial
equation (Mahmood et al., 2014), the first integral (Eslami, 2016),
ðG0
GÞ-expansion (Younis and Zafar, 2014), sine-Gordon expansion
(Hosseini et al., 2017). Furthermore, some other excellent works
like generalized Kudryashov method (Pandir et al., 2012), a modi-
fied form of Kudryashov and functional variable methods (Ayati
et al., 2017) have been done by different researchers. In Bekir
et al. (2014), Fan (2000) and Zhang (2007), the auxiliary equation,
the extended tanh-function, the improved tanð/ðgÞ2 Þ-expansion
methods and the exp function approach have been explored for dis-
crete and fractional order PDEs as well. Many more in several the-
oretical works about solitons and their applications (Seadawy,
2017; Khater et al., 2000; Khater et al., 2000; Khater et al., 2006;
Khater et al., 2006; Helal and Seadawy, 2009; Helal and Seadawy,
2011; Seadawy, 2011; Seadawy, 2012; Helal and Seadawy, 2012).
Moreover, the expa function method has been utilized to explore
the PDEs in (Ali and Hassan, 2010; Zafar, 2018; Seadawy and El-
Rashidy, 2016; Ul-Haq Tariq and Seadawy, 2017; Seadawy, 2017;
Seadawy, 2017; Seadawy and Manafian, 2018; Selima et al.,
2016). In particular, an efficient approach namely the hyperbolic
function approach has been studied in Xie et al. (2001), Bai
(2001), Hosseini et al. (2018) and Seadawy et al. (2018) to procure
exact solutions. One can observe that aforementioned approach
produces the soliton type and periodic function solutions of nonlin-
ear evolution equations. The study of fractional calculus has been
carried out in Samko et al. (1993) and Chung (2015).

This paper aims to explore the conformable space-time frac-
tional modified KdV equations of (3 + 1)-dimension for exact soli-
ton type solutions via hyperbolic function approach using
conformable derivative and the traveling wave transformation.
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The scheme of this paper is as follows: A brief description of the
conformable derivative and the hyperbolic function approach is
given in Section 2. Section 3 and 4 illustrate how to utilize this
approach for producing new solutions with their graphs. The latter
part summarizes results of the current study.

2. Conformable fractional derivative approach

We recall the conformable derivative with some of its proper-
ties (Khalil et al., 2014).

Defination 1 Suppose h : R>0 ! Rbe a function. Then, for all
t > 0,

Da
t ðpðtÞÞ ¼ lim

e!0

pðt þ et1�aÞ � pðtÞ
e

is known as a; 0 < a 6 1 order conformable fractional derivative of
p. The followings are some useful properties:

Da
t ðapþ bgÞ ¼ aDa

t ðpÞ þ bDa
t ðgÞ, for all a; b 2 R.

Da
t ðpgÞ ¼ pDa

t ðgÞ þ gDa
t ðpÞ

Let p : R>0 ! R be an a-differentiable function, g be a differen-
tiable function defined in the range of p.

Da
t ðp � gðtÞÞ ¼ t1�ag0ðtÞp0ðgðtÞÞ:

On the top of that, the following rules hold.

Da
t ðthÞ ¼ hth�a, for all h 2 R.

Da
t ðdÞ ¼ 0, where d is constant.

Da
t ðp=gÞ ¼ gDa

t ðpÞ�pDat ðgÞ
g2 .

Conjointly, if p is differentiable, then Da
t ðpðtÞÞ ¼ t1�a dpðtÞ

dt .

2.1. The hyperbolic function approach

The present subsection provides a transitory explanation of
hyperbolic function approach in engendering new exact solutions
to nonlinear conformable space-time fractional modified KdV
equations. For this purpose, suppose that we have a nonlinear con-
formable space-time FDE that can be presented in the form

Fðu;Dc
t u;D

c
xu;D

2c
tt u;D

2c
xx u; . . .Þ ¼ 0 ð1Þ

The FDE (1) can be changed into the following nonlinear ODE of
integer order

PðU;U0;U00; . . . ; Þ ¼ 0 ð2Þ
with the use of following wave variable

uðx; tÞ ¼ UðgÞ;g ¼ k
xc

c
þ r

yc

c
þ s

zc

c
� l

tc

c
; ð3Þ

where k; r; s and l are nonzero arbitrary constants.
Let us try to search a non-trivial solution to the Eq. (2) in the fol-

lowing form (Xie et al., 2001; Bai, 2001; Hosseini et al., 2018;
Seadawy et al., 2018)

UðgÞ ¼ A0 þ
XN

i¼1

sinhi�1ðqÞ½Bi sinhðqÞ þ Ai coshðqÞ� ð4Þ

whereq is some specific functions. By calculating the positive integer
N, setting the Eq. (4) in Eq. (2), and comparing coefficients, we will
find a set of nonlinear equations whose solution, finally provides
explicit exact solutions of the Eq. (1). It is worth mentioning that

using the separation of variables techniques on dq
dg ¼ sinhðqÞ, we find

sinhðqÞ ¼ �cschðgÞ; coshðqÞ ¼ � cothðgÞ and sinhðqÞ ¼ �ısechðgÞ;
coshðqÞ ¼ � tanhðgÞ. Accordingly, the solution (4) canbe rewritten as

UðgÞ ¼ A0 þ
XN

i¼1

ð�cschÞi�1ðgÞÞ½�BicschðgÞ � Ai cothðgÞ�;
and

UðgÞ ¼ A0 þ
XN

i¼1

ð�ısechÞi�1ðgÞ½�ıBisechðgÞ � Ai tanhðgÞ�:

Likewise, it is obvious that from dw
dg ¼ coshðqÞ, we find sinhðqÞ ¼

� cotðgÞ; coshðqÞ ¼ � cscðgÞ and sinhðqÞ ¼ tanðgÞ; coshðqÞ ¼
� secðgÞ. Accordingly, the solution (4) can be rewritten as

UðgÞ ¼ A0 þ
XN

i¼1

ð� cotÞi�1ðgÞ½�Bi cotðgÞ � Ai cscðgÞ�;

and

UðgÞ ¼ A0 þ
XN

i¼1

ðtani�1ÞðgÞ½Bi tanðgÞ � Ai secðgÞ�:

On similar lines one can see Xian-Lin and Jia-Shi (2008), the
extended sinh-Gordon equation expansion method based on the
sinh-Gordon equation, was proposed to construct hyperbolic,
trigonometric and Jacobi elliptic function solutions of nonlinear
evolution equations.

3. The conformable fractional (3 + 1)-dimensional mKdV
equation-I

Firstly, we consider the following space-time fractional mKdV
equation (Nuruddeen, 2018):

Dc
t uþ 6Dc

xu
3 þ u3c

xyz ¼ 0; 0 < c 6 1: ð5Þ
Using the transformation (3), and integrating once w.r.t. gwith zero
constant of integration, we get

� lU þ krsU00 þ 6kU3 ¼ 0: ð6Þ

The balance between U00 and U3 gives N ¼ 1, then the nontrivial
solution (4) reduces to:

UðgÞ ¼ B1 sinhðqÞ þ A1 coshðqÞ þ A0: ð7Þ
Case-I: dq

dg ¼ sinhðqÞ By inserting the above solution in reduced

equation Eq. (6) and equating the coefficients of each hyperbolic
function to zero, we procure a set of nonlinear algebraic equations
and its solution yields the following new exact solutions:

A0 ¼ 0;A1 ¼ � i
ffiffiffiffi
rs

p

2
ffiffiffi
3

p ;B1 ¼ � i
ffiffiffiffi
rs

p

2
ffiffiffi
3

p ; l ¼ �1
2
krs

u1;2ðgÞ ¼ � i
ffiffiffiffi
rs

p

2
ffiffiffi
3

p tanh
g
2

� �
ð8Þ

A0 ¼ 0;A1 ¼ � i
ffiffiffiffi
rs

p

2
ffiffiffi
3

p ;B1 ¼ � i
ffiffiffiffi
rs

p

2
ffiffiffi
3

p ; l ¼ �1
2
krs

u3;4ðgÞ ¼ � i
ffiffiffiffi
rs

p

2
ffiffiffi
3

p coth
g
2

� �
ð9Þ

where g ¼ k xc
c þ r yc

c þ s zc
c þ 1

2 krs
tc
c .

A0 ¼ 0;A1 ¼ 0;B1 ¼ � i
ffiffiffiffi
rs

p
ffiffiffi
3

p ; l ¼ krs

u5;6ðgÞ ¼ � i
ffiffiffiffi
rs

p
ffiffiffi
3

p cschðgÞ ð10Þ

A0 ¼ 0;A1 ¼ � i
ffiffiffiffi
rs

p
ffiffiffi
3

p ;B1 ¼ 0; l ¼ �2krs

u7;8ðgÞ ¼ � i
ffiffiffiffi
rs

p
ffiffiffi
3

p cothðgÞ ð11Þ

where g ¼ k xc
c þ r yc

c þ s zc
c � l tcc .
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Case-2: dq
dg ¼ coshðqÞ and N ¼ 1, (7), gives a set of nonlinear

algebraic equations and its solution yields the following exact
solutions:

A0 ¼ 0;A1 ¼ � i
ffiffiffiffi
rs

p

2
ffiffiffi
3

p ;B1 ¼ � i
ffiffiffiffi
rs

p

2
ffiffiffi
3

p ; l ¼ krs
2

u1;2ðgÞ ¼ � i
ffiffiffiffi
rs

p

2
ffiffiffi
3

p tan
g
2

� �
ð12Þ

A0 ¼ 0;A1 ¼ � i
ffiffiffiffi
rs

p

2
ffiffiffi
3

p ;B1 ¼ � i
ffiffiffiffi
rs

p

2
ffiffiffi
3

p ; l ¼ krs
2

u3;4ðgÞ ¼ � i
ffiffiffiffi
rs

p

2
ffiffiffi
3

p cot
g
2

� �
ð13Þ

where g ¼ k xc
c þ r yc

c þ s zc
c � krs

2
tc
c .

A0 ¼ 0;A1 ¼ 0;B1 ¼ � i
ffiffiffiffi
rs

p
ffiffiffi
3

p ; l ¼ 2krs

u5;6ðgÞ ¼ � i
ffiffiffiffi
rs

p
ffiffiffi
3

p cotðgÞ ð14Þ

A0 ¼ 0;A1 ¼ � i
ffiffiffiffi
rs

p
ffiffiffi
3

p ;B1 ¼ 0; l ¼ �krs

u7;8ðgÞ ¼ � i
ffiffiffiffi
rs

p
ffiffiffi
3

p cscðgÞ ð15Þ

where g ¼ k xc
c þ r yc

c þ s zc
c � l tcc .

3.1. The conformable fractional (3 + 1)-dimensional mKdV equation-II

The equation-II can be read as (Nuruddeen, 2018)

Dc
t uþ 6Dc

yu
3 þ u3c

xyz ¼ 0; 0 < c 6 1: ð16Þ
Using the transformation (3), and integrating once w.r.t. g, we get

� lU þ krsU00 þ 6rU3 ¼ 0: ð17Þ

Case-I: dq
dg ¼ sinhðqÞ Through balancing the terms U00 and U3, we

select N ¼ 1. Then, by inserting (7) in (17), and equating coeffi-
cients of hyperbolic functions to zero in the resulting equation, a
nonlinear algebraic set of equations is obtained and its solution
yields the following exact solutions to (16).

A0 ¼ 0;A1 ¼ � i
ffiffiffiffiffi
ks

p

2
ffiffiffi
3

p ;B1 ¼ � i
ffiffiffiffiffi
ks

p

2
ffiffiffi
3

p ; l ¼ �1
2
krs

u1;2ðgÞ ¼ � i
ffiffiffiffiffi
ks

p

2
ffiffiffi
3

p tanh
g
2

� �
ð18Þ

A0 ¼ 0;A1 ¼ � i
ffiffiffiffiffi
ks

p

2
ffiffiffi
3

p ;B1 ¼ � i
ffiffiffiffiffi
ks

p

2
ffiffiffi
3

p ; l ¼ �1
2
krs

u3;4ðgÞ ¼ � i
ffiffiffiffiffi
ks

p

2
ffiffiffi
3

p coth
g
2

� �
ð19Þ

where g ¼ k xc
c þ r yc

c þ s zc
c þ 1

2 krs
tc
c .

A0 ¼ 0;A1 ¼ 0;B1 ¼ � i
ffiffiffiffiffi
ks

p
ffiffiffi
3

p ; l ¼ krs

u5;6ðgÞ ¼ � i
ffiffiffiffiffi
ks

p
ffiffiffi
3

p cschðgÞ ð20Þ

A0 ¼ 0;A1 ¼ � i
ffiffiffiffiffi
ks

p
ffiffiffi
3

p ;B1 ¼ 0; l ¼ �2krs ð21Þ

u7;8ðgÞ ¼ � i
ffiffiffiffiffi
ks

p
ffiffiffi
3

p cothðgÞ ð22Þ

where g ¼ k xc
c þ r yc

c þ s zc
c � l tcc .
Case-2: By using dq
dg ¼ coshðqÞ and N ¼ 1 in (4), (7) yields a set of

nonlinear equations and its solution gives the following exact
solutions:

A0 ¼ 0;A1 ¼ � i
ffiffiffiffiffi
ks

p

2
ffiffiffi
3

p ;B1 ¼ � i
ffiffiffiffiffi
ks

p

2
ffiffiffi
3

p ; l ¼ krs
2

u1;2ðgÞ ¼ � i
ffiffiffiffiffi
ks

p

2
ffiffiffi
3

p tan
g
2

� �
ð23Þ

A0 ¼ 0;A1 ¼ � i
ffiffiffiffiffi
ks

p

2
ffiffiffi
3

p ;B1 ¼ � i
ffiffiffiffiffi
ks

p

2
ffiffiffi
3

p ; l ¼ krs
2

u3;4ðgÞ ¼ � i
ffiffiffiffiffi
ks

p

2
ffiffiffi
3

p cot
g
2

� �
ð24Þ

where g ¼ k xc
c þ r yc

c þ s zc
c � krs

2
tc
c .

A0 ¼ 0;A1 ¼ � i
ffiffiffiffiffi
ks

p
ffiffiffi
3

p ;B1 ¼ 0; l ¼ �krs

u5;6ðgÞ ¼ � i
ffiffiffiffiffi
ks

p
ffiffiffi
3

p cscðgÞ ð25Þ

A0 ¼ 0;A1 ¼ 0;B1 ¼ � i
ffiffiffiffiffi
ks

p
ffiffiffi
3

p ; l ¼ 2krs

u7;8ðgÞ ¼ � i
ffiffiffiffiffi
ks

p
ffiffiffi
3

p cotðgÞ ð26Þ

where g ¼ k xc
c þ r yc

c þ s zc
c � l t

c

c .

3.2. The conformable fractional ð3þ 1Þ-dimensional mKdV equation-III

In this section, the following conformable space–time fractional
mKdV equation (Nuruddeen, 2018), is going to be considered for
solutions.

Dc
t uþ 6Dc

zu
3 þ u3c

xyz ¼ 0; 0 < c 6 1: ð27Þ
Using the transformation (3), and integrating once w.r.t. gwith zero
constant of integration, we get

� lU þ krsU00 þ 6sU3 ¼ 0: ð28Þ

Case-I: dq
dg ¼ sinhðqÞ Through balancing the terms U00 and U3 we

select N ¼ 1, the non-trivial solution (7) and its derivatives in (28)
produce a set of nonlinear algebraic equations. Then the solution of
this set yields the following exact solutions for (27).

A0 ¼ 0;A1 ¼ � i
ffiffiffiffiffi
kr

p

2
ffiffiffi
3

p ;B1 ¼ � i
ffiffiffiffiffi
kr

p

2
ffiffiffi
3

p ; l ¼ �1
2
krs

u1;2ðgÞ ¼ � i
ffiffiffiffiffi
kr

p

2
ffiffiffi
3

p tanh
g
2

� �
ð29Þ

A0 ¼ 0;A1 ¼ � i
ffiffiffiffiffi
kr

p

2
ffiffiffi
3

p ;B1 ¼ � i
ffiffiffiffiffi
kr

p

2
ffiffiffi
3

p ; l ¼ �1
2
krs

u3;4ðgÞ ¼ � i
ffiffiffiffiffi
kr

p

2
ffiffiffi
3

p coth
g
2

� �
ð30Þ

A0 ¼ 0;A1 ¼ 0;B1 ¼ � i
ffiffiffiffiffi
kr

p
ffiffiffi
3

p ; l ¼ krs

u5;6ðgÞ ¼ � i
ffiffiffiffiffi
kr

p
ffiffiffi
3

p cschðgÞ ð31Þ

A0 ¼ 0;A1 ¼ � i
ffiffiffiffiffi
kr

p
ffiffiffi
3

p ;B1 ¼ 0; l ¼ �2krs

u7;8ðgÞ ¼ � i
ffiffiffiffiffi
kr

p
ffiffiffi
3

p cothðgÞ ð32Þ



Fig. 1. Solitary wave profile of u1;2 appears in Eq. (8).
Fig. 2. Solitary wave profile of u3;4 appears in Eq. (8).
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Fig. 3. Solitary wave profile of u1;2 appears in Eq. (12). Fig. 4. Solitary wave profile of u3;4 appears in Eq. (12).
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Case-2: dq
dg ¼ coshðqÞ and N ¼ 1 in (4), yield a set of nonlinear

equations and its solution yields the following exact solutions:

A0 ¼ 0;A1 ¼ � i
ffiffiffiffiffi
kr

p

2
ffiffiffi
3

p ;B1 ¼ � i
ffiffiffiffiffi
kr

p

2
ffiffiffi
3

p ; l ¼ krs
2

u1;2ðgÞ ¼ � i
ffiffiffiffiffi
kr

p

2
ffiffiffi
3

p tan
g
2

� �
ð33Þ

A0 ¼ 0;A1 ¼ � i
ffiffiffiffiffi
kr

p

2
ffiffiffi
3

p ;B1 ¼ � i
ffiffiffiffiffi
kr

p

2
ffiffiffi
3

p ; l ¼ krs
2

uðgÞ ¼ � i
ffiffiffiffiffi
kr

p

2
ffiffiffi
3

p cot
g
2

� �
ð34Þ

A0 ¼ 0;A1 ¼ 0;B1 ¼ � i
ffiffiffiffiffi
kr

p
ffiffiffi
3

p ; l ¼ 2krs

uðgÞ ¼ � i
ffiffiffiffiffi
kr

p
ffiffiffi
3

p cotðgÞ ð35Þ

A0 ¼ 0;A1 ¼ � i
ffiffiffiffiffi
kr

p
ffiffiffi
3

p ;B1 ¼ 0; l ¼ �krs

uðgÞ ¼ � i
ffiffiffiffiffi
kr

p
ffiffiffi
3

p cscðgÞ ð36Þ
3.3. Graphical representation of the solutions for Eq. (5)

The obtained solutions of Eq. (5) are graphed here for different
c-values corresponding to k ¼ 1 ¼ r, and s ¼ 3.

Case-I: The Figs. 1 and 2 reveal the two solutions given in Eq. (8)
of Eq. (5) for c ¼ 0:25;0:5;0:75 and 1 respectively.

Case-II: The Figs. 3 and 4 represent two solutions given in Eq.
(12) of Eq. (5) for c ¼ 0:25;0:5;0:75 and 1 respectively.

4. Conclusion

We investigated the exact soliton type solutions, different from
those reported in Nuruddeen (2018), for the space-time fractional
mKdV equations via hyperbolic function approach. For this pur-
pose, we utilized a wave transformation and the conformable
derivative to alter the nonlinear differential equation of fractional
order into some nonlinear ordinary differential equation. Then,
some real and complex valued solutions are calculated for three
types of space-time fractional mKdV equations with the aid of soft
computation in MATHEMATICA. Additionally, the graphs of some
solutions indicates the well-preserved shape and hight of initial
wave prorogations.
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