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Some algebraic structures are isomorphic to their substructures but it is not always true. Some times they
are isomorphic to their substructures with certain properties. Grinshpon et. al. investigated abelian
groups which are isomorphic to their subgroups with certain properties.This interesting fact motivates
us to investigate QTAG-modules which are isomorphic to their proper submodules with special condi-
tions. Here we study If~modules which are isomorphic to their fully invariant submodules. We define
admissible sequence of the Ulm-Kaplansky invariants to define If-module and investigate their properties.
© 2022 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open access
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1. Introduction

Some basic definitions used in this paper have also been used in
the works of one of the co-authors and these are presented as quo-
tations and referred appropriately here.

“All the rings R considered here are commutative with unity
and the modules M are unital QTAG-modules. An element x € M
is uniform, if xR is a nonzero uniform (hence uniserial) module
and for any R-module M with a unique decomposition series
d(M) denotes the decomposition length. For a uniform element x
in M,e(x) = d(xR) and Hy(x) = sup{d(yR/xR)| y € M,x € yR and y
uniform} are the exponent and height of x in M respectively.
Hy(M) denotes the submodule of M generated by the uniform ele-
ments of height at least k and M is h-divisible if M=

M' = ﬁ Hy(M) =H,(M) and h-reduced if it does not contain any
k=0

h-divisible submodule. In other words, if it is free from the ele-
ments of infinite height.” (Mehdi et al., 2014)
“A submodule N c M is said to be high if it is a complement of

M' ie M=N@M'. A submodule N of M is h-pure in M if
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Hy(N) = NUHM) for every k=0,1,2,...,00. The sum of all
simple submodule of M is called the socle of M and is denoted by
Soc(M).

A QTAG-module M is said to be separable if every finite set
{X1,X2,...,X,} C M, can be embedded in a direct summand K of
M, which is a direct sum of uniserial modules.

The set of modules {Hy(M)}, o, . forms a base for the neigh-
bourhood system of zero. This gives rise to a topology known as h-
topology. The closure of a submodule Nc M is defined as

N = f'o] (N + Hi(M)) and it is complete with respect to h-topology
k=0

if N=N and N is h-dense in M if N = M.

The cardinality of the minimal generating set of M is denoted by
g(M) and fing(M) is defined as the infimum of g(H(M)) for
k=0,1,2,..., 0. For all ordinal o, the a-th Ulm-Kaplansky invari-
ant of M, f),(0) is the cardinality of g(Soc(Hs(M))/Soc(Hg1(M))).

A submodule B of M is called a basic submodule of M, if B is a h-
pure submodule of M, B is a direct sum of uniserial modules (we
will abbreviated it as DSUM) and M/B is a direct sum of uniform
modules of infinite length i.e. M/B is h-divisible.” (Mehdi et al.,
2016).

By closed QTAG-module M, we mean those modules which do
not have any element of infinite height and has a limit in M for
every Cauchy sequence.[5].

“A submodule N of a QTAG module is fully invariant(character-
istic) submodule if every endomorphism(automorphism)f of M
maps N into N.

M is a HT-module if every homomorphism from M to N is small
whenever N is DSUM. Equivalently, M is a HT-module if and only if
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N D Soc(Hy(M)) for some k < &» whenever M/N is a DSUM (Mehdi
etal., 2015). A QTAG- module M is (w + n)- projective, if there exists
a submodule N c H"(M) such that M/N is a DSUM” (Mehdi et al.,
2006). The terminology is followed by Fuchs (1970) and Fuchs
(1973).

2. Main results

We investigate QTAG-modules that are isomorphic to their
direct summands/ h-pure submodules/fully invariant submodules.
Among the fully invariant submodules of QTAG-modules, large
submodules are very significant. In fact the fully invariant submod-
ules of a QTAG-module Mwhich are not bounded are said to be the
large submodules of M. Moreover if M is a QTAG-module which is
the direct sum of the modules of length i and let K be a submodule
of M, then K = H,,(M) where n; <i.If K=0thenn; =iand if K # 0
then n; = min{H(x)|x € K}.

We begin this section with some definitions as follows:

Definition 1. A QTAG-module is Ihp-module provided it is isomor-
phic to a proper h-pure submodule and it is an Id-module in case it
is isomorphic to its proper direct summand.

Remark 1. If a QTAG-module,M is h-reduced and also % is
finitely generated then M is not an Id-module.

Definition 2. A QTAG-module is said to be an If-module provided it
is isomorphic to a proper submodule which is fully invariant.

It is necessary to mention that if M; and M;,; are QTAG-modules
of lengths i and i+ j respectively and x € M; , y € M;; then there
exists a homomorphism f : M;—Mj,; such that f(x) = y if and only
if e(x) > e(y) and there exists a homomorphism f7 : M; ;j—M; such
that f1(y) = x if and only if H(x) > H(y).

To study If-modules we generalize a result of Benabdallah et al.
(1970) for QTAG-modules.

Theorem 1. Let M = P M;, where each M; is the DSUM of length i.
i
Then N is fully invariant submodule of M if and only if N = @ Hp, (M;)
i

wheren; < i, foreveryic Z* andn; < nj <n;+jforije z*. Afully
invariant submodule N is large in M if and only if N = @ Hy, (M), the
i

above conditions hold and the
3 -ns,..

sequence < 1-—nq,2—ny,
.. > is unbounded if M itself is not bounded.

Proof. Let N be a fully invariant submodule of M. Then
N=NNM=@M;"N) = PH,(M;) . Now n;<i for all iez*
and the first condition holds.

If N = 0, then Hy,,(M;) = O for every i, therefore n; = i for every i
and the second condition holds.

If N0, then a least positive integer k exists such that
H;, (My) #0. We claim that H,(M;)#0 for all i >k where
M; #0. Since  Soc(My) = Soc(Hy_1(My))CN implies that
Soc(Hy_1(M)) C Soc(N). Also Soc(M;) = Soc(Hy_1(M;)) for all i > k,
we have Soc<Mi>gNnMi:H"i ;) and the assertion follows.

Now suppose N # 0 and M; # 0 # M. If Hy;(M;,;) = 0 then
Hp, (M) =0and n; =i,n;; =i+ j=n; +j and the second condition
holds.

Therefore we assume that H,, ; (My,;) # 0. Consider x € M; such
that H(x) > n;. y € Hy;(My;) such that H(y) = n;,;. Now there
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exists an endomorphism f of M which maps y onto x. Hence x € N
and Hy,;(M;) C N N M; = Hy,(M;). Thus, n; < ni.

Now suppose Hy,(M;) = 0. Then n; =i so njj <i+j=n;+].

If Hy,(M;) # 0 and y € M;,; such that H(y) > n; +j. We may
choose xeM; such that H(x)=n;. Then e(x)=i-—n; and
ey) <i+j—(mi+j)=i-n.

Again there exists an endomorphism f of M with f(x) = y. Thus
yeN and we have Hy_(M;,;) CNnNM;; = Hy,; (M), therefore
N < N +J.

If M; # 0 M;.;, then n; < n; # n; +j but if M; =0, we may
define n; so that this inequality holds for all i. Thus all fully
invariant submodules of M are the direct sums of Hy,(M;). If Nis a
large submodule of M and M is unbounded, N is also unbounded.
Therefore <1 —-ny,2 —n3,3 —ns,..... > must be unbounded.

For the converse, suppose N = (PH,, (M;) where n; <i for all
iez" and n; < nyj < nj+j for all i,j € Z*. To establish the fully
invariance of N, we consider any i € Z* and x € Hy,, (M;). We have to
show that for any endomorphism f of M, f(x) € N.

Consider x =0, such that f(x)=2x;+X;+.....+X3 where
Xr € M, and H(x) < H(f(x)) = min(H(x)), 1 <k <l e(x) >
e(f(x))=max (e(xy)|1 <k <I). If k<i, then H(xy) > H(X) > n; so
Xk € Hy,(My) C Hp, (My), because n, < n;, hence x, e N. If k=i+j
then e(x) <e(x)<i—-m=i+j—(nj+j) <i+j—ny; because
Ni < M+ k. Thus x, € HOT9) (M) = Hy,., (M) CN.

This implies that N is a fully invariant submodule of M. If M is
unbounded and < 1-n4,2 —ny,3 —ns3,.... > is also unbounded,
then N is unbounded and is therefore a large submodule of M.

We are now able to generalize the result of Grinshpon and
Nikolskya (2014) for QTAG-modules along with some more results.

Theorem 2. A bounded QTAG-module can not be an If-module.

Proof. Let M be a bounded QTAG-module with H(x) < k for every

k
element x in M. Then M can be expressed as (P M; where each M;
i=1
is a DSUM of length i. If N is a fully invariant submodule of M, then
by Theorem 1, N =H, (M;) & Hy,(M3) & ... ® H, (M) such that
n<j,m<ny<nj+1 foralljleN.

If n,=0 then nM<n<..<n=0 implies
N=M;®M;®.....®M; =M, thus N is not a proper submodule
of M. With no loss of generality, we assume that n, > 1. Now
Hy, (M) is a direct sum of uniserial modules of length k — n, which
implies that no direct summand of N is a uniserial module of length
k. Therefore N is not isomorphic to M.

Lemma 1. Let M = @ M; be a QTAG-module. If N = @ N;, K = PK;

iel iel iel
such that N; and K; are the submodules of M;,Vi then N; = K; for all
icl

Proof. Let x; € N;. Then x;e N=PK; and we may write
Xi=Yn+Yp+...+Yyy where y; €Kj,j=1,2,...,k Since N; and
K; are the submodules of M;,x; € M;,y; € My and M is a direct
sum of M;’s, x; = y; for some j. In fact y; = x; and y; =0 if j # k.
Therefore x; € K; or N; C K;. Similarly K; C N; and N; = K; for all i.

Theorem 3. Consider a QTAG-module M = M; with each M; fully
invariant. M is an If-module if and only if there exists at least one
M; which is an If-module.
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Proof. Let us consider N as a proper submodule of M which is fully
invariant such that M ~N. Since N is fully invariant,
N = @(N nM;) = @N; where N; = NN M;. Let f : M—N be an iso-
morphism. Then f;, the restriction of fon M; is an endomorphism of
M;. For xeM,x=xi +...+Xi where x; e M; and we have

Fx) =fu(xn) + +f1k(xtk) Thus N = f(M) = @f, = PN; and

by Lemma 1, f;(M;) = N;. Since Ker(f) = O,Ker(f,) =0Viel and
each f; is also an isomorphism from M; onto N;. As
M # N,M; ~ Ny and My # N; for some il implying that M; is an
If-module.

Conversely, consider M =@PM; where each M; is a fully
invariant submodule of M. Let M;; be an If~-module for some iy € I.
Therefore there exists a submodule N;, of M;; which is proper and

invariant such that N; ~ M;,. Consider N = N;; & </@ Mj). Since
j2io

~ M;,, we have

Nj, # M;,,N is a proper submodule of M. As N,

N:Ni0 ) @MJ> :Mio D (/@M]> :@Mi =M ie N~ M. Now
=i j=io
consider an arbitrary endomorphism f of M and x € N. Now

X=X, +Yi +... Y where Yij € M, X;, € Ny, We

havef(x) = f (Xi, + i, + -+ ¥, ) =F (%) +f0) + .+ £ (3,)-
Since Mj's are fully invariantf(yij) € M;. Also N;; is fully invariant

in M;, which is fully invariant in M, thus f(x; ) € N;,. Now we have
f(x) € Nvx € N, therefore N is fully invariant in M. Since N is a
proper submodule of M with N ~ M, M is an If-module and we are
done.

For a QTAG-module M, the k""Ulm-Kaplansky invariant fuk) is
defined as the cardinality of the minimal generating set of
Soc(Hy (M) Soc(Hy(M))
SO:(CWW This can be expressed as f (k) = g<505(5w#m))) We
study If-modules in the light of Ulm-Kaplansky invariants. We start
with the following definition.

Definition 3. Let M be a separable QTAG-module. A strictly
increasing sequence of positive integers ig,iy,i2,...,in,... iS said
to be admissible for M if f,(k) = S5 (i), k < .

I

Theorem 4. Let M be an unbounded QTAG-module with M is a direct
sum of uniserial modules and all Ulm-Kaplansky invariants of M are
finite. Then M is not an If-module if and only if there exists only one
admissible sequence for M, consisting of all non negative numbers.

Proof. We may express M = @ M, where each M, is a DSUM of
keN

length k. Thus f},(i) = g(M;,1) for each i € Z*. Suppose M is not
an If-module which has an admissible sequence Iy, [;, ... different
from 0,1,2,.... Since the Ulm-Kaplansky invariants of M are finite
we have two cases. Either Iy % 0 or I =0 . If Iy # 0 consider the
submodule N of M such that

N=H;(My) ®Hy(M2) & ... ® Hy (Mjy11) © Hyp 1 (Mjp12) &

e Hy, (Mll) ®Hy, 1 (M’1+1) ®H, (M11+2) ®...®Hy, (Mlz)
&) le,z (M[2+1) D...PD Hiz (M[2+3) D...D H,‘3,3 (Mig) D...
In short we may say that N=H, (M) where

n=n,, =l-jn, =l—-j+m-1.Now Nis a proper submod-
ule of M. By Theorem 1, N is fully invariant in M. Since Ulm-
Kaplansky invariants of M and N are equal M ~ N because

Inm) = fy(m) + frullmn) + -+ fu(lmir = 1) = fu(m) for each
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m e 7. Therefore N~ M but N # M and thus M is an If-module.
This contradiction proves our assertion. If [ = 0, we have a least
natural number j such that [j; >j+1.Now lp =0,l; =1,...[; =j
and the admissible sequence has the form 0,1...j,[i4,l,...For
these sequences we may write

fu©0) = fu(0)

fuG=1= fu-1)
fu) = fu) +fuG+D+. +fuln = 1)
fuk)y =" fulle) + Fu(leaa) + -""fM(lkH_])

Now the sum of the right hand side of the last inequality con-
sists of more than one summand.
We consider

N= MioM;®...® M1 @ Hi(My,2) ®
Hii (M,M) SHy, (M,M + 1) ®

By Theorem 1, N is fully invariant submodule of M. Now

fN( )= fM( )
()= fu(1)
-1 = fu(-1)
@)= fu@)+ G+ D+ 4 fula - 1)
fnm) = ful) ) + ooyl = 1)1 >

These two set of equalities ensure that N ~ M. Since N # M, M is
an If-module, again a contradiction.
To prove it conversely, consider a fully invariant submodule N

of M. Now by Theorem 1, N=H, (M) such that
keN

n <k,np <ngy <n+1forall k1 eN.

Now fy(n) =g<@(an(M,<))>, where Hp, (M) is a DSUM of

neN
length (n+ 1).
Therefore

fn(m)

g(®Hn, (My)) where k —ny =n+1
> fulk—1) suchthat k—n —1=n

keN

Again by Theorem 1,
k+1)—m1—-1=2k+1)—(m+1)-1=k-—n—1
(k+1)—m 1 —-1<(k+1) - —1=(k-—n,—1)+1
On putting j, = rlzleil\?{k— 1k — ny — 1 = n}, we have.

Fr(m) =300 ()
If N ~ M, then fy(n) = fy(n) = 30" fy(j) for any n e z*,
Now the sequence ig,i1,...., i, .. is admissible for M, therefore

jn=n for any n. Since j, = r’nibgl{k — 1|k —n,—1=n} we have
KeE.

n, =0 for any k or M = N implying that M is not an If-module.
Hence proved.

The basic submodules of QTAG-modules are significant and we
prove the following:

Theorem 5. A separable QTAG-module M is not an If-module if its
basic submodule is not an If-module.

Proof. Let B be the basic submodule of the separable QTAG-module
such that B is not an If-module. Without loss of generality we
assume that M is h-reduced. If M is bounded then by Theorem 2,
M is not an If-module.
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Suppose M is unbounded If-module. Then there exists a proper
fully invariant submodule N of M such that N ~ M. Since M is h-
reduced, so there is no element whose height is infinite. N is
unbounded fully invariant submodule of M, therefore N N Bis a basic
submodule of N. If NnB = 0, then N is h-divisible because Y:£ is a
submodule of a h-divisible module. Since M is h-reduced, it is not
possible.

If NN B =B then N is a large submodule of M and B c N implies
N + B = N which is not possible as N is a proper submodule of M.
Now we may conclude that N C B is a proper submodule of M.
Since N ~ M, the basic submodule of M and N are isomorphic
(Mehdi and Khan, 1984) and NN B ~ B. As N is a large submodule
of M, N N B is a large submodule of B (Mehdi et al., 2014). Thus we
obtain that the basic submodule B of M has a proper fully invariant
submodule NnB, is isomorphic to B which is a contradiction
proving the result.

Theorem 6. Let M be a separable unbounded QTAG-module with
finite Ulm — Kaplansky invariants. Then it is not an If-module if there
exists only one admissible sequence for it consisting of all non negative
integers.

Proof. Let B be the basic submodule of a separable QTAG-module
with finite Ulm-Kaplansky invariants. Let 0,1,2... be the only
admissible sequence for M. We have to show that B is not an If-
module. Since B is a DSUM and f,(k) = fg(k), by Theorem 4, B is
not an If-module and the result follows.

Following is an immediate consequence of this result.

Corollary 1. An unbounded separable QTAG- module is not an If-
module if its Ulm — Kaplansky invariants are finite and form an
increasing sequence.

Proof. Let M be an unbounded separable QTAG-module. Suppose
the sequence of Ulm-Kaplansky invariants of M is increasing and
all the invariants are finite. Consider an admissible sequence
io,11,...,1; for M. Now

Full) = S8 g (i) = Fan(ie) + P+ 1) + -+ Far(ien = 1),
where k is an arbitrary non negative integer. Since the sequence
{fu(k)} is increasing, fy (k) = fu(ix) and i, = k for every k € Z*.
Therefore the admissible sequence io,iy,...,i, coincides with
0,1,2,... and by Theorem 6, M is not an If-module.

Mehdi and Khan (1984) studied closed modules which are sig-
nificant in the study of QTAG-modules. The following results high-
light the relation between If-modules and their basic submodules.

Theorem 7. A closed QTAG-module M is an If-module if and only if
its basic submodule B is an If-module.

Proof. Let M be a closed QTAG-module and B its basic submodule
which is an If-module. Now there exists a proper fully invariant
submodule N of B such that B~ N. Now N is a proper large sub-
module of B. This N can be extended to N/, a proper large submod-
ule of M such that N7nB = N. Now N is a basic submodule of N.
Since N is a large submodule of a closed module it is also closed.
Now M has a proper fully invariant submodule Nr such that the
basic submodule B of M is isomorphic to the basic submodule N
of Nr.

Now M and Ny, both are closed therefore M ~ Nr and M is an If-
module. The converse is trivial.
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Theorem 8. Let M be a closed QTAG-module with finite Ulm-
Kaplansky invariants. Then the following conditions are equivalent.

(i) M is not an If~module.

(i) No basic submodule of M is an If-module.

(iii) There exists only one admissible sequence for M consisting of
all nonnegative integers.

Proof. Theorem 7 ensures that (i) = (ii).

(if) = (iii). Let B be a basic submodule of M, and B is not an If-
module. If M is bounded then M = B. Otherwise M is unbounded
and B is also unbounded. Since f,,(k) = fz(k), by Theorem 4, we
have that M has only one admissible sequence of the form
0,1,2,...

(iii) = (i). If M is bounded then it is not an If-module by
Theorem 2. If M is unbounded for which there exists only one
admissible sequence of the form 0,1, 2,... then its basic submod-
ule has the same property. Therefore by Theorem 4, B is not an If-
module. Since (ii) and (i) are equivalent, M is not an If-module.

Following are the consequences of the above theorem.

Corollary 2. Let M be a closed QTAG-module with finite Ulm-
Kaplansky invariants. If for all nez',3keN such that
fu(m) =fy(m+k),M is an If-module.

Proof. Let M be a closed QTAG-module with finite Ulm-Kaplansky
invariants. Suppose there exists k< such that for all
neZ", fy(n)=fy(m+k). Then the sequence k,k+1,k+2,... is
admissible for this module and by Theorem 8, M is an If-module.

Corollary 3. Let M be a closed QTAG-module such that there exists a
m € N such that f\y(n) =m VY n € Z*, then M is an If-module.

Proof. Let M be a closed QTAG-module and f,(n) = m for every
nezZ" where m<w. Now fy(n)=fy(n+1)Vnez" and the
sequence {fy(n)},., is admissible for M. Therefore by Corollary
2., M is an If-module.
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