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In the present paper, an efficient modification the convergence parameter based on the Adomian
Decomposition Method (ADM) is proposed and investigated for a class of nonlinear evolution equations;
specifically, the Korteweg de Vries (KdV) equations. We show that the proposed analysis possesses
increased accuracy when compared to the standard ADM. Moreover, the optimal value of such a conver-
gence parameter is determined by minimizing the averaged residual error. For such a convergence
parameter value, an approximate solution is found to be closer to the available exact solution than the
corresponding approximate solution without a convergence parameter for the same number of solution
components. The approach proposed may be readily extended to other nonlinear differential and integral
equations.
� 2018 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

The well-known evolution equations that occur frequently in
mathematical physics and shallow water applications can be for-
mulated as

ut ¼
XM
m¼0

am
@mu
@xm

þ
XN
m¼0

bm
@mðukþ1Þ

@xm
þ C

@iþ1u
@xi@t

þ f x; tð Þ; ð1Þ

where f x; tð Þ is the homogeneous term function; C; am, bm real
constants; k and i natural numbers and MandN are nonnegative
integers. The exact solution of Eq. (1) is always very difficult to find
(Yusuf et al., 2018) which necessitates the study of its special cases
including the Korteweg de Vries (KdV) equation, the Benjamin–B
ona–Mahony equation (BBM), the Burger’s equation and the regu-
larized long-wave equation (RLWE) among others. The well-known
KdV equation reads
ut þ ruux þ u3x ¼ f ðx; tÞ; x 2 a; b½ �; t � 0; ð2Þ
where r is a constantmostly preferred 1 or 6 for solution descrip-

tion, see (Soliman and Abdou, 2008; Syam, 2005; Varley and
Seymour, 1998; Wazwaz, 1999; Wazwaz, 2001). Recently, the Ado-
mian decomposition method (ADM) (Adomian, 1983; Adomian,
1986; Adomian, 1988; Adomian, 1991; Adomian and Rach, 1992)
has been broadly used in treating a variety of mathematical prob-
lems mostly modeled in nonlinear differential and integral equa-
tions (Aly et al., 2012; AlQarni et al., 2016; Bakodah, 2012;
Bakodah, 2012; Bakodah et al., 2017; Bakodah et al., 2015;
Bakodah and Darwish, 2013; Bakodah et al., 2016; Banaja et al.,
2017; Bulut et al., 2013); see also (Sabi’u et al., 2018; Ebaid, 2011;
Ebaid et al., 2015; Duan and Rach, 2011; Duan et al., 2012; Duan,
2010; Inc et al., 2018; Nuruddeen et al., 2018; Qureshi and Ramos,
2018) for various modifications of the ADM and (Liao, 2010; Rach,
1987; Schiesser, 1994; Abdel-Gawad et al., 2018; Aliya et al., 2018;
Ansari et al., 2018; Yusuf et al., 2018; Zhang and Liang, 2016) for
othermethods for solving various evolution equations, respectively.
The main part of the ADM is generating the Adomian’s polynomials
An ¼ 1
n!

dn

dkn
N
Xn
i¼0

kiui

 !" #
k¼0

; n � 0; ð3Þ

with An denoting the Adomian’s polynomials of degree n for the
nonlinear term appearing in the considered equation while

http://crossmark.crossref.org/dialog/?doi=10.1016/j.jksus.2018.11.010&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://doi.org/10.1016/j.jksus.2018.11.010
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:muhammad975@hotmail.com
https://doi.org/10.1016/j.jksus.2018.11.010
http://www.sciencedirect.com/science/journal/10183647
http://www.sciencedirect.com


H.O. Bakodah et al. / Journal of King Saud University – Science 31 (2019) 1424–1430 1425
u ¼P1
i¼0uiðx; tÞ is the series solution converging to the exact one.

Furthermore, in the case of the Adomian’s polynomials for multi-
variable nonlinearities and differential nonlinearities, we have

An ¼ 1
n!

dn

dkn
N
Xn
i¼0

kiu1;i; � � � ;
Xn
i¼0

kium;i

 !" #
k¼0

; n � 0;

where N u1; � � � ;umð Þis the multivariable nonlinearity of m argu-
ments. Again, both the one and multivariable Adomian’s polynomi-
als can respectively be rapidly generated to high orders by
algorithms and Mathematica subroutines crafted by Duan (Inc
et al., 2018). Moreover, Zhang and Liang (2016) recently proposed
a new convergence parameter for the ADM that controls the
convergence-region and the rate of the optimal series solution.
However, the recent modification of the ADM based on Zhang
and Liang (2016) will be proposed in this paper for a class of evo-
lution equations, particularly the KdV equations. Some special test
problems of interest would be numerically analyzed by the pro-
posed scheme and provide the error estimate and analysis. The
extension of the domain of convergence which provides more
accurate approximations can be regarded as the main advantage
of the scheme.

2. Analysis of the standard ADM

Considering the linear operators

Lxm ¼ @m

@xm
andLt ¼ @

@t
;

Eq. (1) can be expressed as

Ltu ¼
XM
m¼0

amLxmuþ
XN
m¼0

bmLxmukþ1 þ CLtLxiuþ f x; tð Þ; ð4Þ

with L�1
t :ð Þ ¼ R t

0 :ð Þdt as the inversion operator of Lt :
Applying the above inversion operator coupled to initial

datau x;0ð Þ ¼ h xð Þ on Eq. (4), we obtain

u ¼ h xð Þ

þ L�1
t

XM
m¼0

amLxmuþ
XN
m¼0

bmLxmukþ1 þ CLtLxiuþ f x; tð Þ
 !

: ð5Þ

Thus, the standard ADM offers the following sequential recur-
sion solution of Eq. (1) by decomposing u x; tð Þ to infinite seriesP1

n¼0un x; tð Þ as
u0 x; tð Þ ¼ h xð Þ þ L�1

t f x; tð Þð Þ;

unþ1 x; tð Þ ¼ L�1
t

XM
m¼0

amLxmun þ
XN
m¼0

bmLxmAn þ CLtLxiun

 !
;n � 0; ð6Þ

where An;n � 0, are the Adomian polynomials (Adomian, 1983;
Adomian, 1986; Adomian, 1988; Adomian, 1991).

3. Analysis of the ADM with a convergence parameter

In this section, the concept of a convergence parameter Zhang
and Liang (2016) shall be applied to derive the general recursive
scheme of Eq. (1) and later demonstrate its application to solve
several special cases in the next section. To begin with, a
convergence-control parameter c and an artificial parameter �
are introduced to Eq. (4) which reads

Ltu ¼ ð�c þ �2 1� cð ÞÞ
XM
m¼0

amLxmuþ
XN
m¼0

bmLxmukþ1 þ CLtLxi u

 !

þ f ðx; tÞ: ð7Þ
One then set

uðx; tÞ ¼
X1
i¼0

v i x; t; cð Þ�i: ð8Þ

Applying the inversion operator L�1
t on Eq. (7) ; we get

u x;t;c;�ð Þ¼ �cþ�2 1�cð Þ� �
L�1
t

XM
m¼0

amLxmuþ
XN
m¼0

bmLxmukþ1þCLtLxi u

 !

þh xð ÞþL�1
t f x;tð Þ: ð9Þ

Now, putting Eq. (8) into Eq. (9) and bringing together the coef-
ficients of like-powers of�; we obtain the following recursive
scheme:

v0 x;t;cð Þ¼h xð ÞþL�1
t f x;tð Þ;v1 x;t;cð Þ

¼ cL�1
t

XM
m¼0

amLxmv0þ
XN
m¼0

bmLxmB0þCLtLxiv0

 !
;vn x;t;cð Þ

¼ cL�1
t

XM
m¼0

amLxmvn�1þ
XN
m¼0

bmLxmBn�1þCLtLxivn�1

 !

þð1�cÞL�1
t

XM
m¼0

amLxmvn�2þ
XN
m¼0

bmLxmBn�2þCLtLxivn�2

 !
;

n�2; ð10Þ
with Bn the Adomian’s polynomials to be computed using

Bn ¼ 1
n!

dn

d�n
N
Xn
i¼0

�iv iðx; t; cÞ
 !" #

�¼0

;n � 0:

When � = 1 in Eq. (8), the solution u x; tð Þ with convergence-
parameter c is presented by

u x; tð Þ ¼
X1
i¼0

v i x; t; cð Þ: ð11Þ

Then we calculate an nth-order approximation to the solution as

umþ1 x; t; cð Þ ¼
Xm
n¼0

vnðx; t; cÞ:

To extend the domain of convergence or rather obtain more
accurate approximations; the value of the parameter c is to be
determined using the discrete averaged square residual error
defined as (Nuruddeen et al., 2018)

Em x; t; cð Þ ¼ 1
k

Xk
i¼1

1
k

Xk
j¼1

F
Xm
k¼0

vnðjDx; iDt; cÞ
 !" #2

: ð12Þ

Further, the averaged residual error Em against the determined
value of c gives the optimal value of c when plotted. We will
demonstrate later that the new approach is easily implemented
on any symbolic software such as Maple or Mathematica. Also,
the optimal value of c is obtained via solving the differential
equation

@E x; t; cð Þ
@c

¼ 0:

Finally, it can be remarked that the optimal choice ofc could sig-
nificantly be improve the convergence region and rate of the series
solution. We show the effectiveness of the present approach by
investigating certain test KdV and coupled KdV systems.

4. Applications

The present section demonstrates the high-accuracy of pre-
sented method by considering certain KdV and coupled KdV sys-
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tems of type Eq. (1). We will present the numerical results based
on our method and demonstrate its accuracy by studying the abso-
lute error and the number of iterations involved.

Example 1. Consider the KdV equation with the given initial data:

ut � 6uux þ u3x ¼ 0; tj j < 1; ð13aÞ

u x;0ð Þ ¼ 1
6

x� 1ð Þ: ð13bÞ

Here, v0 x;0; cð Þ is selected as v0 x; t; cð Þ ¼ g x; tð Þ ¼ 1
6 x� 1ð Þ; and

consequently Eq. (10) leads to

v1 x; t; cð Þ ¼ c
Z t

0
½ðv0ðx; t; cÞÞ3x � aB0�dt;

v2 x; t; cð Þ ¼ c
Z t

0
½ðv1ðx; t; cÞÞ3x � aB1�dt þ 1� cð Þ

Z t

0
½ðv0ðx; t; cÞÞ3x

� aB0�dt:
Using the parameterized recursion scheme in Eq. (10) with the

appropriate Adomian polynomials yields the first several solution
components as

v1 x; tð Þ ¼ 1
6
ct �1þ xð Þ; ð14Þ

v2 x; tð Þ ¼ 1
6
t 1� c þ c2t
� � �1þ xð Þ; ð15Þ

v3 x; tð Þ ¼ 1
6
ct2 2� 2c þ c2t
� � �1þ xð Þ; ð16Þ

v4 x; tð Þ ¼ 1
6
t2 1� 2c � 3c2t þ c4t2 þ c2ð1þ 3tÞ� � �1þ xð Þ; ð17Þ

and so on. Substituting Eqs. (14)–(17) into Eq. (11) gives the
solutionuðx; tÞ, from which it can easily be verified that the closed
form solution when c ¼ 0 is in this form:
Table 1a
Absolute errors of the proposed method compared with absolute errors of the classical AD

x=t Present Standard ADM Present

0.2 0.5

0.1 0:0000360 0:0000600 0:0034728
0.2 0:0000320 0:0000533 0:0030869
0.3 0:0000280 0:0000466 0:0027011
0.4 0:0000240 0:0000400 0:0023152
0.5 0:0000200 0:0000333 0:0019293

Fig. 1. The residual errors at m = 1, 2, 3, 4, and 5.
u x; tð Þ ¼ 1
6
ðx� 1Þ
1� tð Þ ; tj j < 1; ð18Þ

Also, to validate the obtained solutions, the curves of the dis-
crete averaged square residual errors Em versus c are shown in
Fig. 1. This figure points out that the optimal value of c is
about1:3392966.

The results produced by the proposed method are overall more
accurate than the standard ADM, as shown in Table 1a.

The results in Table 1a reveal that the proposed approach is
more accurate than the standard ADM in most cases for the chosen
values for x and t (Fig. 2).

Remark. As shown in Table 1a, the numerical results of the
proposed method are closer to the values obtained from the
analytical solution. Moreover, as shown in Table 1b that the
error turned out to be smaller as the number of iterations
increased.
Example 2. To further illustrate the effectiveness of the proposed
method, two versions of the modified KdV (mKdV) equations are
considered:

(i) The first version is given by the following equation

ut þ 6u2ux þ u3x ¼ 0; ð19Þ
with the initial condition

u x;0ð Þ ¼ a� 4a
4a2x2 þ 1

; ð20Þ

where a is any real constant. On applying the analysis of the
previous example, the first several solution components are com-
puted as

v0 x; tð Þ ¼ a� 4a
1þ 4a2x2

;

v1 x; tð Þ ¼ � 192a5ctx

ð1þ 4a2x2Þ2
;

v2 x; tð Þ ¼ �192a5tðx� cxþ 36a4c2tx2 þ a2ð�3c2t � 4ð�1þ cÞx3ÞÞ
ð1þ 4a2x2Þ3

;

v3 x; tð Þ ¼ � 1

1þ 4a2x2ð Þ4
1152a7ct2 �1þ 8a2x2 þ 48a4x4

�
þ48a4c2tx �1þ 4a2x2

� �þ c 1� 8a2x2 � 48a4x4
� ��

;

and so on. The other calculated terms give the closed form solu-
tion when c = 0 as

u x; tð Þ ¼ a� 4a

ð4a2ðx� 6a2tÞ2 þ 1Þ
:

Fig. 3 gives the plots of the averaged residual errors Em against c
showing the optimal value of c around 1.001.
M, where t 2 f0;0:3; 0:5g and x 2 ½0:1; 0:5�, c ¼ 1:3392966.

Standard ADM Present Standard ADM

0.6

0:0093750 0:0002255 0:029160
0:0083333 0:0002004 0:025920
0:0072916 0:0001754 0:022679
0:0062500 0:0001503 0:019440
0:0052083 0:0001253 0:016199



Fig. 4. The plots of the exact, proposed method and the ADM solutions, respectively
at t ¼ 1:0.

Fig. 5. The residual errors at m = 1, 2, 3, and 4.

Fig. 2. The plots of the exact, proposed method and the ADM solutions, respectively at t = 0.1, 0.5 and 0.7.

Fig. 3. The residual errors at m = 1, 2, 3, and 4.

Table 1b
The absolute errors of the proposed method against the number of components at
x = 0.5.

n t ¼ 0:1 t ¼ 0:4

1 0:00260878 0:00808335
2 0:00076428 0:00482109
3 0:0000180 0:00411788
4 0:00003267 0:00152784
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The results produced by our method are put side by side with
those obtained by the standard ADM and listed in Table 2. The pro-
file of the solitary wave at t ¼ 0:5 is displayed in Fig. 4.

(ii) The second version of the mKdV equation has the traveling
wave solution with the initial data:

u x;0ð Þ ¼ ffiffiffi
a

p
sechðkþ ffiffiffi

a
p

xÞ; ð21Þ
with k constant and for a � 0.
Repeating the previous analysis, we have

v0 x; tð Þ ¼ ffiffiffi
a

p
Sechðkþ ffiffiffi

a
p

xÞ;

v1 x; tð Þ ¼ a2ctSechðkþ ffiffiffi
a

p
xÞTanhðkþ ffiffiffi

a
p

xÞ;

v2 x; tð Þ ¼ 1
4
a2tSechðkþ ffiffiffi

a
p

xÞ3 a3=2c2t �3þ Cosh 2 kþ ffiffiffi
a

p
x

� �� �� ��
�2 �1þ cð ÞSinh 2 kþ ffiffiffi

a
p

x
� �� ��

;

Table 2
Absolute errors of the proposed method compared with absolute errors of the classic ADM

x=t Present Standard ADM

0.3

0.1 1:554 � 10�15 9:436 � 10�16

0.2 1:998 � 10�15 7:771 � 10�16

0.3 2:276 � 10�15 7:216 � 10�16

0.4 2:498 � 10�15 7:216 � 10�16

0.5 2:831 � 10�15 4:996 � 10�16
v3 x; tð Þ ¼ 1
24

a7=2ct2Sechðkþ ffiffiffi
a

p
xÞ4 30 �1þ cð ÞCoshðkþ ffiffiffi

a
p

xÞ�
�6 �1þ cð ÞCosh 3 kþ ffiffiffi

a
p

x
� �� �þ a3=2c2t �23Sinh k½ð

þ ffiffiffi
a

p
x
�þ Sinh 3 kþ ffiffiffi

a
p

x
� �� ���

;

and so on. At c ¼ 0; the other calculated terms give the follow-
ing exact solution:

u x; tð Þ ¼ ffiffiffi
a

p
Sech kþ ffiffiffi

a
p

x� atð Þ� �
: ð22Þ
, where t 2 f0:3;0:5g and x 2 ½0:1;0:5�, c ¼ 1:0003.

Present Standard ADM

0.5

2:665 � 10�15 1:854 � 10�14

7:216 � 10�15 1:781 � 10�14

1:171 � 10�15 1:676 � 10�14

1:593 � 10�15 1:559 � 10�14

2:015 � 10�15 1:382 � 10�14



Table 3
Absolute errors of the present method compared with absolute errors of the classical ADM, where t 2 f0:3;0:5g and x 2 ½0:1;0:5�, c ¼ 1:0273.

x=t Present Standard ADM Present Standard ADM

0.3 0.5

0.1 6:418 � 10�10 1:744 � 10�9 4:241 � 10�9 3:851 � 10�8

0.2 5:807 � 10�10 1:578 � 10�9 3:835 � 10�9 3:485 � 10�8

0.3 5:254 � 10�10 1:428 � 10�9 3:469 � 10�9 3:154 � 10�8

0.4 4:754 � 10�10 1:293 � 10�9 3:137 � 10�9 2:854 � 10�8

0.5 4:301 � 10�10 1:170 � 10�9 2:838 � 10�9 2:582 � 10�8

Fig. 6. The plots of the exact, proposed method and the ADM solutions, respectively
at t = 1.0.

Fig. 7. The residual errors at m = 1, 2, 3, and 4.

1428 H.O. Bakodah et al. / Journal of King Saud University – Science 31 (2019) 1424–1430
Here also, Fig. 5 gives the plots of the averaged residual errors
Em against c showing the optimal value of c around 1.03.

The results derived by the present method are much better than
those obtained by the standard ADM as showed in Table 3. In addi-
tion, the profile of the solitary wave at time t ¼ 0:5 is compared in
Fig. 6.

Example 3. Consider the combined KdV–mKdV equation

ut þ r1uux þ r2u2ux þ u3x ¼ 0; ð23Þ
Table 4
Absolute errors of the proposed method compared with absolute errors of the classical AD

x=t Present Standard ADM

0.9

0.1 6:6613 � 10�7 0:00000104
0.2 5:9739 � 10�7 0:00000115
0.3 5:2864 � 10�7 0:00000126
0.4 6:207010�7 0:00000137
0.5 5:4336 � 10�7 0:00000148
where r1 and r2 are constants with the following initial data:

u x;0ð Þ ¼ aþ ccschðkxÞ; k ¼
ffiffiffi
b

p
;a ¼ � r1

2r2
andc ¼

ffiffiffiffiffiffiffiffi
6b
r2

:

s

We thus obtain the following solitary-wave solution iteratively
upon choice of r1 ¼ 1, r2 = 1, a ¼ 1 and b ¼ 0:0001 as follows:

u1 x;tð Þ¼2:449489�10�8ctSechð0:01xÞTanhð0:01xÞ
� �2499:99þ1:Sechð0:01xÞ2þ0:9999996Tanhð0:01xÞ2
� �

;

u2 x; tð Þ ¼ tSechð0:01xÞ 6:123724�10�14c2tSechð0:01xÞ6
�

�0:000061Tanhð0:01xÞ þ 2:44948�10�8 �2:44948�
� i

�10�8c
�
Tanhð0:01xÞ3 � 3:061862� 10�11c2tTanhð0:01xÞ4

þ 1:2247�10�14c2tTanhð0:01xÞ6

þ c2tSechð0:01xÞ4 �1:530931�10�10 � 1:592168
�

�10�13Tanhð0:01xÞ2
�
þ Sechð0:01xÞ2Tanhð0:01xÞ 2:44948ð

�10�8 þ1:2247448� 10�7cþ5:5113519

�10�10c2tTanhð0:01xÞ �2:08206� 10�13c2tTanhð0:01xÞ3
�

and so on. The other calculated terms give the closed form solu-
tion as

u x; tð Þ ¼ aþ cSech k xþ atð Þ½ �: ð23Þ
We illustrate the plots of the residual errors Em against c with

the optimal value of c approaches0:556 in Fig. 7.
The results obtained by the proposed scheme are in good con-

formity with that of the standard ADM, listed in Table 4. In addi-
tion, the profiles of the solitary wave at t ¼ 0:5and1:0 are
compared in Figs. 8 and 9.

Example 4. Here, the coupled mKdV equation is considered as

ut ¼ 3ðuvÞx � 3u2ux þ 1
2
uxxx þ 3

2
vxx � 3kux;

v t ¼ �3vvx � 3u2vx � uxxx � 3vx þ 3kvx; ð24Þ
with initial data
M, where t 2 f0:9;1:0g and x 2 ½0:1;0:5�, c ¼ 0:556.

Present Standard ADM

1.0

3:832 � 10�6 0:00000127
9:763 � 10�7 0:00000139
8:904 � 10�7 0:00000152
8:045 � 10�7 0:00000164
7:185 � 10�7 0:00000176



Fig. 8. The plots of the exact, proposed method and the ADM solutions, respectively
at t = 0.5.

Fig. 9. The plots of the exact, proposed method and the ADM solutions, respectively
at t = 1.0.

Fig. 10. The plots of the exact, proposed method and th

Fig. 11. The plots of the exact, proposed method and the
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u x;0ð Þ ¼ b1

2k
þ kTanhðkxÞ;

v x;0ð Þ ¼ k
2

1þ k
b1

	 

þ b1Tanh kxð Þ: ð25Þ

Eq. (24) becomes a generalized KdV equation for u ¼ 0 and the
mKdV equation forv ¼ 0, respectively. At this point, we may
choose b1 ¼ 1; k ¼ 1; k ¼ 1. Therefore using the recursive relation
in Eq. (10) and the Adomian’s polynomials in Eq. (11) gives the
solution components as follows:

u0 x; tð Þ ¼ 1
2
þ TanhðxÞ;

v0 x; tð Þ ¼ 1þ TanhðxÞ;

u1 x; tð Þ ¼ �1
4
ctSechðxÞ2;

v1 x; tð Þ ¼ �1
4
ctSechðxÞ2;

u2 x; tð Þ ¼ � 1
16

c2t2SechðxÞ2TanhðxÞ;

v2 x; tð Þ ¼ � 1
16

c2t2SechðxÞ2TanhðxÞ;

u3 x; tð Þ ¼ 1
2
þ TanhðxÞ � 1

16
ctSechðxÞ2 4þ ctTanhðxÞð Þ;

v3 x; tð Þ ¼ 1þ TanhðxÞ � 1
16

ctSechðxÞ2 4þ ctTanhðxÞð Þ;
e ADM solution, respectively at t = 0.0, 1.0 and 3.0.

ADM solution, respectively at t = 5.0, 7.0 and 10.0.
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and so on. The behavior of the two solutions given by the pre-
sented scheme and that of the ADM for certain values of time is
depicted and compared with the exact solutions in Figs. 10 and
11. Besides, the exact solutions of u x; tð Þ and v x; tð Þwere previously
given in (Schiesser, 1994) as

u x; tð Þ ¼ 1
2
þ Tanh xþ atð Þ; v x; tð Þ ¼ 1þ Tanh xþ atð Þ;

a ¼ 1
4

�4k2 � 6kþ 6kk
b1

þ 3b12

k2

 !
5. Conclusion

In conclusion, we have proposed a method based on the recent
modification of Adomian decomposition method (ADM) by Zhang
and Liang to numerically solve several evolution equations with
nonlinearities; particularly the Korteweg de Vries equations. This
modification depends on embedding a convergence parameter in
the Adomian components. The obtained approximate solutions
have been compared to the solutions of the classical AD with the
aid of the Mathematica software. The investigated examples show
that better accuracy was achieved by the proposed method when
compared with those by the ADM for the same number of solution
components. The proposed scheme should be considered for exten-
sion to other classes of partial differential equations arising in engi-
neering applications.
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