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Abstract We give a new method for numerically solving Abel integral equations of first kind. An

estimation for the error is obtained. The method is based on approximations of fractional integrals

and Caputo derivatives. Using trapezoidal rule and Computer Algebra SystemMaple, the exact and

approximation values of three Abel integral equations are found, illustrating the effectiveness of the

proposed approach.
ª 2014 The Authors. Production and hosting by Elsevier B.V. on behalf of King SaudUniversity. This is an

open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/3.0/).
1. Introduction

Consider the following generalized Abel integral equation of
first kind:

fðxÞ ¼
Z x

0

kðx; sÞgðsÞ
ðx� sÞa ds; 0 < a < 1; 0 6 x 6 b; ð1:1Þ
where g is the unknown function to be found, f is a well
behaved function, and k is the kernel. This equation is one
of the most famous equations that frequently appears in many
physical and engineering problems, like semi-conductors, heat

conduction, metallurgy and chemical reactions (Gorenflo,
1996; Gorenflo and Vessella, 1991). In experimental physics,
Abel’s integral equation of first kind (1.1) finds applications

in plasma diagnostics, physical electronics, nuclear physics,
optics and astrophysics (Knill et al., 1993; Kosarev, 1980).
To determine the radial distribution of the radiation intensity

of a cylinder discharge in plasma physics, for example, one

needs to solve an integral Eq. (1.1) with a ¼ 1
2
. Another exam-

ple of application appears when one describes velocity laws of

stellar winds (Knill et al., 1993). If kðx; sÞ ¼ 1
Cð1�aÞ, then (1.1) is

a fractional integral equation of order 1� a (Podlubny, 1999).

This problem is a generalization of the tautochrone problem of
the calculus of variations, and is related with the born of frac-
tional mechanics (Riewe, 1997). The literature on integrals and
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derivatives of fractional order is now vast and evolving (see,

e.g., Diethelm et al., 2005; Diethelm and Freed, 2002;
Tarasov, 2013; Tenreiro Machado et al., 2011; Wang et al.,
2011). The reader interested in the early literature, showing

that Abel’s integral equations may be solved with fractional
calculus, is referred to Gel’fand and Shilov (1964). For a con-
cise and recent discussion on the solutions of Abel’s integral
equations using fractional calculus see Li and Zhao (2013).

Many numerical methods for solving (1.1) have been devel-
oped over the past few years, such as product integration
methods (Baker, 1977; Baratella and Orsi, 2004), collocation

methods (Brunner, 2004), fractional multi step methods
(Lubich, 1985, 1986; Plato, 2005), backward Euler methods
(Baker, 1977), and methods based on wavelets (Lepik, 2009;

Saeedi et al., 2011a,b). Some semi analytic methods, like the
Adomian decomposition method, are also available, which
produce a series solution (Bougoffa et al., 2013). Unfortu-
nately, the Abel integral Eq. (1.1) is an ill-posed problem.

For kðx; sÞ ¼ 1
Cð1�aÞ, Gorenflo (1996) presented some numerical

methods based on fractional calculus, e.g., using the Grun-
wald–Letnikov difference approximation

Daf ’ h�a
Xn
r¼0
ð�1Þr

a

r

� �
fðx� rhÞ: ð1:2Þ

If f is sufficiently smooth and vanishes at x 6 0, then formula

(1.2) has an accuracy of order Oðh2Þ, otherwise it has an accu-
racy of order OðhÞ. On the other hand, Lubich (1985, 1986)
introduced a fractional multi-step method for the Abel integral

equation of first kind, and Plato (2005) considered fractional
multi-step methods for weakly singular integral equations of
first kind with a perturbed right-hand side. Liu and Tao
(2007) solved the fractional integral equation, transforming it

into an Abel integral equation of second kind. A method based
on Chebyshev polynomials is given in Avazzadeh et al. (2011).
Here we propose a method to solve an Abel integral equation

of first kind based on a numerical approximation of fractional
integrals and Caputo derivatives of a given function f belong-
ing to Cn½a; b� (see Theorem 4.2).

The structure of the paper is as follows. In Section 2 we
recall the necessary definitions of fractional integrals and
derivatives and explain some useful relations between them.
Section 3 reviews some numerical approximations for frac-

tional integrals and derivatives. The original results are then
given in Section 4, where we introduce our method to approx-
imate the solution of the Abel equation at the given nodes and

we obtain an upper bound for the error. In Section 5 some
examples are solved to illustrate the accuracy of the proposed
method.

2. Definitions, relations and properties of fractional operators

Fractional calculus is a classical area with many good books

available. We refer the reader to Malinowska and Torres
(2012) and Podlubny (1999).

Definition 2.1. Let a > 0 with n� 1 < a 6 n; n 2 N, and
a < x < b. The left and right Riemann–Liouville fractional

integrals of order a of a given function f are defined by

aJ
a
x fðxÞ ¼

1

CðaÞ

Z x

a

ðx� tÞa�1fðtÞdt
and

xJ
a
b fðxÞ ¼

1

CðaÞ

Z b

x

ðt� xÞa�1fðtÞdt;

respectively, where C is Euler’s gamma function, that is,

CðxÞ ¼
Z 1

0

tx�1e�tdt:

Definition 2.2. The left and right Riemann–Liouville fractional
derivatives of order a > 0, n� 1 < a 6 n; n 2 N, are defined by

aD
a
x fðxÞ ¼

1

Cðn� aÞ
dn

dxn

Z x

a

ðx� tÞn�a�1
fðtÞdt

and

xD
a
b fðxÞ ¼

ð�1Þn

Cðn� aÞ
dn

dxn

Z b

x

ðt� xÞn�a�1
fðtÞdt;

respectively.

Definition 2.3. The left and right Caputo fractional derivatives

of order a > 0, n� 1 < a 6 n; n 2 N, are defined by

C
a D

a

x fðxÞ ¼
1

Cðn� aÞ

Z x

a

ðx� tÞn�a�1
fðnÞðtÞdt

and

C
xD

a

b fðxÞ ¼
ð�1Þn

Cðn� aÞ

Z b

x

ðt� xÞn�a�1
fðnÞðtÞdt;

respectively.

Definition 2.4. Let a > 0. The Grunwald–Letnikov fractional

derivatives are defined by

DafðxÞ ¼ lim
h!0

h�a
X1
r¼0
ð�1Þr

a

r

� �
fðx� rhÞ

and

D�afðxÞ ¼ lim
h!0

ha
X1
r¼0

a

r

� �
fðx� rhÞ;

where

a

r

� �
¼ aðaþ 1Þðaþ 2Þ � � � ðaþ r� 1Þ

r!
:

Remark 2.5. The Caputo derivatives (Definition 2.3) have
some advantages over the Riemann–Liouville derivatives (Def-
inition 2.2). The most well known is related with the Laplace

transform method for solving fractional differential equations.
The Laplace transform of a Riemann–Liouville derivative
leads to boundary conditions containing the limit values of

the Riemann–Liouville fractional derivative at the lower termi-
nal x ¼ a. In spite of the fact that such problems can be solved
analytically, there is no physical interpretation for such a type
of boundary conditions. In contrast, the Laplace transform of

a Caputo derivative imposes boundary conditions involving
integer-order derivatives at x ¼ a, which usually are acceptable
physical conditions. Another advantage is that the Caputo

derivative of a constant function is zero, whereas for the Rie-
mann–Liouville it is not. For details see Sousa (2012).
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Remark 2.6. The Grunwald–Letnikov definition gives a gener-

alization of the ordinary discretization formulas for derivatives
with integer order. The series in Definition 2.4 converge abso-
lutely and uniformly for each a > 0 and for every bounded

function f. The discrete approximations derived from the
Grunwald–Letnikov fractional derivatives, e.g., (1.2), present
some limitations. First, they frequently originate unstable
numerical methods and henceforth usually a shifted Grun-

wald–Letnikov formula is used instead. Another disadvantage
is that the order of accuracy of such approximations is never
higher than one. For details see Baker (1977).

The following relations between Caputo and Riemann–
Liouville fractional derivatives hold Podlubny (1999):

C
a D

a

x f ðxÞ ¼ aD
a
x f ðxÞ �

Xn�1
k¼0

fðkÞðaÞ
Cðk� aþ 1Þ ðx� aÞk�a

and

C
xD

a

b f ðxÞ ¼ xD
a
b f ðxÞ �

Xn�1
k¼0

fðkÞðbÞ
Cðk� aþ 1Þ ðb� xÞk�a

:

Therefore, if f 2 Cn½a; b� and fðkÞðaÞ¼ 0; k¼ 0; 1; . . . ; n�1,
then

C
a D

a

x f ¼ aD
a
x f;

if f ðkÞðbÞ ¼ 0; k ¼ 0; 1; . . . ; n� 1, then

C
xD

a

b f ¼ xD
a
b f:

Other useful properties of fractional integrals and derivatives
are: all fractional operators are linear, that is, if L is an arbi-

trary fractional operator, then

Lðtfþ sgÞ ¼ tLð fÞ þ sLðgÞ

for all functions f; g 2 Cn½a; b� or f; g 2 Lpða; bÞ and t; s 2 R; if
a; b > 0, then

JaJb ¼ Jaþb; DaDb ¼ Daþb;

if f 2 L1ða; bÞ or f 2 Cn½a; b� and a > 0, then

C
a D

a

x aJ
a
x f ¼ f and C

xD
a

b xJ
a
b f ¼ f: ð2:1Þ

On the other hand, if f 2 Cn½a; b� and a > 0, then

aJ
a
x
C
a D

a

x
f ðxÞ ¼ f ðxÞ �

Xn�1
k¼0

f ðkÞðaÞ
k!
ðx� aÞk

and

xJ
a
b
C
xD

a

b fðxÞ ¼ fðxÞ �
Xn�1
k¼0

f ðkÞðbÞ
k!
ðb� xÞk:

From (2.1) it is seen that the Caputo fractional derivatives are
the inverse operators for the Riemann–Liouville fractional

integrals. This is the reason why we choose here to use the
Caputo fractional derivatives for solving Abel integral
equations.

3. Known numerical approximations to fractional operators

Diethelm (1997) (see also Diethelm and Freed, 2002, pp. 62–

63) uses the product trapezoidal rule with respect to the weight
function ðtk � �Þa�1 to approximate the Riemann–Liouville
fractional integrals. More precisely, the approximation
Z tk

t0

ðtk � uÞa�1fðuÞdu ’
Z tk

t0

ðtk � uÞa�1 efkðuÞdu;
where efk is the piecewise linear interpolator for f whose nodes
are chosen at tj ¼ jh; j ¼ 0; 1; . . . ; n and h ¼ b�a

n
, is considered.

Odibat (2006, 2009) uses a modified trapezoidal rule to
approximate the fractional integral 0J

a
x f ðxÞ (Theorem 3.1)

and the Caputo fractional derivative C
a D

a
x f ðxÞ (Theorem 3.2)

of order a > 0.

Theorem 3.1. [See Odibat, 2006, 2009] Let b > 0; a > 0, and
suppose that the interval ½0; b� is subdivided into k subintervals
½xj; xjþ1�; j ¼ 0; . . . ; k� 1, of equal distances h ¼ b

k by using the

nodes xj ¼ jh; j ¼ 0; 1; . . . ; k. Then the modified trapezoidal rule

Tðf;h;aÞ¼ ha

Cðaþ2Þððk�1Þaþ1�ðk�a�1ÞkaÞfð0Þþ fðbÞ

þ ha

Cðaþ2Þ
Xk�1
j¼1
ðk� jþ1Þaþ1�2ðk� jÞaþ1þðk� j�1Þaþ1
� �

fðxjÞ

is an approximation to the fractional integral 0J
a
xfjx¼b:

0J
a
xfjx¼b ¼ Tðf; h; aÞ � ETðf; h; aÞ:

Furthermore, if f 2 C2½0; b�, then

jETðf; h; aÞj 6 c0akf
00k1b

ah2 ¼ Oðh2Þ;

where c0a is a constant depending only on a.

The following theorem gives an algorithm to approximate
the Caputo fractional derivative of an arbitrary order a > 0.

Theorem 3.2. [See Odibat, 2006, 2009] Let b > 0; a > 0 with

n� 1 < a 6 n; n 2 N, and suppose that the interval ½0; b� is
subdivided into k subintervals ½xj; xjþ1�; j ¼ 0; . . . ; k� 1, of
equal distances h ¼ b

k by using the nodes xj ¼ jh; j ¼ 0; 1; . . . ; k.
Then the modified trapezoidal rule

Cðf;h;aÞ¼ hn�a

Cðnþ2�aÞ

"
ðk�1Þn�aþ1�ðk�nþa�1Þkn�a
� �

fðnÞð0Þ

þ f ðnÞðbÞþ
Xk�1
j¼1
ðk� jþ1Þn�aþ1�2ðk� jÞn�aþ1þðk� j�1Þn�aþ1
� �

fðnÞðxjÞ
#

is an approximation to the Caputo fractional derivative
C
0D

a
xfjx¼b:

C
0D

a

xfjx¼b ¼ Cðf; h; aÞ � ECðf; h; aÞ:

Furthermore, if f 2 Cnþ2½0; b�, then

jECðf; h; aÞj 6 c0n�akf
ðnþ2Þk1b

n�ah2 ¼ Oðh2Þ;

where c0n�a is a constant depending only on a.

In the next section we use Theorem 3.2 to find an approx-

imation solution to a generalized Abel integral equation. The
reader interested in other useful approximations for fractional
operators is referred to Pooseh et al., 2012; Pooseh et al., 2013;

Pooseh et al., 2014 and references therein.

4. Main results

Consider the following Abel integral equation of first kind:

fðxÞ ¼
Z x

0

gðtÞ
ðx� tÞa dt; 0 < a < 1; 0 6 x 6 b; ð4:1Þ
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where f 2 C1½a; b� is a given function satisfying fð0Þ ¼ 0 and g

is the unknown function we are looking for.

Theorem 4.1. The solution to problem (4.1) is

gðxÞ ¼ sinðapÞ
p

Z x

0

f 0ðtÞ
ðx� tÞ1�a dt: ð4:2Þ

Proof. According to Definition 2.1, we can write (4.1) in the

equivalent form

fðxÞ ¼ Cð1� aÞ 0J1�a
x gðxÞ:

Then, using (2.1), it follows that

C
0D

1�a

x fðxÞ ¼ Cð1� aÞgðxÞ: ð4:3Þ

Therefore,

gðxÞ ¼ 1

CðaÞCð1� aÞ

Z x

0

f 0ðtÞ
ðx� tÞ1�a dt

¼ sinðapÞ
p

Z x

0

f 0ðtÞ
ðx� tÞ1�a dt;

where we have used the identity p ¼ sinðapÞCðaÞCð1� aÞ.

Our next theorem gives an algorithm to approximate the
solution (4.2) to problem (4.1).

Theorem 4.2. Let 0 < x < b and suppose that the interval ½0; x�
is subdivided into k subintervals ½tj; tjþ1�; j ¼ 0; . . . ; k� 1, of
equal length h ¼ x

k by using the nodes tj ¼ jh; j ¼ 0; . . . ; k. An
approximate solution eg to the solution g of the Abel integral Eq.

(4.1) is given by

egðxÞ¼ ha

Cð1�aÞCð2þaÞ

"
ðk�1Þ1þa�ðk�1�aÞka
� �

f 0ð0Þ

þ f 0ðxÞþ
Xk�1
j¼1
ðk� jþ1Þ1þa�2ðk� jÞ1þaþðk� j�1Þ1þa
� �

f0ðtjÞ
#
:

ð4:4Þ
Moreover, if f 2 C3½0; x�, then gðxÞ ¼ egðxÞ � 1

Cð1�aÞEðxÞ with

jEðxÞj 6 c0akf
000k1xah2 ¼ Oðh2Þ;

where c0a is a constant depending only on a and kf000k1 ¼
maxt2½0;x�jf000ðtÞj.

Proof. We want to approximate the Caputo derivative in (4.3),

i.e., to approximate

gðxÞ ¼ 1

Cð1� aÞ
C
0D

1�a

x fðxÞ ¼ sinðapÞCðaÞ
p

C
0D

1�a

x fðxÞ:

If the Caputo fractional derivative of order 1� a for
f; 0 < a < 1, is calculated at collocation nodes tj;
Table 1 Approximated values egðxiÞ (4.4) to the solution (5.2) of (5

xi k ¼ 1 k ¼ 10 k ¼
0.1 0.2154319668 0.2152921762 0.2

0.2 0.3267280013 0.3258941876 0.3

0.3 0.4300194238 0.4275954299 0.4
j ¼ 0; . . . ; k, then the result is a direct consequence of

Theorem 3.2. h
5. Illustrative examples

We exemplify the approximation method given by Theorem 4.2
with three Abel integral equations whose exact solutions are

found from Theorem 4.1. The computations were done with
the Computer Algebra System Maple. The complete code is
provided in Appendix.

Example 5.1. Consider the Abel integral equation

ex � 1 ¼
Z x

0

gðtÞ
ðx� tÞ1=2

dt: ð5:1Þ

The exact solution to (5.1) is given by Theorem 4.1:

gðxÞ ¼ exffiffiffi
p
p erfð

ffiffiffi
x
p
Þ; ð5:2Þ

where erfðxÞ is the error function, that is,

erfðxÞ ¼ 2ffiffiffi
p
p

Z x

0

e�t
2

dt:

In Table 1 we present the approximate values for gðxiÞ, xi ¼
0:1; 0:2; 0:3, obtained from Theorem 4.2 with k ¼ 1; 10; 100.

Example 5.2. Consider the following Abel integral equation of

first kind:

x ¼
Z x

0

gðtÞ
ðx� tÞ4=5

dt: ð5:3Þ

The exact solution (4.2) of (5.3) takes the form

gðxÞ ¼ 5

4

sin p
5

	 

p

x4=5: ð5:4Þ

We can see the numerical approximations of gðxiÞ, xi ¼
0:4; 0:5; 0:6, obtained from Theorem 4.2 with k ¼ 1; 10 in
Table 2.

Example 5.3. Consider now the Abel integral equation

x7=6 ¼
Z x

0

gðtÞ
ðx� tÞ1=3

dt: ð5:5Þ

Theorem 4.2 asserts that

gðxÞ ¼ 7
ffiffiffi
3
p

12p

Z x

0

t1=6

x� tð Þ2=3
dt: ð5:6Þ

The numerical approximations of gðxiÞ; xi ¼ 0:6; 0:7; 0:8,
obtained from Theorem 4.2 with k ¼ 10; 100; 1000, are given
in Table 3.
.1) obtained from Theorem 4.2 with k ¼ 1; 10; 100.

100 Exact solution (5.2) Error Dk¼100

152904646 0.2152905021 3:75� 10�8

258841023 0.3258840762 2:61� 10�8

275658716 0.4275656575 2:14� 10�7



Table 3 Approximated values egðxiÞ (4.4) to the solution (5.6) of (5.5) obtained from Theorem 4.2 with k ¼ 10; 100; 1000.

xi k ¼ 10 k ¼ 100 k ¼ 1000 Exact solution (5.6) Error Dk¼1000

0.6 0.6921182258 0.6981839386 0.6985886509 0.6986144912 0.0000258403

0.7 0.7475731262 0.7541248475 0.7545620072 0.7545898940 0.0000278868

0.8 0.7991892838 0.8061933689 0.8066606797 0.8066905286 0.0000298489

Table 2 Approximated values egðxiÞ (4.4) to the solution (5.4) of (5.3) obtained from Theorem 4.2 with k ¼ 1; 10.

xi k ¼ 1 k ¼ 10 Exact solution (5.4) Error Dk¼10

0.4 0.1123639036 0.1123639036 0.1123639037 1� 10�10

0.5 0.1343243751 0.1343243751 0.1343243752 1� 10�10

0.6 0.1554174667 0.1554174668 0.1554174668 6 10�11
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> # Solution given by Theorem 4.1

> g :¼ (f, alpha, x) -> sin(alpha*Pi)*(int((diff(f(t), t

> # Approximation given by Theorem 4.2

> gtilde :¼ (f, alpha, h, k, x) -> h
�
alpha

*(((k-1)
�
(1+alpha)-(k-1-alpha)*k

�
alpha)

*(D(f))(0)+(D(f))(x)+sum(((k-j+1)
�
(1+alph

+(k-j-1)
�
(1+alpha))*(D(f))(j*h), j = 1 .. k-1

/(GAMMA(1-alpha)*GAMMA(2+alpha)):

> # Example 5.1

> f1 :¼ x -> exp(x)-1:

> g(f1, 1/2, x);

erf
ffiffiffi
x
p
ð Þexffiffiffi

p
p

> ExactValues1 :¼ evalf([g(f1,1/2,0.1), g(f1,1/2,0.2), g(

½0:2152905021; 0:3258840762; 0:4275656

> ApproximateValues1 :¼ k -> evalf([gtilde(f1, 1/2, 0.1/

gtilde(f1, 1/2, 0.2/k, k, 0.

gtilde(f1, 1/2, 0.3/k, k, 0.

> ApproximateValues1(1);

½0:2154319668; 0:3267280013; 0:4300194

> ApproximateValues1(10);

½0:2152921762; 0:3258941876; 0:4275954

> ApproximateValues1(100);

½0:2152904646; 0:3258841023; 0:4275658
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Appendix A. Maple code for examples of Section 5

We provide here all the definitions and computations done in
Maple for the problems considered in Section 5. The definitions
follow closely the notations introduced along the paper, and

should be clear even for readers not familiar with the Com-
puter Algebra System Maple.
))/(x-t)
�
(1-alpha), t = 0..x))/Pi:

a)-2*(k-j)
�
(1+alpha)

))

f1,1/2,0.3)]);

575�

k, k, 0.1),

2),

3)]):

238�

299�

716�



> # Example 5.2

> f2 :¼ x -> x:

> g(f2, 4/5, x);

5

4

sin 1
5
p

	 

x4=5

p

> ExactValues2 :¼ evalf([g(f2,4/5,0.4), g(f2, 4/5, 0.5), g(f2, 4/5, 0.6)]);

½0:1123639037; 0:1343243752; 0:1554174668�

> ApproximateValues2 :¼ k -> evalf([gtilde(f2, 4/5, 0.4/k, k, 0.4),

gtilde(f2, 4/5, 0.5/k, k, 0.5),

gtilde(f2, 4/5, 0.6/k, k, 0.6)]):

> ApproximateValues2(1);

½0:1123639036; 0:1343243751; 0:1554174667�

> ApproximateValues2(10);

½0:1123639036; 0:1343243751; 0:1554174668�

> # Example 5.3

> f3 :¼ x -> x
�
(7/6):

> g(f3, 1/3, x);

1

2

ffiffiffi
3
p R x

0
7
6

t1=6

x�tð Þ2=3
dt

p

> ExactValues3 :¼ evalf([g(f3,1/3,0.6), g(f3,1/3,0.7), g(f3,1/3,0.8)]);

½0:6986144912; 0:7545898940; 0:8066905286�

> ApproximateValues3 :¼ k -> evalf([gtilde(f3, 1/3, 0.6/k, k, 0.6),

gtilde(f3, 1/3, 0.7/k, k, 0.7),

gtilde(f3, 1/3, 0.8/k, k, 0.8)]):

> ApproximateValues3(1);

½0:5605130027; 0:6054232384; 0:6472246667�

> ApproximateValues3(10);

½0:6921182258; 0:7475731262; 0:7991892838�

> ApproximateValues3(100);

½0:6981839386; 0:7541248475; 0:8061933689�

> ApproximateValues3(1000);

½0:6985886509; 0:7545620072; 0:8066606797�
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