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Abstract In this paper, we consider a non-instantaneous impulsive system represented by second

order nonlinear differential equation with deviated argument in a Banach space X. We used the

strongly continuous cosine family of linear operators and Banach fixed point method to study

the existence and uniqueness of the solution of the non-instantaneous impulsive system. Also, we

study the existence and uniqueness of the solution of the nonlocal problem and stability of the

non-instantaneous impulsive system. Finally, we give examples to illustrate the application of these

abstract results.
� 2016 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is

an open access article under theCCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

The dynamics of many evolving processes are subject to abrupt

changes, such as shocks, harvesting and natural disaster. These
phenomena involve short term perturbations from continuous
and smooth dynamics, whose duration is negligible in compar-

ison with the duration of an entire evolution. Sometimes time
abrupt changes may stay for time intervals such impulses are
called non-instantaneous impulses. The importance of the
study of non-instantaneous impulsive differential equations

lies in its diverse fields of applications such as in the theory
of stage by stage rocket combustion, maintaining hemodynam-
ical equilibrium etc. A very well known application of non-

instantaneous impulses is the introduction of insulin in the
bloodstream which is abrupt change and the consequent
absorption which is a gradual process as it remains active for

a finite interval of time. The theory of impulsive differential
equations has found enormous applications in realistic mathe-
matical modeling of a wide range of practical situations. It has

emerged as an important area of research such as modeling of
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impulsive problems in physics, population dynamics, ecology,
biological systems, biotechnology and so forth.

Recently, Hernández and O’Regan (2013) studied mild and

classical solutions for the impulsive differential equation with
non-instantaneous impulses which is of the form

x0ðtÞ ¼ AxðtÞ þ fðt; xðtÞÞ; t 2 ðsi; tiþ1� i ¼ 0; 1; . . . ;m;

xðtÞ ¼ giðt; xðtÞÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m;

xð0Þ ¼ x0 2 X

8><
>:

ð1:1Þ
In Wang and Fečkan (2015) have a remark on the condi-

tions in Eq. (1.1):

xðtÞ ¼ giðt; xðtÞÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m; ð1:2Þ
where gi 2 Cð½ti; si� � X;XÞ and there are positive constants
Lgi ; i ¼ 1; . . . ;m such that

kgiðt; x1Þ � giðt; x2Þk 6 Lgikx1 � x2k; 8x1; x2 2 X; t 2 ½ti; si�

It follows from Theorem 2.1 in Hernández and O’Regan

(2013) that maxfLgi : i ¼ 1; . . . ;mg < 1 is a necessary condi-

tion. Then Banach fixed point theorem gives a unique
zi 2 Cð½ti; si�;XÞ so that z ¼ giðt; zÞ if and only if z ¼ ziðtÞ. So
Eq. (1.2) is equivalent to

xðtÞ ¼ ziðtÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m; ð1:3Þ
which does not depend on the state xð:Þ. Thus, it is necessary to
modify Eq. (1.2) and consider the condition

xðtÞ ¼ giðt; xðt�i ÞÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m: ð1:4Þ
Of course then xðtþi Þ ¼ giðti; xðt�i ÞÞ; i ¼ 1; 2; . . . ;m. The

symbols xðtþi Þ :¼ lim�!0þxðti þ �Þ and xðt�i Þ :¼ lim�!0�xðti þ �Þ
represent the right and left limits of xðtÞ at t¼ ti respectively.
Motivated by above remark, Wang and Fečkan Wang and

Fečkan, 2015 have shown existence, uniqueness and stability
of solutions of such general class of impulsive differential
equations.

In this paper, we continue in this direction to study the sec-
ond order nonlinear differential equation with non-
instantaneous impulses and deviated argument in a Banach
space X

x00ðtÞ ¼ AxðtÞ þ fðt; xðtÞ; x½hðxðtÞ; tÞ�Þ;
t 2 ðsi; tiþ1Þ; i ¼ 0; 1; . . . ;m;

xðtÞ ¼ J1i ðt; xðt�i ÞÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m;

x0ðtÞ ¼ J2i ðt; xðt�i ÞÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m;

xð0Þ ¼ x0; x0ð0Þ ¼ y0;

8>>>>>><
>>>>>>:

ð1:5Þ

where xðtÞ be a state function, 0 ¼ s0 ¼ t0 < t1 < s1 < t2; . . . ;
tm < sm < tmþ1 ¼ T < 1. We consider in Eq. (1.5) that
x 2 Cððti; tiþ1�;XÞ; i ¼ 0; 1; . . . ;m and there exist xðt�i Þ and

xðtþi Þ; i ¼ 1; 2; . . . ;m with xðt�i Þ ¼ xðtiÞ. The functions

J1i ðt; xðt�i ÞÞ and J2i ðt; xðt�i ÞÞ represent noninstantaneous

impulses during the intervals ðti; si�; i ¼ 1; 2; . . . ;m, so impulses
at t�i have some duration, namely on intervals ðti; si�. A is the

infinitesimal generator of a strongly continuous cosine family

of bounded linear operators ðCðtÞÞt2R on X. J1i ; J
2
i ; h and f

are suitable functions and they will be specified later.
Many partial differential equations that arise in several prob-

lems connected with the transverse motion of an extensible
beam, the vibration of hinged bars, and many other physical
phenomena can be formulated as the second order abstract dif-
ferential equations in the infinite dimensional spaces. A useful
tool for the study of second-order abstract differential equations

is the theory of strongly continuous cosine families of operators.
Existence and uniqueness of the solution of second-order non-
linear systems and controllability of these systems in Banach

spaces have been investigated extensively by many authors
(Chalishajar, 2009; Pandey et al., 2014; Acharya, 2013; Arthi
and Balachandran, 2014; Sakthivel et al., 2009).

In certain real world problems, delay depends not only on
the time but also on the unknown quantity. The differential
equations with deviated arguments are generalization of delay
differential equations. Gal (2007) has considered a nonlinear

abstract differential equation with deviated arguments and
studied the existence and uniqueness of solutions. Recently,
Muslim et al. (2016) studied exact and trajectory controllabil-

ity of second order impulsive nonlinear systems with deviated
argument. There are only few papers discussing the second
order differential equations with deviated arguments in infinite

dimensional spaces. As per my knowledge, there is no paper
discussing the existence, uniqueness and stability of the mild
solution of the second order differential equation with non-

instantaneous impulses and deviated argument in Banach
space. In order to fill this gap, we consider a nonlinear second
order differential equation with deviated argument. Moreover,
the study of second order differential equations with nonin-

stantaneous impulses has not only mathematical significance
but also it has applications such as harmonic oscillator with
impulses and forced string equation, which we present in

examples.

2. Preliminaries and assumptions

We briefly review definitions and some useful properties of the
theory of cosine family.

Definition 2.1 (see, Travis and Webb, 1978). A one parameter
family ðCðtÞÞt2R of bounded linear operators mapping the

Banach space X into itself is called a strongly continuous
cosine family if and only if

(i) Cðsþ tÞ þ Cðs� tÞ ¼ 2CðsÞCðtÞ for all s; t 2 R,
(ii) Cð0Þ ¼ I ,
(iii) CðtÞx is continuous in t on R for each fixed point x 2 X .

ðSðtÞÞt2R: is the sine function associated to the strongly

continuous cosine family, ðCðtÞÞt2R: which is defined by

SðtÞx ¼
Z t

0

CðsÞxds; x 2 X; t 2 R:

DðAÞ be the domain of the operator A which is defined by

DðAÞ ¼ fx2X :CðtÞx is twice continuously differentiable in tg:

DðAÞ is the Banach space endowed with the graph norm
kxkA ¼ kxk þ kAxk for all x 2 DðAÞ. We define a set

E ¼ fx 2 X : CðtÞx is once continuously differentiable in tg
which is a Banach space endowed with norm
kxkE ¼ kxk þ sup06t61kASðtÞxk for all x 2 E.
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With the help of CðtÞ and SðtÞ, we define a operator valued

function

�hðtÞ ¼ CðtÞ SðtÞ
ASðtÞ CðtÞ

� �
:

Operator valued function �hðtÞ is a strongly continuous
group of bounded linear operators on the space E� X gener-
ated by the operator

A ¼ 0 I

A 0

� �

defined on DðAÞ � E. It follows that ASðtÞ : E ! X is a

bounded linear operator and that ASðtÞx ! 0 as t ! 0, for
each x 2 E. If x : ½0;1Þ ! X is locally integrable function then

yðtÞ ¼
Z t

0

Sðt� sÞxðsÞds

defines an E valued continuous function which is a conse-
quence of the fact thatZ t

0

�hðt� sÞ 0

xðsÞ
� �

ds ¼
R t

0
Sðt� sÞxðsÞdsR t

0
Cðt� sÞxðsÞds

" #

defines an ðE� XÞ valued continuous function.

Propostion 2.1 (see, Travis and Webb, 1978). Let ðCðtÞÞt2R be

a strongly continuous cosine family in X. The following are

true:

(i) there exist constants K P 1 and x P 0 such that

jCðtÞj 6 Kexjtj for all t 2 R.

(ii) jSðt2Þ � Sðt1Þj 6 Kj R t2
t1
exjsjdsj for all t1; t2 2 R.

Formoredetails on cosine family theory,we refer toFattorini
(1985), Travis et al. (1977) and Travis andWebb (1978).

Let PCð½0;T�;XÞ be the space of piecewise continuous
functions.

PCð½0; T�; XÞ ¼ fx : J ¼ ½0; T� ! X : x 2 Cððtk; tkþ1�; XÞ;
k¼ 0;1; . . . ;m and there exist xðt�k Þ and xðtþk Þ; k¼ 1;2; . . . ;m

with xðt�k Þ ¼ xðtkÞ}. It can be seen easily that PCð½0;T�;XÞ for
all t 2 ½0;T�, is a Banach space endowed with the supremum
norm,

kwkPCB :¼ supfkwðgÞke�Xg; 0 6 g 6 tg
for some X > 0. We set, CLðJ;XÞ ¼ fy 2 PCð½0;T�;XÞ :
kyðtÞ � yðsÞk 6 Ljt� sj; 8 t; s 2 ½0;T�g, where L is a suitable
positive constant. Clearly CLðJ;XÞ is a Banach space endowed
with PCB norm.

In order to prove the existence, uniqueness and stability of
the solution for the problem Eq. (1.5), we need the following
assumptions:

(A1) A be the infinitesimal generator of a strongly continuous
cosine family, ðCðtÞÞt2R: of bounded linear operators.

(A2) f : J 1 � X � X ! X , J 1 ¼
Sm

i¼0½si; tiþ1� is a continuous

function and there exists a positive constant K1 such that

kfðt; x1; y1Þ � fðt; x2; y2Þk 6 K1ðkx1 � x2k þ ky1 � y2kÞ
for every x1; x2; y1; y2 2 X, t 2 J1. Also there exists a

positive constant N such that kfðt; x; yÞk 6
N; 8 t 2 J1 and x; y 2 X.
(A3) h : X � J 1 ! J is continuous and there exists a positive

constant Lh such that

jhðx1; sÞ � hðx2; sÞj 6 Lhkx1 � x2k; 8x1; x2 2 X; t 2 J1
and it holds hð:; 0Þ ¼ 0.
(A4) J l
i 2 CðI i � X ;X Þ, I i ¼ ½ti; si� and there are positive con-

stants LJli
; i ¼ 1; 2; . . . ;m; l ¼ 1; 2, such that

kJliðt; x1Þ � Jliðs; x2Þk 6 LJl
i
ðjt� sj þ kx1 � x2kÞ;

8 t; s 2 Ii and x1; x2 2 X:
(A5) There exist positive constants CJ1i
andCJ2i

; i¼ 1;2; . . . ;m

such that

kJ1i ðt; xÞk 6 CJ1
i
and kJ2i ðt; xÞk 6 CJ2

i
; 8 t 2 Ii and x 2 X:
In the following definition, we introduce the concept of
mild solution for the problem Eq. (1.5).

Definition 2.2. A function x 2 CLðJ;XÞ is called a mild solu-
tion of the impulsive problem Eq. (1.5) if it satisfies the follow-

ing relations:

xð0Þ ¼ x0; x
0ð0Þ ¼ y0;

the non-instantaneous impulse conditions xðtÞ ¼ J1i ðt; xðt�i ÞÞ;
t 2 ðti; si�; i ¼ 1; 2; . . . ;m; x0ðtÞ ¼ J2i ðt; xðt�i ÞÞ; t 2 ðti; si�;
i ¼ 1; 2; . . . ;m and xðtÞ is the solution of the following integral

equations

xðtÞ ¼ CðtÞx0 þ SðtÞy0 þ
Z t

0

Sðt� sÞfðs; xðsÞ; x½hðxðsÞ; sÞ�Þds;
t 2 ½0; t1�;

xðtÞ ¼ Cðt� siÞðJ1i ðsi; xðt�i ÞÞÞ þ Sðt� siÞðJ2i ðsi; xðt�i ÞÞÞ

þ
Z t

si

Sðt� sÞfðs; xðsÞ; x½hðxðsÞ; sÞ�Þds;

t 2 ½si; tiþ1�; i ¼ 1; 2; . . . ;m:
3. Existence and uniqueness result

Theorem 3.1. Let x0 2 DðAÞ; y0 2 E. If all the assumptions
(A1)-(A5) are satisfied, then the second order problem Eq.
(1.5) has a unique mild solution x 2 CLðJ;XÞ.

Proof. Since ASðtÞ is a bounded linear operator therefore, we

set q ¼ supt2JkASðtÞk. For more details on kASðtÞk, we refer
(Pandey et al., 2014; Sakthivel et al., 2009; Hernández and
McKibben, 2005). By choosing

d ¼ max
16i6m

KexTCJ1
i
þ KTexTCJ2

i
þNKT

x
exT

� �
e�Xsi ;

�

KexTkx0k þ KTexTky0k þ
NKT

x
exT e�XtiCJ1

i

�
;

we set
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W ¼ fx 2 CLðJ;XÞ : kxkPCB 6 dg:
We define a map F : W ! W given by

ðFxÞðtÞ ¼ J1i t;Cðti � si�1ÞðJ1i ðsi�1; xðt�i�1ÞÞÞ
�

þ Sðti � si�1ÞðJ2i ðsi�1; xðt�i�1ÞÞÞ

þ
Z ti

si�1

Sðti � sÞfðs; xðsÞ; x½hðxðsÞ; sÞ�ÞdsÞ;

t 2 ðti; si� i ¼ 1; 2; . . . ;m;

ðFxÞðtÞ ¼ CðtÞx0 þ SðtÞy0
þ
Z t

0

Sðt� sÞfðs; xðsÞ; x½hðxðsÞ; sÞ�Þds; t 2 ½0; t1�;

ðFxÞðtÞ ¼ Cðt� siÞðJ1i ðsi; xðt�i ÞÞÞ þ Sðt� siÞðJ2i ðsi; xðt�i ÞÞÞ

þ
Z t

si

Sðt� sÞfðs; xðsÞ; x½hðxðsÞ; sÞ�Þds;

t 2 ðsi; tiþ1� i ¼ 1; 2; . . . ;m:

First, we need to show that Fx 2 CLðJ;XÞ for any

x 2 CLðJ;XÞ and some L > 0. If tiþ1 P ~t2 > ~t1 > si, then we
get

jðFxÞð~t2Þ � ðFxÞð~t1Þk 6 kðCð~t2 � siÞ � Cð~t1 � siÞÞðJ1i ðsi; xðt�i ÞÞÞk
þkðSð~t2 � siÞ � Sð~t1 � siÞÞðJ2i ðsi; xðt�i ÞÞÞk
þN

R ~t1
si
kðSð~t2 � sÞ � Sð~t1 � sÞÞkds

þN
R ~t2
~t1
kSð~t2 � sÞkds

6 I1 þ I2 þ I3 þ I4:

ð3:1Þ
We have,

I1 ¼ kðCð~t2 � siÞ � Cð~t1 � siÞÞðJ1i ðsi; xðt�i ÞÞÞk
¼ k R ~t2�si

~t1�si
ASðsÞðJ1i ðsi; xðt�i ÞÞÞdsk

6 C1ð~t2 � ~t1Þ;
ð3:2Þ

where C1 ¼ qCJ1
i
.

Similarlly, we have

I2 ¼ kðSð~t2 � siÞ � Sð~t1 � siÞÞðJ2i ðsi; xðt�i ÞÞÞk
¼ kK R ~t2�si

~t1�si
exsðJ2i ðsi; xðt�i ÞÞÞdsk

6 C2ð~t2 � ~t1Þ;
ð3:3Þ

where C2 ¼ Kextiþ1CJ2
i
.

Similarly, we calculate third and fourth parts of inequality
Eq. (3.1) as follows

I3 ¼ N
R ~t1
si
kðSð~t2 � sÞ � Sð~t1 � sÞÞkds

6 N
R ~t1
si
kK R ~t2�s

~t1�s
exsdskds

6 C3ð~t2 � ~t1Þ;
ð3:4Þ

where C3 ¼ KNtiþ1e
xtiþ1 and

I4 ¼ N

Z ~t2

~t1

kSð~t2 � sÞkds 6 C4ð~t2 � �t1Þ; ð3:5Þ

where C4 ¼ KNtiþ1e
xtiþ1 .

We use the inequalities Eqs. (3.2)–(3.5) in inequality Eq.

(3.1) and get the following inequality
kðFxÞð~t2Þ � ðFxÞð~t1Þk 6 Lj~t2 � ~t1j; ð3:6Þ
where L P C1 þ C2 þ C3 þ C4.

If t1 P ~t2 > ~t1 P 0, then we get

kðFxÞð~t2Þ � ðFxÞð~t1Þk 6 kðCð~t2Þ � Cð~t1ÞÞx0k þ kðSð~t2Þ � Sð~t1ÞÞy0k
þN

R ~t1
0
kðSð~t2 � sÞ � Sð~t1 � sÞÞkds

þN
R ~t2
~t1
kSð�t2 � sÞkds

6 I5 þ I6 þ I7 þ I8:

ð3:7Þ
We have,

I5 ¼ kðCð~t2Þ � Cð~t1ÞÞx0k ¼ k R ~t2
~t1
ASðsÞx0dsk

6 C5ð~t2 � ~t1Þ;
ð3:8Þ

where C5 ¼ qkx0k.
Similarly, we have

I6 ¼ kðSð~t2Þ � Sð~t1ÞÞy0k ¼ kK R ~t2
~t1
exsy0dsk

6 C6ð~t2 � ~t1Þ;
ð3:9Þ

where C6 ¼ Kext1ky0k.
Similarly, we calculate third and fourth part of inequality

Eq. (3.7) as follows

I7 ¼ N
R ~t1
0
kðSð~t2 � sÞ � Sð~t1 � sÞÞkds

6 N
R ~t1
0
kK R ~t2�s

~t1�s
exsdskds

6 C7ð~t2 � ~t1Þ;
ð3:10Þ

where C7 ¼ KNt1e
xt1 and

I8 ¼ N

Z ~t2

~t1

kSð~t2 � sÞkds 6 C8ð~t2 � ~t1Þ; ð3:11Þ

where C8 ¼ KNt1e
xt1 .

We use the inequalities Eqs. (3.8)–(3.11) in inequality Eq.
(3.7) and get the following inequality

kðFxÞð~t2Þ � ðFxÞð~t1Þk 6 Lj~t2 � ~t1j; ð3:12Þ
where L P C5 þ C6 þ C7 þ C8.

Finally, if si P ~t2 > ~t1 > ti, then we get

kðFxÞð~t2Þ � ðFxÞð~t1Þk 6 LJ1
i
:ð~t2 � ~t1Þ: ð3:13Þ

Summarizing, we see that Fx 2 CLðJ;XÞ for any

x 2 CLðJ;XÞ and some L > 0.

Next, we need to show that F : W ! W. Now for

t 2 ðsi; tiþ1� and x 2 W, we have

kðFxÞðtÞk 6 kCðt� siÞðJ1i ðsi;xðt�i ÞÞÞk þ kSðt� siÞðJ2i ðsi;xðt�i ÞÞÞk
þ R t

si
kSðt� sÞfðs;xðsÞ;x½hðxðsÞ; sÞ�Þkds

6 Kexðt�siÞCJ1
i
þ Kðt� siÞexðt�siÞCJ2

i

þN
R t

si
Kðt� sÞexðt�sÞds:

Hence,

kðFxÞkPCB 6 KexTCJ1
i
þ KTexTCJ2

i
þ NKT

x exT
	 


e�Xsi :

Now for t 2 ½0; t1� and x 2 W, we have
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kðFxÞðtÞk 6 kCðtÞx0k þ kSðtÞy0k þN
R t

0
kSðt� sÞkds

6 Kextkx0k þ Ktextky0k þN
R t

0
Kðt� sÞexðt�sÞds:

Hence,

kðFxÞkPCB 6 KexTkx0k þ KTexTky0k þ
NKT

x
exT:

Similarly for t 2 ðti; si� and x 2 W, we have

kðFxÞkPCB 6 e�XtiCJ1
i
:

After summarizing the above inequalities, we get

kðFxÞkPCB 6 d:

Therefore F : W ! W. For any x; y 2 W; t 2 ðsi; tiþ1�;

i ¼ 1; 2; . . . ;m, we have

kðFxÞðtÞ � ðFyÞðtÞk 6 Kexðt�siÞLJ1
i
kxðt�i Þ � yðt�i Þk

þKðt� siÞexðt�siÞLJ2
i
kxðt�i Þ � yðt�i Þk

þKK1ð2þ LLhÞ
R t

si
ðt� sÞexðt�sÞkxðsÞ � yðsÞkds

6 Kexðt�siÞþXtiLJ1
i
kx� ykPCB

þKðt� siÞexðt�siÞþXtiLJ2i
kx� ykPCB

þKK1ð2þ LLhÞ
R t

si
ðt� sÞexðt�sÞþXsdskx� ykPCB

6 Kexðt�siÞþXtiLJ1
i
kx� ykPCB

þKðt� siÞexðt�siÞþXtiLJ2
i
kx� ykPCB

þ KK1ð2þLLhÞteXt
ðX�xÞ kx� ykPCB:

Hence,

kðFxÞðtÞ � ðFyÞðtÞke�Xt 6 Kexðt�siÞþXðti�tÞLJ1
i
kx� ykPCB

þKðt� siÞexðt�siÞþXðti�tÞLJ2
i
kx� ykPCB

þ KK1ð2þLLhÞtiþ1

ðX�xÞ kx� ykPCB
6 KeXðti�siÞLJ1

i
þ Ktiþ1e

Xðti�siÞLJ2
i

	
þKK1ð2þLLhÞtiþ1

ðX�xÞ



kx� ykPCB:

For t 2 ½0; t1�, we obtain

kðFxÞðtÞ � ðFyÞðtÞk 6 KK1ð2þ LLhÞ
R t

0
ðt� sÞexðt�sÞkxðsÞ � yðsÞkds

6 KK1ð2þ LLhÞ
R t

0
ðt� sÞexðt�sÞþXsdskx� ykPCB

6 KK1ð2þLLhÞteXt
ðX�xÞ kx� ykPCB:

Hence,

kðFxÞðtÞ � ðFyÞðtÞke�Xt 6 KK1ð2þ LLhÞt1
ðX� xÞ kx� ykPCB:

Similarly, for t 2 ðti; si�; i ¼ 1; 2; . . . ;m, we have
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kðFxÞðtÞ � ðFyÞðtÞk 6 LJ1
i
Keðti�si�1ÞxLJ1

i
kxðt�i�1Þ � yðt�i�1Þk þ K

	
þKK1ð2þ LLhÞ

R ti
si�1

ðti � sÞeðti�sÞxkxðsÞ

6 LJ1
i
Keðti�si�1ÞxþXti�1LJ1

i
kx� ykPCB þ Kðti

	
þKK1ð2þ LLhÞ

R ti
si�1

ðti � sÞeðti�sÞxþXsdsk

6 LJ1
i
Keðti�si�1ÞxþXti�1LJ1

i
kx� ykPCB þ Kðti

	

Therefore, we get

kðFxÞðtÞ � ðFyÞðtÞke�Xt 6 LJ1
i
Keðti�si�1Þxþðti�1�tiÞXLJ1

i
þ Kðti � si�1Þ

	
�eðti�si�1Þxþðti�1�tiÞXLJ2

i
þ KK1ð2þLLhÞti

ðX�xÞ



kx� ykPCB

6 LJ1
i
Keðti�1�si�1ÞXLJ1

i
þ Ksie

ðti�1�si�1ÞXLJ2
i

	
þKK1ð2þLLhÞti

ðX�xÞ



kx� ykPCB:

After summarizing the above inequalities, we have the

following

kðFxÞ � ðFyÞkPCB 6 LFkx� ykPCB;
where

LF ¼ max
16i6m

KeXðti�siÞLJ1
i
þ Ktiþ1e

Xðti�siÞLJ2
i
þ KK1ð2þ LLhÞtiþ1

ðX� xÞ
� �

;

�
KK1ð2þ LLhÞt1

ðX� xÞ ;LJ1
i
Keðti�1�si�1ÞXLJ1

i
þ Ksie

ðti�1�si�1ÞXLJ2
i

	

þ KK1ð2þ LLhÞti
ðX� xÞ

��
:

Hence,F is a strict contractionmapping for sufficiently large
X > x. Application of Banach fixed point theorem immediately

gives a unique mild solution to the problem Eq. (1.5). h
4. Nonlocal problems

The nonlocal condition is a generalization of the classical ini-

tial condition. The study of nonlocal initial value problems are
important because they appear in many physical systems.
Byszewski (1991) was the first author who studied the existence
and uniqueness of mild solutions to the Cauchy problems with

nonlocal conditions. In this section, we investigate the exis-
tence and uniqueness of mild solution Eq. (1.5) with nonlocal
conditions.

We consider the following nonlocal differential problem
with deviated argument in a Banach space X:

x00ðtÞ ¼ AxðtÞ þ fðt; xðtÞ; x½hðxðtÞ; tÞ�Þ;
t 2 ðsi; tiþ1Þ i ¼ 0; 1; . . . ;m;

xðtÞ ¼ J1i ðt; xðt�i ÞÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m;

x0ðtÞ ¼ J2i ðt; xðt�i ÞÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m;

xð0Þ ¼ x0 þ pðxÞ; x0ð0Þ ¼ y0 þ qðxÞ;

ð4:1Þ

where xðtÞ be a state function, 0 ¼ s0 < t1 < s1 < t2; . . . ;

tm < sm < tmþ1 ¼ T < 1. The functions J1i ðt; xðt�i ÞÞ and

J2i ðt; xðt�i ÞÞ represent non-instantaneous impulses same as in

system Eq. (1.5). A is the infinitesimal generator of a strongly
continuous cosine family of bounded linear operators ðCðtÞÞt2R
ðti � si�1Þeðti�si�1ÞxLJ2
i
kxðt�i�1Þ � yðt�i�1Þk

� yðsÞkds



� si�1Þeðti�si�1ÞxþXti�1LJ2
i
kx� ykPCB

x� ykPCB



� si�1Þeðti�si�1ÞxþXti�1LJ2
i
kx� ykPCB þ KK1ð2þLLhÞtieXti

ðX�xÞ kx� ykPCB


:
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on X. The functions pðxÞ and qðxÞ will be suitably specified

later.

Definition 4.1. A function x 2 CLðJ;XÞ is called a mild
solution of the impulsive problem Eq. (4.1) if it satisfies the
following relations:

xð0Þ ¼ x0 þ pðxÞ; x0ð0Þ ¼ y0 þ qðxÞ;
the non-instantaneous impulse conditions

xðtÞ ¼ J1i ðt; xðt�i ÞÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m;

x0ðtÞ ¼ J2i ðt; xðt�i ÞÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m

and xðtÞ is the solution of the following integral equations

xðtÞ ¼ CðtÞðx0 þ pðxÞÞ þ SðtÞðy0 þ qðxÞÞ

þ
Z t

0

Sðt� sÞfðs; xðsÞ; x½hðxðsÞ; sÞ�Þds; t 2 ½0; t1�;

xðtÞ ¼ Cðt� siÞðJ1i ðsi; xðt�i ÞÞÞ þ Sðt� siÞðJ2i ðsi; xðt�i ÞÞÞ

þ
Z t

si

Sðt� sÞfðs; xðsÞ; x½hðxðsÞ; sÞ�Þds; t 2 ½si; tiþ1�;

i ¼ 1; 2; . . . ;m:

Further, we need assumptions on the functions p and q to
show the existence and uniqueness of the solution for the prob-
lem Eq. (4.1)

(A6) The functions p; q : CðJ ;X Þ ! Xare continuous and
there exist positive constants cp and cq such that

(i) kpðx1Þ � pðx2Þk 6 cpjjx1 � x2jj;
(ii) jjqðx1Þ � qðx2Þjj 6 cqjjx1 � x2jj:

Theorem 4.1. Let x0 2 DðAÞ; y0 2 E. If all the assumptions
(A1)–(A6) are satisfied, then the second order nonlocal problem

Eq. (4.1) has a unique mild solution x 2 CLðJ;XÞ provided that

Kext1cp þ K
ðext1 � 1Þ

x
cq < 1:

Proof. By choosing

d0 ¼ max
16i6m

KexTCJ1
i
þ KTexTCJ2

i
þNKT

x
exT

� �
e�Xsi ;

�

KexTkx0 þ pðxÞk þ KTexTky0 þ qðxÞk þNKT

x
exT; e�XtiCJ1

i

�
;

we set

W0 ¼ fx 2 CLðJ;XÞ : kxkPCB 6 d0g:
We define a map F : W0 ! W0 given by

ðFxÞðtÞ ¼ J1i t;Cðti � si�1ÞðJ1i ðsi�1;xðt�i�1ÞÞÞ
�

þSðti � si�1ÞðJ2i ðsi�1;xðt�i�1ÞÞÞ þ
Z ti

si�1

Sðti � sÞfðs;xðsÞ;

x½hðxðsÞ; sÞ�ÞdsÞ; t 2 ðti; si� i¼ 1;2; . . . ;m;

ðFxÞðtÞ ¼ CðtÞðx0 þ pðxÞÞ þ SðtÞðy0 þ qðxÞÞ

þ
Z t

0

Sðt� sÞfðs; xðsÞ; x½hðxðsÞ; sÞ�Þds; 8 t 2 ½0; t1�;
ðFxÞðtÞ ¼ Cðt� siÞðJ1i ðsi; xðt�i ÞÞÞ þ Sðt� siÞðJ2i ðsi; xðt�i ÞÞÞ

þ
Z t

si

Sðt� sÞfðs; xðsÞ; x½hðxðsÞ; sÞ�Þds;

t 2 ðsi; tiþ1� i ¼ 1; 2; . . . ;m:

We have,

kðFxÞ � ðFyÞkPCB 6 L0
Fkx� ykPCB;

where

L0
F ¼ max

16i6m
KeXðti�siÞLJ1

i
þ Ktiþ1e

Xðti�siÞLJ2
i
þ KK1ð2þ LLhÞtiþ1

ðX� xÞ
� �

;

�

Kext1cp þ K
ðext1 � 1Þ

x
cq þ KK1ð2þ LLhÞt1

ðX� xÞ ;

LJ1
i

Keðti�1�si�1ÞXLJ1
i
þ Ksie

ðti�1�si�1ÞXLJ2
i
þ KK1ð2þ LLhÞti

ðX� xÞ
� ��

:

Thus, F is a strict contraction mapping for sufficiently large
X > x. Application of Banach fixed point theorem immedi-
ately gives a unique mild solution to the problem Eq. (4.1).

The proof of this theorem is the consequence of Theo-
rem 3.1. h
5. Ulam’s type stability

In this section, we show Ulam’s type stability for the system

Eq. (1.5).

Let � > 0; w P 0 and / 2 PCðJ;RþÞ be the nondecreasing.
We consider the following inequalities

ky00ðtÞ � AyðtÞ � fðt; yðtÞ; y½hðyðtÞ; tÞ�Þk 6 �; t 2 ðsi; tiþ1Þ
i ¼ 0; 1; . . . ;m;

kyðtÞ � J1i ðt; yðt�i ÞÞk 6 �; t 2 ðti; si�; i ¼ 1; 2; . . . ;m;

ky0ðtÞ � J2i ðt; yðt�i ÞÞk 6 �; t 2 ðti; si�; i ¼ 1; 2; . . . ;m

8>>><
>>>:

ð5:1Þ
and

ky00ðtÞ � AyðtÞ � fðt; yðtÞ; y½hðyðtÞ; tÞ�Þk 6 /ðtÞ;
t 2 ðsi; tiþ1Þ i ¼ 0; 1; . . . ;m;

kyðtÞ � J1i ðt; yðt�i ÞÞk 6 w; t 2 ðti; si�; i ¼ 1; 2; . . . ;m;

ky0ðtÞ � J2i ðt; yðt�i ÞÞk 6 w; t 2 ðti; si�; i ¼ 1; 2; . . . ;m

8>>><
>>>:

ð5:2Þ
and

ky00ðtÞ � AyðtÞ � fðt; yðtÞ; y½hðyðtÞ; tÞ�Þk 6 �/ðtÞ;
t 2 ðsi; tiþ1Þ i ¼ 0; 1; . . . ;m;

kyðtÞ � J1i ðt; yðt�i ÞÞk 6 �w; t 2 ðti; si�; i ¼ 1; 2; . . . ;m:

ky0ðtÞ � J2i ðt; yðt�i ÞÞk 6 �w; t 2 ðti; si�; i ¼ 1; 2; . . . ;m:

8>>><
>>>:

ð5:3Þ
Now, we take the vector space

Z ¼ CLðJ;XÞ\m
i¼0C

2ððsi; tiþ1Þ;XÞ\m
i¼0Cððsi; tiþ1Þ;DðAÞÞ:

The following definitions are inspired by Wang et al. Wang
and Fečkan, 2015.

Definition 5.1. The Eq. (1.5) is Ulam-Hyers stable with if there
exists cðK1LhLJmÞ > 0 such that for each � > 0 and for each



210 M. Muslim et al.
solution y 2 Z of the inequality Eq. (5.1), there exists a mild

solution x 2 CLðJ;XÞ of the Eq. (1.5) with

kyðtÞ � xðtÞk 6 cðK1LhLJmÞ�; t 2 J: ð5:4Þ

Definition 5.2. The Eq. (1.5) is generalized Ulam-Hyers stable

if there exists hK1 ;Lh ;LJ ;m 2 CðRþ;RþÞ; hð0Þ ¼ 0 such that for

each � > 0 and for each solution y 2 Z of the inequality

Eq. (5.1), there exists a mild solution x 2 CLðJ;XÞ of the Eq.
(1.5) with

kyðtÞ � xðtÞk 6 hK1 ;Lh ;LJ ;m�; t 2 J: ð5:5Þ

Definition 5.3. The Eq. (1.5) is Ulam-Hyers-Rassias stable
with respect to ð/;wÞ if there exists cðK1LhLJm/Þ > 0 such
that for each � > 0 and for each solution y 2 Z of the inequal-

ity Eq. (5.3), there exists a mild solution x 2 CLðJ;XÞ of the
Eq. (1.5) with

kyðtÞ � xðtÞk 6 cðK1LhLJm/Þ�ðwþ /ðtÞÞ; t 2 J: ð5:6Þ

Definition 5.4. The Eq. (1.5) is generalized Ulam-Hyers-Rassias
stable with respect to ð/;wÞ if there exists cðK1LhLJm/Þ > 0

such that for each solution y 2 Z of the inequality Eq. (5.2),
there exists a mild solution x 2 CLðJ;XÞ of the Eq. (1.5) with

kyðtÞ � xðtÞk 6 cðK1LhLJm/Þðwþ /ðtÞÞ; t 2 J: ð5:7Þ

Remark 5.1. A function y 2 Z is a solution of the inequality

Eq. (5.3) if and only if there is G 2 \m
i¼0C

2ððsi; tiþ1Þ;XÞ\m
i¼0C

ððsi; tiþ1Þ;DðAÞÞ;g1 2 \m
i¼1Cð½ti; si�;XÞ and g2 2 \m

i¼1C
1ð½ti; si�;XÞ

such that:

(a) kGðtÞk6 �/ðtÞ; t2\m
i¼0ðsi;tiþ1Þ;kg1ðtÞk6 �w and kg2ðtÞk6

�w; t2\m
i¼0½ti;si�;

(b) y00ðtÞ ¼ AyðtÞ þ f ðt; yðtÞ; y½hðyðtÞ; tÞ�Þ þ GðtÞ; t 2 ðsi; tiþ1Þ
i ¼ 0; 1; . . . ;m;

(c) yðtÞ ¼ J 1
i ðt; yðt�i ÞÞ þ g1ðtÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m.

(d) y0ðtÞ ¼ J 2
i ðt; yðt�i ÞÞ þ g2ðtÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m.

Easily, we can have similar remarks for the inequalities Eqs.
(5.1) and (5.2).

Remark 5.2. A function y 2 Z is a solution of the inequality
Eq. (5.3) then y is a solution of the following integral
inequality

kyðtÞ � J1i ðt; yðt�i ÞÞk 6 �w; t 2 ðti; si�; i ¼ 1; 2; . . . ;m;

ky0ðtÞ � J2i ðt; yðt�i ÞÞk 6 �w; t 2 ðti; si�; i ¼ 1; 2; . . . ;m;

kyðtÞ � CðtÞx0 � SðtÞy0 �
R t

0
Sðt� sÞfðs; yðsÞ; y½hðyðsÞ; sÞ�Þdsk

6 �K
x

R t

0
½exðt�sÞ � 1�/ðsÞds; t 2 ½0; t1�;

kyðtÞ � Cðt� siÞðJ1i ðsi; yðt�i ÞÞÞ � Sðt� siÞðJ2i ðsi; yðt�i ÞÞÞ
� R t

si
Sðt� sÞfðs; yðsÞ; y½hðyðsÞ; sÞ�Þdsk 6 �wKexðt�siÞ

þ �wK
x ½exðt�siÞ � 1� þ �K

x

R t

si
½exðt�sÞ � 1�/ðsÞds;

t 2 ½si; tiþ1�; i ¼ 1; 2; . . . ;m:

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð5:8Þ
By Remark 5.1, we have

y00ðtÞ ¼ AyðtÞ þ fðt; yðtÞ; y½hðyðtÞ; tÞ�Þ þ GðtÞ;
t 2 ðsi; tiþ1Þ i ¼ 0; 1; . . . ;m;

yðtÞ ¼ J1i ðt; yðt�i ÞÞ þ g1ðtÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m;

y0ðtÞ ¼ J2i ðt; yðt�i ÞÞ þ g2ðtÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m:

8>>>><
>>>>:

ð5:9Þ

The solution y 2 Z with yð0Þ ¼ x0 and y0ð0Þ ¼ y0 of the Eq.

(5.9) is given by

yðtÞ ¼ J1i ðt; yðt�i ÞÞ þ g1ðtÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m;

y0ðtÞ ¼ J2i ðt; yðt�i ÞÞ þ g2ðtÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m;

yðtÞ ¼ CðtÞx0 þ SðtÞy0 þ
R t

0
Sðt� sÞ½fðs; yðsÞ;

y½hðyðsÞ; sÞ�Þ þ GðsÞ�ds; t 2 ½0; t1�;
yðtÞ ¼ Cðt� siÞððJ1i ðsi; yðt�i ÞÞÞ þ g1ðsiÞÞ

þSðt� siÞððJ2i ðsi; yðt�i ÞÞÞ þ g2ðsiÞÞ
þ R t

si
Sðt� sÞ½fðs; yðsÞ; y½hðyðsÞ; sÞ�Þ þ GðsÞ�ds;
t 2 ½si; tiþ1�; i ¼ 1; 2; . . . ;m:

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

ð5:10Þ

Easily, we can have similar remarks for the solution of the
inequalities Eqs. (5.1) and (5.2). In order to discuss the stability
of the problem Eq. (1.5), we need the following additional
assumption:

(A7) Let / 2 CðJ ;RþÞ be a nondecreasing function. There
exists c/ > 0 such that
Z t

0

/ðsÞds 6 c//ðtÞ; 8 t 2 J:

Lemma 5.1 (Impulsive Gronwall inequality). (see Theorem 16.4,
Bainov and Simeonov, 1992). Let M0 ¼ M [ f0g, where
M ¼ f1; . . . ;mg and the following inequality holds

uðtÞ 6 aðtÞ þ
Z t

0

bðsÞuðsÞdsþ
X
0<tk<t

bkuðt�k Þ; t P 0; ð5:11Þ

where u; a; b 2 PCðRþ;RþÞ; a is nondecreasing and

bðtÞ > 0; bk > 0; k 2 M. Then for t 2 Rþ,

uðtÞ6 aðtÞð1þ bÞk exp
Z t

0

bðsÞds
� �

; t 2 ðtk; tkþ1�; k 2 M0;

ð5:12Þ
where b ¼ supk2Mfbkg and t0 ¼ 0.

Theorem 5.1. Let x0 2 DðAÞ; y0 2 E. If the assumptions (A1)–
(A4) and (A7) are satisfied. Then, the Eq. (1.5) is Ulam-
Hyers-Rassias stable with respect to ð/;wÞ.

Proof. Let y 2 CLðJ;DðAÞÞ \ C2ððsi; tiþ1�;XÞ be a solution of
the inequality Eq. (5.3) and x is the unique mild solution of
the problem Eq. (1.5) which is given by
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xðtÞ ¼ J1i ðt; xðt�i ÞÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m;

x0ðtÞ ¼ J2i ðt; xðt�i ÞÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m;

xðtÞ ¼ CðtÞx0 þ SðtÞy0 þ
R t

0
Sðt� sÞfðs; xðsÞ; x½hðxðsÞ; sÞ�Þds;

t 2 ½0; t1�;
xðtÞ ¼ Cðt� siÞðJ1i ðsi; xðt�i ÞÞÞ þ Sðt� siÞðJ2i ðsi; xðt�i ÞÞÞ
þ R t

si
Sðt� sÞfðs; xðsÞ; x½hðxðsÞ; sÞ�Þds; t 2 ½si; tiþ1�;
i ¼ 1; 2; . . . ;m:

8>>>>>>>>>>><
>>>>>>>>>>>:

ð5:13Þ

For t 2 ½si; tiþ1�; i ¼ 1; 2; . . . ;m. By inequality Eq. (5.8), we
have

kyðtÞ � Cðt� siÞðJ1i ðsi; yðt�i ÞÞÞ � Sðt� siÞðJ2i ðsi; yðt�i ÞÞÞ

�
Z t

si

Sðt� sÞfðs; yðsÞ; y½hðyðsÞ; sÞ�Þdsk

6 �wKexðt�siÞ þ �wK
x

½exðt�siÞ � 1� þ �K

x

Z t

si

½exðt�sÞ � 1�/ðsÞds

6 �wKexT þ �wK
x

exT þ �K

x
exT

Z t

0

/ðsÞds

6 �wKexT þ �K

x
exTðwþ c//ðtÞÞ:

For t 2 ðti; si�; i ¼ 1; 2; . . . ;m, we have

kyðtÞ � J1i ðt; yðt�i ÞÞk 6 �w:

For t 2 ½0; t1�, we have

kyðtÞ � CðtÞx0 � SðtÞy0 �
Z t

0

Sðt� sÞfðs; yðsÞ; y½hðyðsÞ; sÞ�Þdsk

6 �K

x

Z t

0

½exðt�sÞ � 1�/ðsÞds 6 �K

x
exTc//ðtÞ:

Hence, for t 2 ½si; tiþ1�; i ¼ 1; 2; . . . ;m, we have

kyðtÞ � xðtÞk
6 kyðtÞ � Cðt� siÞðJ1i ðsi; yðt�i ÞÞÞ � Sðt� siÞðJ2i ðsi; yðt�i ÞÞÞ

�
Z t

si

Sðt� sÞfðs; yðsÞ; y½hðyðsÞ; sÞ�Þdsk þ KexTkJ1i ðsi; yðt�i ÞÞ

� J1i ðsi; xðt�i ÞÞk þ KTexTkJ2i ðsi; yðt�i ÞÞ � J2i ðsi; xðt�i ÞÞk

þ KTexT
Z t

si

kfðs; yðsÞ; y½hðyðsÞ; sÞ�Þ � fðs; xðsÞ;

x½hðxðsÞ; sÞ�Þdsk 6 �wKexT þ �K

x
exTðwþ c//ðtÞÞ

þ ðKexTLJ1
i
þ KTexTLJ2

i
Þkðyðt�i Þ � ðxðt�i Þk

þ K1ð2þ LLhÞKTexT
Z t

0

kyðsÞ � xðsÞkds

6 �K

x
exT½ð2þ c/Þðwþ /ðtÞÞ�

þ K1ð2þ LLhÞKTexT
Z t

0

kyðsÞ � xðsÞkds

þ
Xi

j¼1

ðKexTLJ1
j
þ KTexTLJ2

j
Þkðyðt�j Þ � ðxðt�j Þk: ð5:14Þ

For t 2 ðti; si�; i ¼ 1; 2; . . . ;m, we have
kyðtÞ�xðtÞk6 kyðtÞ�J1i ðt;yðt�i ÞÞkþkJ1i ðt;yðt�i ÞÞ�J1i ðt;xðt�i ÞÞk

6 �wþ
Xi

j¼1

LJ1
j
kðyðt�j Þ�ðxðt�j Þk

6 �K

x
exT½ð2þ c/Þðwþ/ðtÞÞ�

þK1ð2þLLhÞKTexT
Z t

0

kyðsÞ�xðsÞkds

þ
Xi

j¼1

ðKexTLJ1
j
þKTexTLJ2

j
Þkðyðt�j Þ�ðxðt�j Þk:

ð5:15Þ
Now, for t 2 ½0; t1�, we have

kyðtÞ�xðtÞk6 �K

x
exTc//ðtÞþK1ð2þLLhÞKTexT

�
Z t

0

kyðsÞ�xðsÞkds

6 �K

x
exT½ð2þ c/Þðwþ/ðtÞÞ�þK1ð2þLLhÞKTexT

�
Z t

0

kyðsÞ�xðsÞkds

þ
Xi

j¼1

ðKexTLJ1
j
þKTexTLJ2

j
Þkðyðt�j Þ� ðxðt�j Þk:

ð5:16Þ

We observe that inequalities Eqs. (5.14)–(5.16) give together
an impulsive Gronwall inequality of a form of Eq. (5.11) on J.

Therefore, we can apply impulsive Gronwall inequality Eq.
(5.12) for t 2 J, since t 2 ðti; tiþ1� for some i 2 M0.

Consequently, we have

kyðtÞ � xðtÞk 6 K

x
exTð2þ c/Þð1þ KexTLJÞieK1ð2þLLhÞKTexTt

� �ðwþ /ðtÞÞ
6 K

x
exTð2þ c/Þð1þ KexTLJÞmeK1ð2þLLhÞKTexTT

� �ðwþ /ðtÞÞ
6 cðK1LhLJm/Þ�ðwþ /ðtÞÞ;

for any t 2 J, where LJ ¼ supi2MfLJ1
i
þ TLJ2

i
g and

cðK1LhLJm/Þ is a constant depending on K1;Lh;LJ;m;/.
Hence, the Eq. (1.5) is Ulam-Hyers-Rassias stable with respect

to ð/;wÞ. h

Theorem 5.2. If the assumptions (A1)- (A4) and (A7) are sat-
isfied. Then, the Eq. (1.5) is generalized Ulam-Hyers-Rassias

stable with respect to ð/;wÞ.

Proof. It can be easily proved by applying same procedure of
Theorem 5.1 and taking inequality Eq. (5.2).

Theorem 5.3. If the assumptions (A1)–(A4) and (A7) are sat-

isfied. Then, the Eq. (1.5) is Ulam-Hyers stable.

Proof. It can be easily proved by applying same procedure of
Theorem 5.1 and taking inequality Eq. (5.1).
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6. Application

Example 6.1. Let X ¼ L2ð0; pÞ. We consider the following
partial differential equations with deviated argument

@ttZðt; yÞ ¼ @yyZðt; yÞ þ f2ðy;ZðhðtÞ; yÞÞ þ f3ðt; y;Zðt; yÞÞ;
y 2 ð0; pÞ; t 2 ð2i; 2iþ 1�; i 2 f0g [N;

Zðt; 0Þ ¼ Zðt; pÞ ¼ 0; t 2 ½0;T�; 0 < T < 1;

Zð0; yÞ ¼ x0; y 2 ð0; pÞ;
@tZð0; yÞ ¼ y0; y 2 ð0; pÞ;
ZðtÞðyÞ ¼ ðsin itÞZðð2i� 1Þ�; yÞ; y 2 ð0; pÞ;

t 2 ð2i� 1; 2i�; i 2 N;

@tZðtÞðyÞ ¼ ði cos itÞZðð2i� 1Þ�; yÞ; y 2 ð0; pÞ;
t 2 ð2i� 1; 2i�; i 2 N;

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð6:1Þ
where 0 ¼ s0 < t1 < s1 < t2; . . . ; tm < sm < tmþ1 ¼ T < 1 with
ti ¼ 2i� 1; si ¼ 2i and

f3ðt; y;Zðt; yÞÞ ¼
Z y

0

Kðy; sÞða1jZðt; sÞj þ b1jZðt; sÞjÞÞds:

We assume that a1; b1 P 0; ða1; b1Þ–ð0; 0Þ; h : J1 ! ½0;T� is
locally Hölder continuous in t with hð0Þ ¼ 0 and

K : ½0; p� � ½0; p� ! R.

We define an operator A, as follows,

Ax¼ x00 with DðAÞ ¼ fx 2 X : x00 2 X and xð0Þ ¼ xðpÞ ¼ 0g:
ð6:2Þ

Here, clearly the operator A is the infinitesimal generator of
a strongly continuous cosine family of operators on X. A has

infinite series representation

Ax ¼
X1
n¼1

� n2ðx; xnÞxn; x 2 DðAÞ;

where xnðsÞ ¼
ffiffiffiffiffiffiffiffi
2=p

p
sin ns; n ¼ 1; 2; 3 . . .is the orthonormal set

of eigenfunctions of A. Moreover, the operator A is the
infinitesimal generator of a strongly continuous cosine family
CðtÞt2R on X which is given by

CðtÞx ¼
X1
n¼1

cos ntðx; xnÞxn; x 2 X;

and the associated sine family SðtÞt2R on X which is given by

SðtÞx ¼
X1
n¼1

1

n
sin ntðx; xnÞxn; x 2 X:

The Eq. (6.1) can be reformulated as the following abstract

differential equation in X:

x00ðtÞ ¼ AxðtÞ þ fðt; xðtÞ; x½hðxðtÞ; tÞ�Þ; t 2 ðsi; tiþ1Þ;
i 2 f0g [N;

xðtÞ ¼ J1i ðt; xðt�i ÞÞ; t 2 ðti; si�; i 2 N;

x0ðtÞ ¼ J2i ðt; xðt�i ÞÞ; t 2 ðti; si�; i 2 N;

xð0Þ ¼ x0; x0ð0Þ ¼ y0;

8>>>>>><
>>>>>>:

ð6:3Þ
where xðtÞ ¼ Zðt; :Þ, that is xðtÞðyÞ ¼ Zðt; yÞ; y 2 ð0; pÞ. Func-
tions J1i ðt; xðt�i ÞÞ ¼ ðsin itÞZðð2i� 1Þ�; yÞ and J2i ðt; xðt�i ÞÞ
¼ iðcos itÞZðð2i� 1Þ�; yÞ represent noninstantaneous impulses
during intervals ðti; si�. The operator A is same as in Eq. (6.2).

The function f : J1 � X� X ! X, is given by

fðt;w; nÞðyÞ ¼ f2ðy; nÞ þ f3ðt; y;wÞ;
where f2 : ½0; p� � X ! H1

0ð0; pÞ is given by

f2ðy; nÞ ¼
Z y

0

Kðy; xÞnðxÞdx;

and

kf3ðt; y;wÞk 6 Vðy; tÞð1þ kwkH2ð0;pÞÞ
with Vð:; tÞ 2 X and V is continuous in its second argument.
For more details see (Sakthivel et al., 2009; Gal, 2007). Thus,
Theorem 3.1 can be applied to the problem Eq. (6.1). We can

choose the functions pðxÞ and qðxÞ as given below

pðxÞ ¼
Xn

k

ak xðtkÞ; tk 2 J for all k ¼ 1; 2; 3; � � � ; n;

qðxÞ ¼
Xn

k

bk xðtkÞ; tk 2 J for all k ¼ 1; 2; 3; � � � ; n;

where ak and bk are constants.

Example 6.2. We consider particular linear case of the abstract
differential Eq. (6.3) in the space X ¼ R. A forced string

equation

x00ðtÞ þ a1xðtÞ þ a2 sinxðc1tÞ ¼ gðtÞ; t 2 ðsi; tiþ1Þ
i ¼ 0; 1; . . . ;m;

xðtÞ ¼ a3 tanhðxðt�i ÞÞrðtÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m;

x0ðtÞ ¼ a3 tanhðxðt�i ÞÞr0ðtÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m;

xð0Þ ¼ x0; x0ð0Þ ¼ y0;

8>>>>>><
>>>>>>:

ð6:4Þ
where a1 2 Rþ; a2; a3 2 R; c1 2 ð0; 1�; g 2 CðJ1;RÞ and r 2
C1ðJ2;RÞ for J2 ¼ [m

i¼1Ii. We define A, as follows

Ax ¼ �a1x with DðAÞ ¼ R:

Here, clearly the value �a1 behaves like infinitesimal gener-
ator of a strongly continuous cosine family CðtÞ ¼ cos

ffiffiffiffiffi
a1

p
t.

The associated sine family is given by SðtÞ ¼ 1ffiffiffiffi
a1

p sin
ffiffiffiffiffi
a1

p
t.

Deviated argument in the abstract differential Eq. (6.3) is rep-
resented by the term a2xðc1tÞ of the differential Eq. (6.4).

Noninstantaneous impulses a3 tanhðxðt�i ÞÞrðtÞ and

a3 tanhðxðt�i ÞÞr0ðtÞ are created when bob of the string is extre-

mely pushed on each interval ðti; si�.

Example 6.3. We generalize the above example to consider a

coupled system of strings or pendulums

x00
nðtÞ þ an1 sinxnðtÞ þ an2 sinxnðcntÞ ¼ bn1xn�1ðtÞ þ bn2xnþ1ðtÞ þ gnðtÞ;
t 2 ðsi; tiþ1Þ; i ¼ 0; 1; . . . ;m; n 2 Z;

xnðtÞ ¼ an3 tanhðxnðt�i ÞÞrnðtÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m;

x0
nðtÞ ¼ an3 tanhðxnðt�i ÞÞr0nðtÞ; t 2 ðti; si�; i ¼ 1; 2; . . . ;m;

xnð0Þ ¼ xn0; x0
nð0Þ ¼ yn0;

ð6:5Þ
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where an1; an2; an3; bn1; bn2 2 R, cn 2 ð0; 1�; gn 2 CðJ1;RÞ and

rn 2 C1ðJ2;RÞ. Moreover we suppose supnjankj < 1; k ¼
1; 2; 3, supnðjbn1j þ jbn2jÞ < 1 and supnðkgnk þ jjrnk þ krn
0kÞ < 1. Then we consider Eq. (6.5) on ‘1 and use Exercise

1 on p. 39 from Fattorini, 1985. The lattice ODE Eq. (6.5) is
a generalization of the discrete sine-Gordon equation Scott,
2003 and xnðcntÞ represents pantograph-like terms Derfel and

Iserles, 1997.
7. Conclusion

The research presented in this paper focuses on the existence,
uniqueness and stability of solutions to the impulsive systems

represented by second order nonlinear differential equations
with noninstantaneous impulses and deviated argument. We
used strongly continuous cosine family of bounded linear oper-

ators and Banach’s fixed point theorem to get the existence and
uniqueness of the solutions. Moreover, Ulam’s type stability is
established using impulsive Gronwall inequality.
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