Journal of King Saud University — Science 32 (2020) 2886-2891

Contents lists available at ScienceDirect

agesudloldl

King Saud University

journal homepage: www.sciencedirect.com

Journal of King Saud University — Science

Journal of
-Science

Original article

Lagrangian formulation of a generalised coupled hyperbolic system )

Ben Muatjetjeja *°, Chaudry Masood Khalique >

Check for
updates

2 Department of Mathematics, Faculty of Science, University of Botswana, Private Bag 0022, Gaborone, Botswana
Y International Institute for Symmetry Analysis and Mathematical Modelling, Department of Mathematical Sciences, North-West University, Mafikeng Campus, Private Bag X

2046, Mmabatho 2735, South Africa

€College of Mathematics and Systems Science, Shandong University of Science and Technology, Qingdao, Shandong, 266590, China
d Department of Mathematics and Informatics, Azerbaijan University, Jeyhun Hajibeyli str., 71, AZ1007 Baku, Azerbaijan

ARTICLE INFO ABSTRACT

Article history:

Received 30 September 2019
Revised 18 July 2020
Accepted 19 July 2020

Available online 29 July 2020 system.

Keywords:

Noether operators

Lagrangian

Conservation laws

Generalised system of coupled (2 + 1)-D
hyperbolic equations

Potential function

We perform Noether classification of the generalised system of coupled (2 + 1)-dimensional hyperbolic
equations, namely Uy — Uy — Uy, + P(v) =0, vy — v — vy, + Q(u) = 0. Besides this we compute conser-
vation laws corresponding to cases that have Noether symmetries for the underlying coupled hyperbolic
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1. Introduction

In Escobedo and Herrero (1991), system of equations

U — AU =09 (1.11)
Ve — AV =1UP,

with x e RNN > 1,t,p,q > 0 was studied in which boundedness
properties and blow-up of its solutions were analysed. After a few
years same authors studied global existence and uniqueness of
solutions for system (1.11), (1.12) in Escobedo and Herrero
(1993). Similar problems of parabolic nature arise in numerous
areas of applied mathematics and model many physical phenom-
ena, for instance, population dynamics, chemical reactions or heat
transfer.

Later in Gao and Gao (2013), blow-up and existence of solutions
to initial & boundary-value problems to non-linear hyperbolic and
parabolic systems including variable exponents were investigated.
Recently, the system of coupled (2 + 1)-D hyperbolic equations
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Ugr — Uxx — Uyy + 0021 =0, (1.13)
Ui — U — Uy + puP =0, (1.14)

with g,p constants and o, # 0 constants, has been studied in
Muatjetjeja and Khalique (2015) from the symmetry stand point.
Noether and Lie symmetry classification of (1.13)-(1.14) were
performed.

In this work, we examine a generalisation of system (1.13)-
(1.14), which we obtain by substituting arbitrary functions P(v)
and Q(u) for 27 and uP, respectively in (1.13)-(1.14). Thus, we ana-
lyze generalised system of two coupled (2 + 1)-D hyperbolic
equations

U — U — Uyy + P(2) =0,
Uy — U — Uy +Q(u) =0,

with P(v),Q(u) being arbitrary elements. The purpose of our study
is to classify Noether symmetries for system (1.15)-(1.16) and con-
struct conservation laws corresponding to Noether operators
admitted by system (1.15)—(1.16).

Lie symmetry analysis, originally developed by Sophus Lie
(1842-1899) in the latter half of the nineteenth century, is one
of the most systematic methods for studying differential equations.
Recently it has attracted a lot of attention from the scientists and
has been applied to different areas of research. See for example
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Ovsiannikov (1982), Ibragimov (1994-1996), Butt and Ahmad
(2020), Wang et al. (2016), Yildirim and Mohyud-Din (2010),

The paper is planned in following manner. In Section 2 we give a
few salient features regarding Noether point symmetries. Section 3
establishes Noether operators and corresponding conservation
laws for system (1.15)-(1.16) are obtained. In Section 4 we present
Concluding remarks.

2. Preliminaries and notations

We give some notations and results concerning the Noether
operators, which will be used later. See for example Noether
(1918) and Muatjetjeja and Khalique (2013) for details.

Let

0 d 0
Y=t1_+&—+& —-H1

1s] , 0
ot ox + "’ ov 27

be a vector field, where 7,¢',¢% n' and 52 are functions of

(t,x,y,u, v). The first prolongation is defined as
1 2
YH: Jré +6 30}'+n18%+nzadv+gt8u[+gtBU[JF(:XEJux

_0 1.9 “2 9
+§ dvx + (y duy + gy vy ?

where
= Di(n") — wDi(t) — uD(E") — uyDy(&),
G = Di(n') — D (1) — uDx(&") — u,Dx(&%),
&= Dy(n") = uDy(t) — wDy (&) — Dy (&%),
&= Du(p?) — vDi(T) — vxDy(¢") — vyDi(&%)
G = D) — v:Dx(t) — w:DA(E") = 1, D(&),
G = Dy(?) = wDy (1) - Dy (€") - 1,Dy(&)
and
D; = d% +ur (;u + Ui, (,,, + Ut 5, ()u + Vit 5, ()ux + Unx gy du + Vi gy dvx

é)
+uty%+ U[yi?(7y+"‘7

Dy = %+UX%+ vx(,%+uxxﬁ+ Vs 5 + Ut o + Vix
+uxy (,uy + Uy d?,y +-

Dy= F+ugi+vyf+lya+ Vyg +Uyae + Vy g
+qu Auy + va 1)11,( +

Recall, from calculus of variations, Euler-Lagrange operators

o 9_p o _ 2 _0 2 2 0 ...
su_  ou Df@u‘ D"@u DJ’Bu +Dt<?un+DXau +Dy8'-lyy+ ’
o 0_pD 9 0 _ 0 2 0 2 _0 2 _0
v Ov D[ vt Dx vy D)’ dvy + t Jvy + X OUxx +Dy dvyy +

Definition 1. A function L(t,x,y,u, v, Us, U, Ux, ¥x, Uy, Vy) is a first
order Lagrangian of second order system of PDEs

E; =0, (2.8)
E, =0, (2.9)
if the system (2.8)-(2.9) is identical to Euler-Lagrange equations
oL oL

—=0, —=0. 2.10
ou Tov ( )

Definition 2. The operator Y of (2.7), is a Noether operator corre-
sponding to first order Lagrangian £ of system (2.8)-(2.9) if there
exists potential functions B',B*> and B® that depend on
(t,x,y,u, v) such that

YU(L) + L{DL(&") + Dy(&) + De(0)}
= Dy(B") + Dy(B) + Dy (B’). (2.11)

We state the acclaimed Noether theorem.

Theorem 1. (Noether Noether, 1918) If operator Y given by (2.7) is
Noether corresponding to first order Lagrangian £ of system (2.8)-

(2.9), then T = (T', T, T%), where

T1: TE+(7] 7U[T*uxé *uyC )(’Jut (2 12)
+(? = vt - vl - 0y E) £ B, |

o Arap _utr—uxél—uyf ) i (2.13)
+(’72 — 0T — fo vy‘f ) 32 |

= &L+ (' — ueT — Ut uyf )()uy (2.14)
+(n? — v,T— V' - ”yfz)duy B, |

represents a conserved vector of system (2.8)-(2.9) corresponding
to the operator Y.

3. Noether symmetries and conservation laws of the system
(1.15)—(1.16)

It can ready be confirmed that the system (1.15)-(1.16) possess
a first-order Lagrangian given by

£:uyvy+uxvx—utvt+/P(v)dv+/Q(u)du (3.15)

Substituting the above value of £ in the determining Eq. (2.11)
and splitting on different derivatives with respect to u and v, one
obtains a linear homogeneous overdetermined system of PDEs

T,=0,7,=0,¢=0,¢,=0,2=0,=0,¢
H-T=0,6+& =0+ -+ & +& =0
nM+m+t—&+8&=0,

nt = —By, n¢ = —By, Ny = By, i = By, 1y = By, nj =
n'Q(u) + n?*P(v) + 1. (f P(v)dv + [Q(u)du) + & ([ P(v)dv

+ [ awdn+ &( [ Pordv+ [ Qudn) =B+ B < B

The solution of above system is

-1,=0,

&= a(txy),
&= b(t.xy),
T= c(t,xY),

n'= —byu—j(t,x,y)u+h(tx.y),
n? = ju+ktxy),

B'= —juv—hwv-—ku+n(tx,y),
B> = juv+kau+ho+r(txy),
B = juv+ku+hyv+s(t,x,y),

(=byu—ju+m)Q(u) + (jv+k)P(v) +c:([P(v) dv+fQ du)
+a,(fP(v)dv+ [Q(u)du) + b, ([P(v)dv+ [Q(u)du)

= Uiex Hiyy —Je Ut + (Kex + kyy — Kee )t + (e + hyy — o) v
N+ Tx+Sy.

(3.16)

The study of Eq. (3.16) results in 5 cases:

Case 1. P,Q arbitrary, but not as contained in cases 2-5 below.
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We have following six Noether point symmetries

X1:§,Blzn,82:r,B3:s, e+ 1y +5y =0, (3.17)
Xo = B =n B =B =5 b rcts, =0, (3.18)
Xg—a—ay,B1_nBz_rB3_s, ne+rx+5s, =0, (3.19)
X4=yat+taﬁva]_nBz—rB3—S«, M+t =0, (320
Xs_x% tag,B]_nBZ_rB3—5,nt+rx+5y=0, (3.21)
Xs y——x(% B'=nB=r,B =s, n+r.+s,=0. (3.22)

The invocation of the celebrated Noether theorem gives the six
conserved vectors corresponding to these six Noether symmetries:

Ty = Uyvy + Uy + Ut + [P(v)dv + [Qu)du —n,
T2 = —uvy—ww —r,
TS = —wwy —uyv —s;

1

T, = uyve+ucvx—n,

T3 = Uy — Uy — U + [P(v)dv+ [Qu)du —,
T3 = —Uvy — Uyty —S;

Ty = Uyv+ Uty — N,
T2 = —uyvy—Uwy —T,
Ty = Uty — Uyvy — U0 + [P(v)dv + [Q(u)du —s;

Ty = YU+ YU, vy + U0y + YU, v + tuy v, +y [ P(v)dv
+y [Q(u)du —n,

T2 = —yu,vx — tUy Uy — YU, v —

Ty =ty Oy — UV — YU Dy —
+t [Q(u)du —s;

tuyvy —,

tuyvy — yu, v, +t [P(v)dv

T; = XUy Ux + XUy Uy + XU V¢ + LUV + tU Uy + X [ P(v)dy
+x [Q(u)du — n,

T2 = tu,vy — tU v — XUy Uy — LU 0y
+t [Q(u)du —r,

TS = —xu,vy — tugw, —

— XUV + t [P(v)dv

XUy U — toxlly, — S;

To = YU Up — XUy Uy + YU, Uy — XVl — 1,

T2 = YU, Uy — YUV + XUy ¥y — YU Uy + XU Uy + Y [P(v)dv
+y [ Qu)du —r,

Te = XUr¥p — XlxUx — YU, Ux
—x [Q(u)du —s.

— yu, vy + xuy vy, — X [ P(v)dv

Case2. P=ov+f,Q=yu+4, of,7,4constants, o,y # 0.

Here we have two sub-cases, viz.,

21. B,A#0. This subcase yields six Noether symmetries,
X1,X2,X3,X4,X5,Xe given by operators (3.17)-(3.22) and (2.12)-
(2.14) yields six conserved vectors corresponding to six Noether
symmetries given by

Ti = Uyl + Ul + Ul +20% + fo+3u +u—n
T2 = —wvx— U, —T,

T = —wwy — Uy —s;

1
T, = uyv:+uwy—n,
v+ + pu+iu +iu—r,
T3 = —Uvy — Uyty —S;

2
T5 = uyvy —uvy —

1
T; = wov +uw, —n,
T2 = —uyv,— Uy —r,

Ty = Uy — Uy — U +20% + fo+2u? + Ju—s;

T}l yu,cvx-kyuyyy+tufvy+yu[1/f+tuyvt+%yv2 + pyv
+Iyu? + iyu —n,
T2 = —yu,v, — tu, vy

—Yu, vy — tuyvy — 1,

Ty =ty — tU e — YUy — Ly Dy — YU,V + 2607 + fto

+itu 4+ tu—s

T; = xuxvx+xuyvy+xu,v[+tuxv[+tutvx+x%7/2+/3x7/
+x2u? + xu —n,

T: = tuyvy — UV — XUy Vp — LU Dy — XUy + 2607 + Lo
+itu 4+ atu -,

T2 = —xuwy —

— XUy Uy — LUy — S;

Tg = YUt — XUy Vp + YU Ux — XVyl — 1,

Te = YUu,vy — YU v + Xl vy
+Iyu? 4+ yu—r,

Te = xucv,
—ixu? + Jxu —s.

— YU Uy + XUy Uy + 2y 0V + ByV

— XUy Uy — YU, Uy — YU Uy + XUy — $X0% + fXV

2.2. B, = 0. Here we have seven Noether symmetry operators,
namely, X1, X5, X3, X4, X5, Xg given by operators (3.17)-(3.22) and X,
given by

X7 = h(txy)2+ktxy)Z, B =—-hv—ku+n,

=kt + v +1, B =kyu + hyv + 1,0 + 1 +5, =0, (3.23)

where h(t,x,y),k(t,x,y) (arbitrary functions) satisfy ki — kw—
ky, +yh =0,hy — hy — hyy + ok =0. Consequently, Theorem 1
yields seven conserved vectors given by

Ti = Uy + Ul + U + 207+ po+2u +Ju—n

T2 = —wvx—Uv,—T,

TP = —woy—uyv —s;

T)= Ut + Uty — N,
2 "y
T5= uvy—uwx—u v +%0° + po+iu+u-—r,

3 .
T, = —uwy —uyvy—s;

1

T; = wov+uwy, —n,
2

TS = —uyvx —uyoy —r,

Ty = Uy — Uy — U +20% + fo+2u? + Ju—s;



T,
T
T;
T
T3
T3

Tg
T

Tg

T

T2 =

T
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YUy Uy + YU, vy + tU 0y + YU, U + tuy v + 5y 02 + fyv
+iyu? +iyu—n,

_yu[yx —
tUy Uy — tU ¢

tuy vy — yu, v — tuyvy — 1,

— yu, vy — tuy vy — yu, v +4tv? + pt

+it? 4 it —s;

XUy Uy + XUy Uy + XU Ur + LU Ve + LU O +x%y2
+x5u? + Jxu —n,

+ pxv

tuy vy — LU U — XUy Up — LU, Uy

+itu* +atu—r,

— XUy + 4807 + Bto

—XU Uy — LUy Uy — XUy U — LOUy, — S;

yu, v
YU, vy — YU, U + XUy 0y
+Iyu? 4+ yu—r,

XU v —
—Ixu? + Jxu —s;

— XUy Uy + YU, Uy — XUyUr — N,

— YU, Uy + XUy Uy + 2YV* + Byv

Xy Uy — YU, Uy — YU, Uy + XUy Uy — $XV? + XV

—hv, — ku, + hyv + keu —n,
hvy, + kuy, — kyu — hyv —,

hvy + ku, — k,u —hyv —s.

Case 3. P=oav7+,Q=yuP+ 4 with q,p,a, B,7,4 constants,
o,y # 0.

T
T
T3
Ty
T

T

This case has two subcases.

31.8,2#0,p,q# —1,2p+2q+5—pq #0.

Six Noether operators Xi,X>,Xs3,X4,Xs,Xs given by generators
(3.17)-(3.22) are obtained. The invocation of Theorem 1 yields
the following corresponding conserved vectors:

UyVy + UxUx + UV + 25 zﬂ“+/§v+ Lyt 4 Ju —n,
—UtUx — Uy Uy — T,

—utyy — qu[ — S7
Uy ¥y + U Uy — N,

Uy Oy — UxDx — UV + 2 VI + B+ 5wl 4 du -,

—UgVy — UyUy —S;

Uy Ve + U Uy — 1,
—Uy Uy — UxVy — T,
Uy — Uy Wy — Ul + 27 097+ fU+ Ul 4 Ju —s;

1
YUy Uy + YUy Uy + LU Uy + YU Ut + Ly U + S5y vI*
+/§yv+ SLoyuPtt 4 Jyu —n,

—YU Uy — tUy Uy — YU Ve — LU Dy — T,

U Vx — (U Wy — YU Uy — LUy Uy — YU, U + 255 to! + pto
+#tu"“ + tu —s;

XUy Uy + XUy Uy + XU Up + tU 0 + tU Uy + mxvq“ + pxv
XUt 4 Jxu —n,

tuy vy — tU vy — XUy Uy — LUy Vx — XU Uy +ﬁwq+l + ptv
o+t -,

—XU; Uy — LU Uy — XUy Uy — tOU, — S;

2889
TS = yu, v — XUy v, + YU, vy — X0yU — 1,
TS = YU, vy — YU V; + XUy Uy — YUl Uy + XUy Uy + 21y 07T+ By v
g yuP 4 pyu -,
T = XUty — XUy Ux — YU, Ux — YU, Uy + XUy Uy — X pxo
_E%X”pﬂ + pxu —s.
3.2.8,A=0,p=5,q=>5.
In this case, we obtain four extra Noether symmetries namely
Xp= P+ +0)h+2 G+ 2y 5 —uth — vt
B! :uv,BZ—o B3—0
Xg= —2xt2+ (2 —x2—t))2-2xy2 L ux g+ ox
B —OBZ:uvB3—O
Xo = —2y05 = 29X 5+ (¢ = —y) St uy i+ vy 3,
B'=0,B* =0, B3—uy
Xio= 2t2+2x2+2y2-ul—-vZ B'=0B =08 =0.

T

T

Ty

Employing the Noether theorem we obtain the following new
extra four nontrivial conserved vectors corresponding to these
extra four Noether point symmetries:

{2 pub + X2 pu® + y2pu’ + 6tveu + 2o + x2005 + y2 o005
—6uv + 6t2uy v+

6X%uy vy + 6y%u, vy + 62Uy vy + 6X2Uy Uy + 6Y2 Uy Uy + Gtou,
+12tyvyut + 12tx vy,

+12tyu, v + 12txu, 0, + 662U, v + 6X2U v, + 6y2U, v},

1{txpu® — 3tv,u + txow + 6txu, vy, — 3tvuy — 6ty v,y

—6tyu, vy, — 6tXu, Uy — 3Vl — 3X2 V3l — 3V Ul
—3t2Uy v, — 3X%Uy v, — 3y Uy v, — BEXU D, ),

1{typu® — 3tvyu + tyar® — 3tvu, — 6tyu, v, — 6txvyUy
—6txuy, vy + 6tyu, vy — 32 vyu; — 3X%vu — 3y vy,
—-3t%u, v, — 3x%%uy v — 3y*uy v, — 6tyu, v, };

1{—txpu® — 3xvu — txav® — 6txu, v, — 6tXU, v, — 3XVU;
—6xyv,u; — 32 vty — 3X2 vty + 3y vl — 6xyu, v,
—3t2Uy ¥y — 3X2Uy Ur + 32Uy ¥ — BEXU 1, ),

L{—t?pub — x2pub + y? pu’ + 6xv,u — 20w — x20005
+y208 — 6uv — 6t%uy vy — 6X2uy vy + 6y*u, vy + 6x VUL

+H12Xy v, Uy + 12XYU, Uy + 671U Uy + 6X% 1 U — 62U 0y
+12tx v, + 12tXU, v, + 6t2u, 0, + 6x°U, v, — 6Y2U, 0, ),
T{—xypu® + 3xvyu — xyov® + 3xvu, + 6xyu, vy, + 3 v,U,
+3x2 vylly — 3y? vy + 32Uy vy + 3x%2U, vy — 3Y2U, vy
—6xyu, vy + 6txv U + 6txU, U + 6XYU, V;

H{—typu® — 3yvu — tyar® — 6tyu, v, — 6tyu, v, — 3yvuy,
-3t vyu, + 3x%vyu, — 3y?vyue — 6xYy VU — 32Uy v,
+3x2Uy v — 3y*uy vy — 6XyU v — BtYU V),

1{—xypub + 3yv,u — xyov® —
=3xX2 vy Uy + 3y? vyl + 32Uy vy — 3X%Uy Uy + 32U, Uy
+6xyu, vy + 6ty v Ul + 6tyu, vr 4+ 6XyU, v},
H{—t2pus + x*pu® — y? pub + 6yv,u — t>or2"
—y?ov® — 6uw + 6yvu, + 6t*u, v, —

6xyu, vy + 3yvi, + 3t2 vyl

+ x2a0b
6x2uy, vy + 6y%u, vy
+12xyv,uy 4+ 12xyu, v, — 62U, Uy + 6X2Uy vy — BY2 Uy 0y

+12tyv,u + 12tyu, v, + 662U, v, — 6x*U, v + 6y U v}
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Tio= 3{30t+3ucv + Btub + ot v® + 6tuy vy + 6xu vy + 6X; Uy
+6tuy vy + 6yu, vy + 6yv,uy, + 6tu v},
TH = {-3vau — 3u,w + pxub + oxv® — 6tu vy — 6oy — 6XU v,
+6xUy vy — 6yU, vy — 6YU, Uy — BXULy Uy},
T3 = 1{-3wvu—3uyv+ pyu’ + ayv® — 6tu, v, — 6tv,u, — 6yu, v,
—6xu, vy — 6xuy vy + ByL, vy — ByU, vy }.
33.4,.=0.

We get five subcases. See Muatjetjeja and Khalique (2015).

Case 4. P = oef? + 7, Q= Sef 4 o,

o, 0 # 0.

o, B,y,0,4,0 constants,

This case gives six Noether operators X1, X5, X3, X4, X5, X given
by generators (3.17)-(3.22) and corresponding six conserved vec-
tors are

T = Uy Dy + U Ux + Uelr + 5007 4 2€M + v + gu—n,
T2 = —uwy— U —T,
TS = —uwvy—uv —s;
1
T, = uv:+ucvy—n,
T) = Uy — Uy — Ul +2eP + 20 + vt ou—,
To = —Ugvy — Uy —S;
1
T, = uyv+uwy—n,
To = —Uyvy —Uwy — T,
3 _ % pfv | 9 pil .
Ty = Wy —Uyly — Ut + 507 + 2" + v+ ou —s;
1 d pAl
Ty= YuUx+ YU, vy + Uy + YU, U + tuy v + 57y + Setly
+yyv +oyu —n,
T2 = —yu, vy — tUy vy — YU v, — tugwy — 1,
Tfl = Uy — tU ¥ — YUy — LUy vy — YU, +%e/"’t +2eMt
+ytv + otu — s;
T; = XUy Ux + XUy Uy + XU Uy + LU U; + LU Oy + %e/‘”x + 2eMix
+YXv + oXu —n,
T2 = tuyvy — tU Uy — XUg Uy — Ly Uy — XUy Uy +2elt 4 2eMt + yty
+otu—r,
T2 = —XU vy — LU Uy — XUy U, — LUUy — S;
To = YU Up — XUy Uy + YU Uy — XVl — 1,
2 3 p
Tg = Yu,vy — YU e + XUy Oy — YU U + XUy Uy + 507y + 2ety
+yyv +oyu —r,
Tg = XUUp — XUy Uy — YUy Uy — YU, Uy + XUy Uy — %e””x + 2etix
+YXV + OXU — S.
Case 5.P=ualnv+p,Q=yInu+4io0,p,7,2 constants with
o,y # 0.

For this case we obtain six Noether operators given by (3.17)-
(3.22). The invocation of Noether theorem yields

T}: Uy Uy + Uy Uy + UV +ovIno + pulnu + v+ yu — v
—yu-—n,

T2 = —uvy—wo —r,

TS = —wwy —uyv —s;

T = Ul + Uty —n,

T2 = uyvy — Uty — W0 +ovinv+yulnu+ po+ yu — v
—yu—r,

To = —Uy — Uty —S;

Ty = Uy +uwy,—n,

T2 = —uyvy—Ugwy — T,

T§ = Uy —UWvy — Ut +ovinv+yulnu+ v+ yu—ov
—yU —s;

T}l = YU, Ux + YU, vy + tu vy + yu, v + tuy v + y(avinv 4 yulnu

+pv +yu —av—yu) —n,

—YU, Uy — tUy Uy — YUV — LU Dy — T,

Ti = fUOy — tU 0 — YUy — tuy vy — yu, v + t(avIne + pulnu
+pV + yu —av —yu) —S;

XUy Uy + XUy Uy + XU Up + LU0 + U 0 + X(ovIn v + yulnu
+pv+yu—ov—yu)—n,

Tﬁ = tuyvy — tUe U — XUy Up — LUy Ux — XU Uy + E(avIn v + yulnu
+pv+yu—ov—yu)—r,

—XUe Uy — LU ¥y — XUy Uy — EVUy — S;

Tg =

Té = YU Uy — YU Vr + XUy Uy — YU, Ux + XUy Uy + y(avIn v + pulnu
+pv+yu—ov—yu)—r,

Té XU Ur — XUy Uy — YU, Uy — YU, Uy + XUy Uy — X(avIn v + yulnu
+pv+yu—ov —yu) —Ss.

YU, Ut — XUy U + YU Uy — XUyU — N,

Remark. It should be pointed out that Noether symmetry clas-
sification of (1.15)-(1.16) prompted five main cases and few sub-
cases for the functions P(v) and Q(u). So altogether we obtained
eight different cases for the functions P(») and Q(u). It can be
clearly seen that only one case, namely 3.3, was studied in
Muatjetjeja and Khalique (2015). All the other seven cases are
new results in the paper. .

4. Concluding remarks

In this work, a complete Noether symmetry classification for
the generalised system of coupled (2 + 1)-dimensional hyperbolic
Eqgs. (1.15)-(1.16) was performed with respect to the first order
Lagrangian. This resulted in obtaining five cases and several sub-
cases for functions P(») and Q(u) which gave Noether symmetries.
Thereafter, corresponding to each of these Noether operators
found, we presented the conservation laws. The work on the
underlying problem was motivated by the recent work done in
Muatjetjeja and Khalique (2015). However, the results obtained
therein were not complete because the work in Muatjetjeja and
Khalique (2015) was restricted to self-interaction power functions.
Thus, in the present work no essential restriction on non-zero arbi-
trary self-interaction functions was placed. Also, one can see that
all the results related to Noether classification obtained in
Muatjetjeja and Khalique (2015) can be derived from the present
work. Therefore, the results of the present work are new and more
general.



B. Muatjetjeja, C.M. Khalique /Journal of King Saud University - Science 32 (2020) 2886-2891 2891

Declaration of Competing Interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Acknowledgement

CMK thanks the North-West University, Mafikeng Campus,
South Africa, for its continued support. The authors thank the
anonymous referees whose comments helped to improve the

paper.

References

Butt, M.M., Ahmad, N.S., 2020. Modeling and analysis of debonding in a smart beam in
sensing mode, using variational formulation. J. King Saud Univ.-Sci. 32 (1), 29-43.

Escobedo, M., Herrero, A.M., 1991. Boundedness and blow-up for a semilinear
reaction-diffusion system. J. Differ Equ. 89, 176-202.

Escobedo, M., Herrero, A.M., 1993. A semilinear parabolic system in bounded
domain. Ann. di Mat. Pura ed Appl. 169, 315-336.

Gao, Y., Gao, W., 2013. Study of solutions to initial and boundary value problem for
certain systems with variable exponents. Bound. Value Probl. https://doi.org/
10.1186/1687-2770-2013-76.

Ibragimov, N.H., 1994-1996. (Ed.), CRC Handbook of Lie Group Analysis of
Differential Equations. Vol 1-3, CRC Press, Boca Raton, FL..

Muatjetjeja, B., Khalique, C.M., 2013. Conservation laws for a generalised coupled
bidimensional Lane-Emden system. Commun. Nonlinear Sci. Numer. Simulat.
18, 851-857.

Muatjetjeja, B., Khalique, C.M., 2015. Symmetry analysis and conservation laws for a
coupled (2+1)-dimensional hyperbolic system. Commun. Nonlinear Sci. Numer.
Simulat. 22, 1252-1262.

Noether, E., 1918. Invariante Variationsprobleme. Konig Gesell Wissen Gottingen,
Math-Phys Kl Heft. 2, 235-257.

Ovsiannikov, L.V., 1982. Group analysis of differential equations (English translation
by W.F. Ames), Academy Press, New York..

Wang, ].Z., Zheng, B.C,, Li, H.G., 2016. Generalized variational formulations for
extended exponentially fractional integral. J. King Saud Univ.-Sci. 28, 37-40.

Yildirim, A., Mohyud-Din, S.T., 2010. A variational approach for soliton solutions of
good Boussinesq equation. J. King Saud Univ.-Sci. 22, 205-208.


http://refhub.elsevier.com/S1018-3647(20)30223-8/h0005
http://refhub.elsevier.com/S1018-3647(20)30223-8/h0005
http://refhub.elsevier.com/S1018-3647(20)30223-8/h0010
http://refhub.elsevier.com/S1018-3647(20)30223-8/h0010
http://refhub.elsevier.com/S1018-3647(20)30223-8/h0015
http://refhub.elsevier.com/S1018-3647(20)30223-8/h0015
https://doi.org/10.1186/1687-2770-2013-76
https://doi.org/10.1186/1687-2770-2013-76
http://refhub.elsevier.com/S1018-3647(20)30223-8/h0030
http://refhub.elsevier.com/S1018-3647(20)30223-8/h0030
http://refhub.elsevier.com/S1018-3647(20)30223-8/h0030
http://refhub.elsevier.com/S1018-3647(20)30223-8/h0035
http://refhub.elsevier.com/S1018-3647(20)30223-8/h0035
http://refhub.elsevier.com/S1018-3647(20)30223-8/h0035
http://refhub.elsevier.com/S1018-3647(20)30223-8/h0040
http://refhub.elsevier.com/S1018-3647(20)30223-8/h0040
http://refhub.elsevier.com/S1018-3647(20)30223-8/h0050
http://refhub.elsevier.com/S1018-3647(20)30223-8/h0050
http://refhub.elsevier.com/S1018-3647(20)30223-8/h0055
http://refhub.elsevier.com/S1018-3647(20)30223-8/h0055

	Lagrangian formulation of a generalised coupled hyperbolic system
	1 Introduction
	2 Preliminaries and notations
	3 Noether symmetries and conservation laws of the system (1.15)–(1.16)
	4 Concluding remarks
	Declaration of Competing Interest
	Acknowledgement
	References


