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Recently, the fractional variational principles as well as their applications yield a special
attention. For a fractional variational problem based on different types of fractional integral and
derivatives operators, corresponding fractional Lagrangian and Hamiltonian formulation and
relevant Euler-Lagrange type equations are already presented by scholars. The formulations of
fractional variational principles still can be developed more. We make an attempt to generalize
the formulations for fractional variational principles. As a result we obtain generalized and
complementary fractional variational formulations for extended exponentially fractional integral

for example and corresponding Euler—Lagrange equations. Two illustrative examples are presented.
It is observed that the formulations are in exact agreement with the Euler—Lagrange equations.

© 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. Thisis
an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Fractional calculus represents a generalization of ordinary dif-
ferentiation and integration to arbitrary order. It is an area of
current strong research with many different and important
applications in different fields of sciences ranging from
geophysical fluid dynamics to quantum field theory
(Malinowska and Torres, 2012; Yang, 2012).
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During the last few years a special attention was devoted to
the fractional variational principles as well as their applications
(Baleanu, 2008). The formulation of the fractional variational
principles has an important role for elaboration of a consistent
fractional quantization method for both discrete and continu-
ous systems. The first attempt to find the fractional
Lagrangian and Hamiltonian is due to Riewe (1996, 1997),
who first applied fractional calculus to a non-conservative
mechanics modeling, and formed the fractional Euler—
Lagrange equations and the fractional Hamilton equations.
The research made by Riewe opened the booming of the
fractional variational principle. Since then, the fractional vari-
ational principles have been becoming one of the most popular
researching areas. Important contributions were obtained by
many scholars, for example, Klimek (2001, 2002), Agrawal
(2002, 2006, 2007, 2010), Agrawal and Baleanu (2007),
Baleanu and Muslih (2005a, 2005b), Muslih and Baleanu
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(2005), Baleanu (2006), Baleanu et al. (2013), Rabei et
al. (2007), Atanackovi’c (2008), Atanackovi’c and Pilipovi'c
(2011), Atanackovic et al. (2012), He (2011, 2014), He et
al. (2012), Malinowska and Torres (2010), Almeida and
Torres (2011), Almeida (2012), Almeida and Malinowska
(2014), El-Nabulsi (2011a, 2011b, 2014), Odzijewicz et al.
(2012), Yang et al. (2013), Yang and Baleanu (2013), Bourdin
et al. (2014) and Bahrami et al. (2015) and their collaborators
and so on. These scholars from different angles put forward dif-
ferent kinds of fractional models and methods, and established
corresponding fractional Lagrangian and Hamiltonian formu-
lation and relevant Euler—Lagrange type equations. The formu-
lations of fractional variational principles should still be more
developed, continually.

In this paper, we will make an attempt to generalize the for-
mulations for some fractional variational principles. The pre-
sent paper is organized as follows: In Section 2, the extended
exponentially fractional integral is reviewed briefly. In
Section 3, the generalized variational formulations for the frac-
tional variational principle based on extended exponentially
fractional integral are proposed. In Section 4, two illustrative
examples are given.

2. Extended fractional integral

Definition 1. Let f/ be a continuous function in the interval
[a,b]. For t€ [a,b], the left and right extended fractional
integral of order o > 0 are defined by:

K A0 =

& % / 10)cosh = — cosh{)" 'd M

where the multiplicity of (coshz —cosh{)*" is removed by
requiring  log(coshz — cosh{) to be real when
coshz —cosh{ > 0.

Eq. (1) is called an extended exponentially fractional inte-
gral (El-Nabulsi, 2011a).

3. Generalized variational formulation

Problem 1. Given the smooth generalized Lagrangian function

L(g,v,t) : R" xR" x [a,b] = R

assumed to be a C>—function with respect to all its arguments.
Find the stationary points of the extended exponentially frac-
tional integral

1 t
() / [L(q,v,7) +p(§ = V)]
(cosh t — cosh7)*'dr, (2)
under the initial condition

q(a) = q, (3)

where ¢ is the generalized coordinate, ¢ can only be used as the

derivative of ¢, v is the generalized velocity which is defined as

dgq
= 4
dr’ “)

p is the generalized momentum, 7 is the intrinsic time, 7 is the
observer time.

Theorem 1. If g, v, and p are solutions to the previous problem,
ie., q, v, and p are critical points of the functional S, then q, v,
and p satisfy the following Euler—Lagrange equations:

=4 5
r=o, (©)

OL  (a—1)sinht

g = coshz— cosh!” O
Proof. The variation of the functional S reads
1 oL oL
oS = oq+—20 - )4 04— 0
S F(a)/a L’q g+, 0+ (4= v)op+p(dg — ov)
(cosh ¢ — cosh 7)*'dx, (8)
where all of ¢, v, and p are the independent variables.
Using the following formula of integration by part,
t
[ pssiae =~ [ X250, ©)
where
g = (coshs—cosht)"", (10)
¢ = (1 — a)(cosht — cosh7)* *sinh, (11)

we obtain the variation of the functional S, which takes the
form

1 "“T/OL g
ert (-t
T Jo [\og 7~ ¢" )%
oL
+ (E — )g&v + (¢ — v)gép} dr, (12)
and we obtain the required result (5)—(7). O

4. Complementary variational formulation

Problem 2. Find the stationary points of the complementary
extended exponentially fractional integral

. 1 ! (1 —a)sinht |
-— [ |L —pg———""—— — pq—pv|-
2 () /a { ) P4 coshs —coshe 24777
(cosh 7 — cosh 7)* 'dz. (13)

Theorem 2. If g, v, and p are critical points of the complement

Sfunctional S, then g, v, and p satisfy the generalized Euler—

Lagrange Egs. (5)—(7).
Proof. The variation of the functional S° reads
1 oL g OL .
0S8 = —— —— o — —p|ov—q9
F(a)/a Kt'?q P- pg) q+<3v p) naer
—(qg—i-v)ép}gdn (14)

where all of ¢, v, and p are the independent variables.
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Using the following formula of integration by part,

— | qgdpdr = dlag) opdr, (15)
dr

a a

we obtain the variation of the functional, which takes the form

ey [ )

+ (g—f - p) gov+ (4 — V)gép} dr, (16)

and we obtain the required result (5)—(7). O

5. Examples

Example 1. We discuss the case of generalized Caldirola-
Kanai Lagrangian
»

L.t = o) (5 - L), (1)

The extended exponentially fractional action takes the form

oty [l ) )
- (cosh t — cosh7)*"'d1, (18)

where o is the frequency, and

m(t) = mee ") = mye’, (19)

where 7y = mye " is an effective parameter which depends

only on # and consequently, as the derivative is performed with
respect to 7, it may be considered as an effective constant.
The complementary fractional action takes the form

(I —o)sinhz :| - (cosh 7 — cosh T)Wld‘f. (20)

_pv_pqcosht—coshr

The Euler—Lagrange equations are

V= qv (21)
p=my, (22)
. ) (o —1)sinht

=" 7 ) 23
Pt morg cosht—coshrp (23)

For very large time, 7 — +o0, (23) is reduced to
p+ma’q=(1-a)p, (24)
here,

sinh t
S | 25
M cosh 7 — cosh © ' (25)

while for very early time, © — 40, it is reduced to

P+ ma*q = 0. (26)
here,
p = mv+ mv. (27)

Inserting (21) into (22), we obtain

p=mq. (28)

Inserting (28) into (23), we obtain

. ) (1 —o)sinht )
2 v \a. 29
g+ g (coshlfcosher/)q (29)

Hence, the generalized variational principles can propose
the extended weak dissipations.

Example 2. We discuss the following special case of general-
ized Caldirola-Kanai Lagrangian
mv? mao’q?
L=c¢" _ ot

M T

The extended exponentially fractional action takes the form

L [[.m?  mo*d )
S [ [ -

(cosh 7 — cosh 7)* 'dz. (31)

(30)

The complement fractional action takes the form

1 T my? mow*q?
SC — yrtY -t 5
27 () / [e 2 ¢ T M

(I —a)sinht } -(coshz—cosht)* 'de.  (32)

7pv*pqcosht—coshr

The Euler—Lagrange equations are

V= 47 (33)
p=c"my, (34)
b+ e Tmalq = (e — 1)sinht (35)

cosht —cosht""

For very large time, T — +o00, (35) is reduced to

p=(1-a)p, (36)
which gives
p=pe" ™, (37)
while for very early time, T — +0, it is reduced to
p+ mw’q=0. (38)
Inserting (33) into (34), we obtain
p=¢e"mq. (39)
Inserting (39) into (35), we obtain
. o 2 (I —o)sinht m\ .
Y = | Y+ — . 40
gre oy coshz—cosh‘c+ ')+m 1 (40)

Hence, the generalized variational principles can also
propose the extended weak dissipations.

6. Conclusion

In this paper, we obtain the generalized and complementary
fractional variational formulations and corresponding Euler—
Lagrange equations based on extended exponentially frac-
tional integral. In the new actions, the parameters, ¢, v, and
p, are all chosen as variable functions. Therefore, the Euler—
Lagrange equations are reduced from second-order to first-
order, which consist of velocity-displacement relations,
momentum-velocity relations and equations of motion.
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The result can be further extended to the fractional varia-
tional principles based on different types of fractional integral
and derivatives operators, e.g., Riemann-Liouville, Caputo,
Riesz, Caputo-Riesz, Erdélyi-Kober, Griinwald-Letnikov,
Weyl and Marchaud etc. In addition, we hope this work will
bring new opportunities in studying the fractional variational
principles as well as their applications.

Acknowledgement

This work is supported by the Natural Science Foundation of
Hebei Province, China (No. E2012203192).

References

Agrawal, O.P., 2002. Formulation of Euler-Lagrange equations for
fractional variational problems. J. Math. Anal. Appl. 272, 368-379.

Agrawal, O.P., 2006. Fractional variational calculus and the transver-
sality conditions. J. Phys. A: Math. Gen. 39, 10375-10384.

Agrawal, O.P., 2007. Fractional variational calculus in terms of Riesz
fractional derivatives. J. Phys. A: Math. Theor. 40, 6287-6303.

Agrawal, O.P., 2010. Generalized variational problems and Euler—
Lagrange equations. Comput. Math. Appl. 59, 1852-1864.

Agrawal, O.P., Baleanu, D., 2007. Hamiltonian formulation and a
direct numerical scheme for fractional optimal control problems. J.
Vib. Control 13 (9-10), 1269-1281.

Almeida, R., 2012. Fractional variational problems with the Riesz-
Caputo derivative. Appl. Math. Lett. 25 (2), 142-148.

Almeida, R., Malinowska, A.B., 2014. Fractional variational principle
of Herglotz. Discrete Cont. Dyn. Syst. B 19 (8), 2367-238]1.

Almeida, R., Torres, D.F.M., 2011. Necessary and sufficient condi-
tions for the fractional calculus of variations with Caputo
derivatives. Commun. Nonlinear Sci. Numer. Simul. 16, 1490-—
1500.

Atanackovi’c, T.M., 2008. Variational problems with fractional
derivatives: Euler-Lagrange equations. J. Phys. A: Math. Theor.
41, 095201.

Atanackovi’c, T.M., Pilipovi’c, S., 2011. Hamilton’s principle with
variable order fractional derivatives. Fract. Calc. Appl. Anal. 14
(1), 94-109.

Atanackovic, T.M. et al, 2012. Complementary variational principles
with fractional derivatives. Acta Mech. 223 (4), 685-704.

Bahrami, F. et al, 2015. A new approach on fractional variational
problems and Euler—Lagrange equations. Commun. Nonlinear Sci.
Numer. Simul. 23 (1-3), 39-50.

Baleanu, D., 2006. Fractional Hamiltonian analysis of irregular
systems. Signal Proc. 86 (10), 2632-2636.

Baleanu, D., 2008. New applications of fractional variational princi-
ples. Rep. Math. Phys. 61.

Baleanu, D., Muslih, S.I., 2005a. Formulation of Hamiltonian
equations for fractional variational problems. Czech J. Phys. 55
(6), 633-642.

Baleanu, D., Muslih, S.I., 2005b. Lagrangian formulation of classical
fields within Riemann-Liouville fractional derivatives. Phys. Scr. 72
(2-3), 119-121.

Baleanu, Dumitru, Garra, Roberto, Petras, Ivo, 2013. A fractional
variational approach to the fractional basset-type equation. Rep.
Math. Phys. 72 (1), 57-64.

Bourdin, L. et al, 2014. Existence of minimizers for generalized
Lagrangian functionals and a necessary optimality condition —
application to fractional variational problems. Differ. Integral Equ.
27 (7-8), 743-766.

El-Nabulsi, R.A., 201la. Fractional variational problems from
extended exponentially fractional integral. Appl. Math. Comput.
217, 9492-9496.

El-Nabulsi, R.A., 2011b. Universal fractional Euler—Lagrange equa-
tion from a generalized fractional derivate operator. Cent. Eur. J.
Phys. 9 (1), 250-256.

El-Nabulsi, R.A., 2014. Fractional oscillators from non-standard
Lagrangians and time-dependent fractional exponent. Comput.
Appl. Math. 33 (1), 163-179.

He, J.H., 2011. A new fractal derivation. Therm. Sci. 15, S145-S147.

He, J.H., 2014. A tutorial review on fractal spacetime and fractional
calculus. Int. J. Theor. Phys. 53 (11), 3698-3718.

He, J.H. et al, 2012. Geometrical explanation of the fractional
complex transform and derivative chain rule for fractional calculus.
Phys. Lett. A 376 (4), 257-259.

Klimek, M., 2001. Fractional sequential mechanics-models with
symmetric fractional derivative. Czech J. Phys. 51, 1348-1354.
Klimek, M., 2002. Lagrangean and Hamiltonian fractional sequential

mechanics. Czech J. Phys. 52, 1247-1253.

Malinowska, A.B., Torres, D.F.M., 2010. Generalized natural bound-
ary conditions for fractional variational problems in terms of the
Caputo derivative. Comput. Math. Appl. 59, 3110-3116.

Malinowska, A.B., Torres, D.F.M., 2012. Introduction to the
Fractional Calculus of Variations. Imp. Coll. Press, London.

Muslih, S.I., Baleanu, D., 2005. Hamiltonian formulation of systems
with linear velocities within Riemann-Liouville fractional deriva-
tives. J. Math. Anal. Appl. 304, 599-606.

Odzijewicz, T. et al, 2012. Fractional variational calculus with
classical and combined Caputo derivatives. Nonlinear Anal. 75
(3), 1507-1515.

Rabei, E.M. et al, 2007. The Hamilton formalism with fractional
derivatives. J. Math. Anal. Appl. 327, 891-897.

Riewe, F., 1996. Nonconservative Lagrangian and Hamiltonian
mechanics. Phys. Rev. E 53 (2), 1890-1899.

Riewe, F., 1997. Mechanics with fractional derivatives. Phys. Rev. E
55 (3), 3581-3592.

Yang, X.J., 2012. Advanced Local Fractional Calculus and Its
Applications. World Science Publisher, New York.

Yang, X.J., Baleanu, D., 2013. Fractal heat conduction problem
solved by local fractional variation iteration method. Therm. Sci.
17 (2), 625-628.

Yang, X.J. et al, 2013. Cantortype cylindrical-coordinate method for
differential equations with local fractional derivatives. Phys. Lett.
A 377 (28-30), 1696-1700.


http://refhub.elsevier.com/S1018-3647(15)00049-X/h0005
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0005
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0010
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0010
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0015
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0015
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0020
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0020
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0025
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0025
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0025
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0030
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0030
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0035
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0035
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0040
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0040
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0040
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0040
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0045
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0045
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0045
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0050
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0050
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0050
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0055
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0055
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0060
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0060
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0060
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0065
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0065
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0070
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0070
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0075
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0075
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0075
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0080
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0080
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0080
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0085
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0085
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0085
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0090
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0090
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0090
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0090
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0095
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0095
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0095
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0100
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0100
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0100
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0105
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0105
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0105
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0110
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0115
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0115
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0120
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0120
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0120
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0125
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0125
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0130
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0130
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0135
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0135
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0135
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0140
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0140
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0145
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0145
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0145
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0150
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0150
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0150
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0155
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0155
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0160
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0160
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0165
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0165
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0170
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0170
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0175
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0175
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0175
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0180
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0180
http://refhub.elsevier.com/S1018-3647(15)00049-X/h0180

	Generalized variational formulations for extended exponentially fractional integral
	1 Introduction
	2 Extended fractional integral
	3 Generalized variational formulation
	4 Complementary variational formulation
	5 Examples
	6 Conclusion
	Acknowledgement
	References


