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1. Introduction

The following result is known in the literature as

Ostrowski’s inequality (see for example page 468 of
Dragomir (1999)).

Theorem 1. Let f : ½a; b� ! R be a differentiable mapping on

ða; bÞ with the property that jf 0ðtÞj 6 M for all t 2 ða; bÞ. Then

fðxÞ � 1

b� a

Z b

a

fðtÞdt
����

���� 6 1

4
þ ðx� aþb

2
Þ2

ðb� aÞ2
" #

ðb� aÞM;

for all x 2 ½a; b�. The constant 1
4
is the best possible in the sense

that it cannot be replaced by a smaller constant.

Hilger (1988) initiated the theory of time scales (see Sec-
tion 2 for definition) which unifies the difference and differen-
tial calculus in a consistent way. In the bid to continue in the
development of this theory, Bohner and Matthews (2008)
extended Theorem 1 to time scales by proving

Theorem 2. Let a; b; s; t 2 T; a < b and f : ½a; b� ! R be a
differentiable. Then

fðtÞ � 1

b� a

Z b

a

f rðsÞDs
����

���� 6 M

b� a
ðh2ðt; aÞ þ h2ðt; bÞÞ; ð1Þ

where M ¼ supa<t<bjf DðtÞj and h2ð�; �Þ is defined in item (a) of

Remark 11.
Since the advent of the above result, many Ostrowski and

weighted Ostrowski type results on time scales have been pub-

lished. In order to prove Theorem 2, one needs the so-called
Montgomery identity. In the literature, there exist a lot of gen-
eralizations of this identity, see for example Karpuz and Özkan
(2008), Liu and Tuna (2012), Liu et al. (2014) and Liu et al.

(2014). Lately, Liu and Ngô (2009) investigated Theorem 2
by introducing a parameter k. Inspired by the later, Xu and
Fang (2016) recently proved the following new generalization

of the Montgomery identity.
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Theorem 3. Suppose that a; b; s; t 2 T, a < b, f : ½a; b� ! R is

differentiable, and w is a function of ½0; 1� into ½0; 1�. Then

1þ wð1� kÞ � wðkÞ
2

fðtÞ þ wðkÞfðaÞ þ ð1� wð1� kÞÞfðbÞ
2

¼ 1

b� a

Z b

a

f rðsÞDsþ 1

b� a

Z b

a

Kðs; tÞf DðsÞDs;

where

Kðs; tÞ ¼ s� ðaþ wðkÞ b�a
2
Þ; s 2 ½a; tÞ;

s� ðaþ ð1þ wð1� kÞÞ b�a
2
Þ; s 2 ½t; bÞ:

(
ð2Þ

Using the above result, Xu and Fang (2016) also proved the fol-
lowing Ostrowski type inequality.
Theorem 4. Suppose that a; b; s; t 2 T, a < b, f : ½a; b� ! R are

differentiable, and w is a function of ½0; 1� into ½0; 1�. Then the
following inequality holds

1þ wð1� kÞ � wðkÞ
2

fðtÞ þ wðkÞfðaÞ þ ð1� wð1� kÞÞfðbÞ
2

����
� 1

b� a

Z b

a

f rðsÞDs
���� 6 M

b� a
h2 a; aþ wðkÞ b� a

2

� ��

þ h2 t; aþ wðkÞ b� a

2

� �
þ h2 t; aþ ð1þ wð1� kÞÞ b� a

2

� �

þ h2 b; aþ ð1þ wð1� kÞÞ b� a

2

� ��
;

for all k 2 ½0; 1� such that aþ wðkÞ b�a
2
and aþ ð1þ wð1� kÞÞ b�a

2

are in T, and t 2 aþ wðkÞ b�a
2
; aþ ð1þ wð1� kÞÞ b�a

2

� �
, where

M ¼ supa<t<bjf DðtÞj < 1.

In this paper, we prove a new weighted generalized Mont-
gomery identity and then use it to obtain a weighted Ostrowski
type inequality for parameter function on an arbitrary time

scale. Theorems 3 and 4 are special cases of our results.
The paper is organized as follows. In Section 2, we recall

necessary results and definitions in time scale theory. Our

results are formulated and proved in Section 3.

2. Time scale essentials

To make this paper self contained, we collect the following
results that will be of importance in the sequel. For more on
the theory of time scales, we refer the reader to the books of

Bohner and Peterson (2001) and Bohner and Peterson
(2003). We start with the following definition.

Definition 5. A time scale T is an arbitrary nonempty closed
subset of R. The forward jump operator r : T ! T and

backward jump operator q : T ! T are defined by rðtÞ :¼
inffs 2 T : s > tg for t 2 T and qðtÞ :¼ supfs 2 T : s < tg for
t 2 T, respectively. Clearly, we see that rðtÞ P t and qðtÞ 6 t

for all t 2 T. If rðtÞ > t, then we say that t is right-scattered,
while if qðtÞ < t, then we say that t is left-scattered. If rðtÞ ¼ t,
then t is called right dense, and if qðtÞ ¼ t then t is called left

dense. Points that are both right dense and left dense are called

dense. The set Tk is defined as follows: if T has a left scattered

maximumm, thenTk ¼ T�m; otherwise,Tk ¼ T. Fora; b 2 T
with a 6 b, we define the interval ½a; b� in T by

½a; b� ¼ ft 2 T : a 6 t 6 bg. Open intervals and half-open
intervals are defined in the same manner.

Definition 6. The function f : T ! R, is called differentiable at
t 2 Tk, with delta derivative f DðtÞ 2 R, if for any given � > 0
there exist a neighborhood U of t such that

fðrðtÞÞ � fðsÞ � f DðtÞðrðtÞ � sÞ�� �� 6 �jrðtÞ � sj; 8s 2 U:

If T ¼ R, then f DðtÞ ¼ dfðtÞ
dt
, and if T ¼ Z, then f DðtÞ ¼ fðtþ 1Þ

�fðtÞ.

Definition 7. The function f : T ! R is said to be
rd-continuous if it is continuous at all dense points t 2 T and
its left-sided limits exist at all left dense points t 2 T.

Definition 8. Let f be a rd-continuous function. Then
g : T ! R is called the antiderivative of f on T if it is differen-

tiable onT and satisfies gDðtÞ ¼ fðtÞ for any t 2 Tk. In this case,
we have

Z b

a

fðsÞDs ¼ gðbÞ � gðaÞ:

Theorem 9. If a; b; c 2 T with a < c < b, a 2 R and f; g are rd-
continuous, then

(i)
R b
a ½f ðtÞ þ gðtÞ�Dt ¼ R b

a f ðtÞDt þ
R b
a gðtÞDt.

(ii)
R b
a af ðtÞDt ¼ a

R b
a f ðtÞDt

(iii)
R b
a f ðtÞDt ¼ � R a

b f ðtÞDt
(iv)

R b
a f ðtÞDt ¼

R c
a f ðtÞDt þ

R b
c f ðtÞDt.

(v)
R b
a f ðtÞDt

��� ��� 6 R b
a jf ðtÞjDt for all t 2 ½a; b�.

(vi)
R b
a f ðtÞgDðtÞDt ¼ ðfgÞðbÞ � ðfgÞðaÞ � R b

a f
DðtÞgðrðtÞÞDt.

Definition 10. Let hk : T
2 ! T, k 2 N be functions that are

recursively defined as

h0ðt; sÞ ¼ 1

and

hkþ1ðt; sÞ ¼
Z t

s

hkðs; sÞDs; for all s; t 2 T:

In view of the above definition, we make the following

remarks (see Example 1.102 in the book (Bohner and
Peterson, 2001)).

Remark 11. (a) Using the fact that for all s; t 2 T,
h1ðt; sÞ ¼ t� s, we get that

h2ðt; sÞ ¼
Z t

s

ðs� sÞDs:

(b) When T ¼ R, then for all s; t 2 T,

hkðt; sÞ ¼ ðt� sÞk
k!

:

(c) When T ¼ Z, then for all s; t 2 T,
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hkðt; sÞ ¼
t� s

k

� �
¼

Yk
i¼1

t� sþ 1� i

i
:

(d) When T ¼ qN0 with q > 1, then for all s; t 2 T,

hkðt; sÞ ¼
ðt� sÞkq
½k�! for k 2 N0;

where ½k�q :¼ qk�1
q�1

for q 2 R n f1g and k 2 N0, ½k�! :¼Qk
j¼1½j�q for k 2 N0,

ðt� sÞkq :¼
Yk�1

j¼0

ðt� q jsÞ for k 2 N0:
3. Main results

For the proof of our main result, we will need the following
lemma.

Lemma 12. (A weighted generalized Montgomery Identity)).

Let m : ½a; b� ! ½0;1Þ be rd�continuous and positive and

w : ½a; b� ! R be differentiable such that wDðtÞ ¼ mðtÞ on ½a; b�.
Suppose also that a; b; s; t 2 T, a < b, f : ½a; b� ! R is differen-

tiable, and w is a function of ½0; 1� into ½0; 1�. Then we have the
following equation

1þwð1�kÞ�wðkÞ
2

fðtÞ þ wðkÞfðaÞþ 1�wð1�kÞð ÞfðbÞ
2

h i R b

a
mðtÞDt

¼ R b

a
Kðs; tÞfDðsÞDsþ R b

a
mðsÞfðrðsÞÞDs;

ð3Þ

where

Kðs; tÞ ¼
wðsÞ � wðaÞ þ wðkÞ wðbÞ�wðaÞ

2

	 

; s 2 ½a; tÞ;

wðsÞ � wðaÞ þ ð1þ wð1� kÞÞ wðbÞ�wðaÞ
2

	 

; s 2 ½t; b�:

8><
>:

ð4Þ

Proof. Using item (vi) of Theorem 9, we obtain

R t

a
wðsÞ � wðaÞ þ wðkÞ wðbÞ�wðaÞ

2

	 
h i
fDðsÞDsþ R t

a
mðsÞfðrðsÞÞDs

¼ wðtÞ � wðaÞ þ wðkÞ wðbÞ�wðaÞ
2

	 
h i
fðtÞ

� wðaÞ � wðaÞ þ wðkÞ wðbÞ�wðaÞ
2

	 
h i
fðaÞ

ð5Þ
andR b

t
wðsÞ � wðaÞ þ ð1þ wð1� kÞÞ wðbÞ�wðaÞ

2

	 
h i
f DðsÞDs

þ R b

t
mðsÞfðrðsÞÞDs

¼ wðbÞ � wðaÞ þ ð1þ wð1� kÞÞ wðbÞ�wðaÞ
2

	 
h i
fðbÞ

� wðtÞ � wðaÞ þ ð1þ wð1� kÞÞ wðbÞ�wðaÞ
2

	 
h i
fðtÞ:

ð6Þ

Adding Eqs. (5) and (6), and using item (iv) of Theorem 9,

gives

R b

a
Kðs; tÞf DðsÞDsþ R b

a
mðsÞfðrðsÞÞDs ¼ 1þwð1�kÞ�wðkÞ

2
fðtÞ R b

a
mðtÞDt

þ wðkÞfðaÞþ 1�wð1�kÞð ÞfðbÞ
2

R b

a
mðtÞDt:

ð7Þ
Hence, Eq. (3) follows. h

Remark 13. If wðtÞ ¼ t, then Lemma 12 reduces to Theorem 3.

Corollary 14. For the case when T ¼ R in Lemma 12, we get

1þ wð1� kÞ � wðkÞ
2

fðtÞ þ wðkÞfðaÞ þ 1� wð1� kÞð ÞfðbÞ
2

� � Z b

a

mðtÞdt

¼
Z b

a

Kðs; tÞf0ðsÞdsþ
Z b

a

mðsÞfðsÞds;
ð8Þ

where mðtÞ ¼ w0ðtÞ on ½a; b� and

Kðs; tÞ ¼
wðsÞ � wðaÞ þwðkÞ wðbÞ�wðaÞ

2

	 

; s 2 ½a; tÞ;

wðsÞ � wðaÞ þ ð1þwð1� kÞÞ wðbÞ�wðaÞ
2

	 

; s 2 ½t;b�:

8><
>:

ð9Þ
Corollary 15. If we consider wðkÞ ¼ k in Corollary 14, then the
equation becomes

ð1� kÞfðtÞ þ k
fðaÞ þ fðbÞ

2

� � Z b

a

mðtÞdt

¼
Z b

a

Kðs; tÞf0ðsÞdsþ
Z b

a

mðsÞfðsÞds;

where mðtÞ ¼ w0ðtÞ on ½a; b� and

Kðs; tÞ ¼
wðsÞ � wðaÞ þ k wðbÞ�wðaÞ

2

	 

; s 2 ½a; tÞ;

wðsÞ � wðbÞ � k wðbÞ�wðaÞ
2

	 

; s 2 ½t; b�:

8><
>: ð10Þ

Corollary 16. For the case when T ¼ Z; a ¼ 0; b ¼
n; fðkÞ ¼ xk; s ¼ j and t ¼ i, Lemma 12 becomes

1þ wð1� kÞ � wðkÞ
2

xi þ wðkÞx0 þ 1� wð1� kÞð Þxn

2

� �Xn�1

j¼0

mðjÞ

¼
Xn�1

j¼0

Kðj; iÞDxj þ
Xn�1

j¼0

mðjÞxjþ1;

ð11Þ
where mðjÞ ¼ wðjþ 1Þ � wðjÞ on ½0; n� 1� and

Kðj; iÞ ¼
wðjÞ� wð0ÞþwðkÞwðnÞ�wð0Þ

2

	 

; j 2 ½0; iÞ;

wðjÞ� wð0Þþ ð1þwð1� kÞÞwðnÞ�wð0Þ
2

	 

; j 2 ½i;n� 1�:

8><
>:

ð12Þ

Corollary 17. Let T ¼ qN0 , with q > 1, a ¼ qm and b ¼ qn with

m < n. For this case, rðtÞ ¼ qt and fDðtÞ ¼ DqfðtÞ :¼ fðqtÞ�fðtÞ
ðq�1Þt .

Using this information, Lemma 12 becomes

1þ wð1� kÞ � wðkÞ
2

fðtÞ þ wðkÞfðaÞ þ 1� wð1� kÞð ÞfðbÞ
2

� �

�
Z qn

qm
mðtÞdqt ¼

Xn�1

j¼m

Kðq j; tÞ fðq
jþ1Þ � fðq jÞ
ðq� 1Þq j

þ
Z qn

qm
mðtÞfðqtÞdqt;

ð13Þ
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where mðtÞ ¼ wðqtÞ�wðtÞ
ðq�1Þt on ½qm; qn� and

Kðq j; tÞ ¼
wðq jÞ � wðqmÞ þ wðkÞ wðqnÞ�wðqmÞ

2

	 

; q j 2 ½qm; tÞ;

wðq jÞ � wðqmÞ þ ð1þ wð1� kÞÞ wðqnÞ�wðqmÞ
2

	 

;

q j 2 ½t; qn�:

8>>><
>>>:

ð14Þ

Theorem 18. Let m : ½a; b� ! ½0;1Þ be rd-continuous and posi-

tive and w : ½a; b� ! R be differentiable such that wDðtÞ ¼ mðtÞ
on ½a; b�. Suppose also that a; b; s; t 2 T, a < b, f : ½a; b� ! R is

differentiable, and w is a function of ½0; 1� into ½0; 1�. Then we
have the following inequality

1þ wð1� kÞ � wðkÞ
2

fðtÞ þ wðkÞfðaÞ þ 1� wð1� kÞð ÞfðbÞ
2

� �����
�
Z b

a

mðtÞDt�
Z b

a

mðsÞfðrðsÞÞDs
���� 6 M

Z b

a

jKðs; tÞjDs; ð15Þ

where Kðs; tÞ is defined by (4) and M ¼ supa<t<bjfDðtÞj < 1.

Proof. The proof easily follows by applying the absolute value
on both sides of Eq. (3) in Lemma 12 and then using item (v)

of Theorem 9. h

Remark 19. Setting wðtÞ ¼ t in Theorem 18 reduces to Theo-
rem 4 where the equation

Z b

a

jKðs; tÞjDs ¼ h2 a; aþ wðkÞ b� a

2

� �

þ h2 t; aþ wðkÞ b� a

2

� �

þ h2 t; aþ ð1þ wð1� kÞÞ b� a

2

� �

þ h2 b; aþ ð1þ wð1� kÞÞ b� a

2

� �
:

holds for all k 2 ½0; 1� such that aþ wðkÞ b�a
2

and aþ ð1þ w

ð1� kÞÞ b�a
2

are in T, and t 2 aþ wðkÞ b�a
2
; aþ ð1þ w

�
ð1� kÞÞ b�a

2
�.

We obtain the following corollary by taking wðtÞ ¼ t2 þ c,

c 2 R in Theorem 18. For this, mðtÞ ¼ rðtÞ þ t, for t 2 ½a; b�.

Corollary 20. Let a; b; s; t 2 T; a < b, f : ½a; b� ! R is differen-
tiable, and w is a function of ½0; 1� into ½0; 1�. Then we have the
following inequality

1þwð1�kÞ�wðkÞ
2

fðtÞþwðkÞfðaÞþ 1�wð1�kÞð ÞfðbÞ
2

� �����
�
Z b

a

ðrðtÞþ tÞDt�
Z b

a

ðrðsÞþ sÞfðrðsÞÞDs
����6M

Z b

a

jKðs;tÞjDs;

ð16Þ
where

Kðs; tÞ ¼
s2 � a2 þ wðkÞ b2�a2

2

	 

; s 2 ½a; tÞ;

s2 � a2 þ ð1þ wð1� kÞÞ b2�a2

2

	 

; s 2 ½t; b�

8><
>: ð17Þ
and M ¼ sup
a<t<b

jfDðtÞj < 1.

Corollary 21. For the case when T ¼ R in Theorem 18, we get

1þ wð1� kÞ � wðkÞ
2

fðtÞ þ wðkÞfðaÞ þ 1� wð1� kÞð ÞfðbÞ
2

� �����
�
Z b

a

mðtÞdt�
Z b

a

mðsÞfðsÞds
���� 6 M

Z b

a

jKðs; tÞjds; ð18Þ

where mðtÞ ¼ w0ðtÞ,

Kðs; tÞ ¼
wðsÞ � wðaÞ þwðkÞ wðbÞ�wðaÞ

2

	 

; s 2 ½a; tÞ;

wðsÞ � wðaÞ þ ð1þwð1� kÞÞ wðbÞ�wðaÞ
2

	 

; s 2 ½t;b�:

8><
>:

ð19Þ

and M ¼ supa<t<bjf0ðtÞj < 1.

Corollary 22. For the case when T ¼ Z, a ¼ 0; b ¼ n; fðkÞ ¼ xk;
s ¼ j and t ¼ i, Theorem 18 amounts to

1þ wð1� kÞ � wðkÞ
2

xi þ wðkÞx0 þ 1� wð1� kÞð Þxn

2

� �Xn�1

j¼0

mðjÞ
�����

�
Xn�1

j¼0

mðjÞxjþ1

����� 6 M
Xn�1

j¼0

jKðj; iÞj; ð20Þ

where mðjÞ ¼ wðjþ 1Þ � wðjÞ,

Kðj; iÞ ¼
wðjÞ� wð0ÞþwðkÞwðnÞ�wð0Þ

2

	 

; j 2 ½0; iÞ;

wðjÞ� wð0Þþ ð1þwð1� kÞÞwðnÞ�wð0Þ
2

	 

; j 2 ½i;n� 1�:

8><
>:

ð21Þ

and M ¼ sup0<i<njDxij < 1.

Corollary 23. Let T ¼ qN0 , with q > 1, a ¼ qm and b ¼ qn with

m < n. Then we have

1þ wð1� kÞ � wðkÞ
2

fðtÞ þ wðkÞfðaÞ þ 1� wð1� kÞð ÞfðbÞ
2

� �����
�
Z qn

qm
mðtÞdqt�

Z qn

qm
mðtÞfðqtÞdqt

���� 6 M
Xn�1

j¼m

jKðq j; tÞj; ð22Þ

where mðtÞ ¼ wðqtÞ�wðtÞ
ðq�1Þt on ½qm; qn�,

Kðq j; tÞ ¼
wðq jÞ � wðqmÞ þ wðkÞ wðqnÞ�wðqmÞ

2

	 

; q j 2 ½qm; tÞ;

wðq jÞ � wðqmÞ þ ð1þ wð1� kÞÞ wðqnÞ�wðqmÞ
2

	 

;

q j 2 ½t; qn�:

8>>><
>>>:

ð23Þ

and M ¼ supqm<q j<qn
fðqjþ1Þ�fðq jÞ

ðq�1Þq j

��� ��� < 1.
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Corollary 24. For wðkÞ ¼ k2, the inequality in Theorem 18 boils
down to

ð1� kÞfðtÞ þ k2fðaÞ þ 2k� k2
� �

fðbÞ
2

" #Z b

a

mðtÞDt
�����

�
Z b

a

mðsÞfðrðsÞÞDs
���� 6 M

Z b

a

jKðs; tÞjDs; ð24Þ

where

Kðs; tÞ ¼
wðsÞ � wðaÞ þ k2 wðbÞ�wðaÞ

2

	 

; s 2 ½a; tÞ;

wðsÞ � wðaÞ þ ðk2 � 2kþ 2Þ wðbÞ�wðaÞ
2

	 

; s 2 ½t; b�

8><
>:

ð25Þ

and M ¼ supa<t<bjfDðtÞj < 1.

Remark 25.

1. Putting k ¼ 0 in Eq. (24) gives

jfðtÞ
Z b

a

mðtÞDt�
Z b

a

mðsÞfðrðsÞÞDsj 6 M

Z b

a

jKðs; tÞjDs;

where

Kðs; tÞ ¼ wðsÞ � wðaÞ; s 2 ½a; tÞ;
wðsÞ � wðbÞ; s 2 ½t; b�:



2. For k ¼ 1=2 in Eq. (24) we obtain the following inequality

fðtÞ
2

þ fðaÞ þ 3fðbÞ
8

� � Z b

a

mðtÞDt
����

�
Z b

a

mðsÞfðrðsÞÞDs
���� 6 M

Z b

a

jKðs; tÞjDs;

where

Kðs; tÞ ¼ wðsÞ � 7wðaÞþwðbÞ
8

; s 2 ½a; tÞ;
wðsÞ � 3wðaÞþ5wðbÞ

8
; s 2 ½t; b�:

(

3. If we take k ¼ 1 in Eq. (24), we obtain

fðaÞ þ fðbÞ
2

Z b

a

mðtÞDt�
Z b

a

mðsÞfðrðsÞÞDs
����

���� 6 M

Z b

a

jKðs; tÞjDs;
where

Kðs; tÞ ¼ wðsÞ � wðaÞ þ wðbÞ
2

s 2 ½a; b�:
4. Conclusion

In this work, a new weighted Montgomery identity is estab-
lished. Using this identity, a new weighted Ostrowski type

inequality is also obtained. Our results reduce to results due
to Xu and Fang (2016) if wðtÞ ¼ t. In addition, the continuous,
discrete and quantum cases are considered as drop-outs of our

results.
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Karpuz, B., Özkan, U.M., 2008. Generalized Ostrowski inequality on

time scales. J. Inequal. Pure Appl. Math. 9 (4). Art. 112.
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