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In this paper, we proposed a new extension of the Rayleigh distribution with two parameter called type I

half logistic Rayleigh distribution. Several important mathematical and statistical properties of this new

distribution are discussed. Simulation studies and real data applications are also considered for perfor-

mance of the new distribution.
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1. Introduction

Many new statistical distributions have been derived using the
commonly known distributions by way of different types of trans-
formations or compounding. In the last few years, new generated
families of continuous distributions have attracted several statisti-
cians to develop new models. These families are obtained by intro-
ducing one or more additional shape parameter(s) to the baseline
distribution. Some of the generated families are: the beta-G
(Eugene et al, 2002), gamma-G (type 1) (Zografos and
Balakrishnan, 2009), gamma-G (type 2) (Ristic and Balakrishnan,
2012), transformed-transformer (T-X; Alzaatreh et al., 2013),
Weibull- G (Bourguignon et al., 2014), Weibull- G (Bourguignon
et al., 2014), exponentiated half-logistic-G (Cordeiro et al., 2014),
type I half logistic-G family (Cordeiro et al., 2015), exponentiated
Weibull-G (Hassan and Elgarhy, 2016), type II half logistic - G
(Hassan et al., 2017).

Based on Cordeiro et al. (2015), the cumulative distribution
function (CDF) and the probability density function (PDF) of type
I half logistic — G family are given by
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Fi(x) = m lx7,00 (1)
and

-1
fi.(x) = w ‘x,2,>07 (2)

{1+0 -6}

respectively, where / is the shape parameter.

Lord Rayleigh (1880) introduced the Rayleigh distribution in
connection with a problem in the field of acoustics. In nature, phys-
ical phenomena in many areas of fields of science (for example,
noise theory, lethality, radar return, etc.) have amplitude distribu-
tions which can be characterized by the Rayleigh density function
or some function which can be derived from the Rayleigh density
function. Because a literature search failed to turn up any major
source of material on the Rayleigh density function.

The probability density function (PDF), cumulative distribution
function (CDF), of the Rayleigh distribution are given, respectively,
by

g,(x) = 20xe ™| o .o, (3)
and

—ax2
G“(X) =1-e™ ‘a>0,x>07 (4)

where, o is the scale parameter.
In this paper we introduce a new two-parameter model as a
competitive extension for Rayleigh distribution using the TIHL-G
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distributions. The rest of the paper is outlined as follows. In Sec-
tion 2, we define the type I half-logistic Rayleigh (TIHLR) distribu-
tion. In Section 3, we derive a very useful representation for the
(TIHLR) PDF and CDF functions, some mathematical properties of
the proposed distribution are derived. The maximum likelihood
method is applied to drive the estimates of the model parameters
in Section 4. Simulation study is carried out to estimate the model
parameters of (TIHLR) distribution in Section 5. Section 6 gives an
illustrative example to explain how the real data sets can be mod-
eled by TIHLR.

2. The new model

In this section, the two-parameter TIHLR distribution is
obtained by substituting (3) into (1) and (4) into (2), the CDF and
PDF of type I half-logistic Rayleigh distribution, takes the following
form

1— efa;xz
Fo(x) = 1102 |50x50- (5)
and

406~
fo(®) = m 10>0.x0 (6)

where,p = (4, ) is the set of parameters. The survival and hazard
rate functions of TIHLR distribution are respectively given by

Fo(x) = 2270 and hy(x) = ;22

The following plots show the PDF and hazard rate function of
TIHLR distribution for some parameter values are displayed in
Figs. 1 and 2 respectively.

Some important extensions of the Rayleigh model have been
developed and studied such as Yousof et al. (2015, 2016);
Korkmaz et al. (2017, 2018, 2019); Brito et al. (2017); Hamedani
et al. (2017); Cordeiro et al. (2018); Yousof et al. (2018a,b);
Chakraborty et al. (2018); Hamedani et al. (2018, 2019) among
others.

3. Statistical properties

In this section some properties of the TIHLR distribution are
obtained.
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Fig. 1. Plots of the PDF of the TIHLR distribution for some parameter values.
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Fig. 2. Plots of the hazard rate function of the TIHLR distribution for some
parameter values.

3.1. Useful expansions
In this subsection representations of the PDF and CDF for TIHLR

distribution are derived.
Using the generalized binomial expansion for f > 0 and |Z] > 1

R A E ) (R £ 7

the distribution function of TIHLR distribution becomes

Folx) =" mxe 0%, (8)
k=0
where

M = 4io(~1)* (ﬁ * ;i - 1).

3.2. Quantile and median

Quantile functions are used in theoretical aspects of probability
theory, statistical applications and simulations. Simulation meth-
ods utilize quantile function to produce simulated random vari-
ables for classical and new continuous distributions. The quantile
function, say Q(u) = F~!(u) of X is given by

1 — e~2HQW)?
u=———
1 + e—oAQ(u)

)

after some simplifications, it reduces to the following form

Q) =/ (1) )

1-u

where, u is considered as a uniform random variable on the unit
interval (0,1).

In particular, the median can be derived from (9) be setting
u = 0.5. Then, the median is given by

median = l In(3)
o
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3.3. Moments

If X has the PDF (6), then its rth moment can be obtained
through the following relation

fi = EOC) = [0 (10)

Substituting (8) into (10) yields

I~
_ o0 r+1 5 —o(k+1)x2
o= Y0 e

Then,

=y e p(fiy)
i Z"ZOZ[a/I(k+1)]5” G+

and the moment generating function of TIHLR distribution is
obtained through the following relation
r
F(j+1).

t'n
Mx(t) = i (X") = —k
x(0) Zr 07l Zkr 0 2rloui(k + 1))
Also, the incomplete moment, say ¢,(t), is given by

P.(t) = / f(x)dx

0

Using (6), then ¢(t) can written as follows

t
_ o 1 ,—oui(k+1)x2
(t)= E k:o”k/o xle X dx.

Then, using the lower incomplete gamma function, we obtain
(=+ 1,04k + 1)t? 11
ZkOZOMIC—i-l}ZH/( e+ ) a

where
t.
Y(s,t) = / xle7*dx,

is the lower incomplete gamma function. Further, the conditional
moments, say Ts(t), is given by

( ) / Sf dX _ Zk Onk/ xS+l (k+1). "de

t

then we get the following

Zk 02

S
— - T(5+1,ai(k+ 1)t*),
k+l)] (2 A ))

where
[(s,t) = /x“e*xdx

is the upper incomplete gamma function.
3.4. Residual life function

The nth moment of the residual life of X is given by

00

1 n
W/(x— £)"f (x)dx.

t

mn(t) =

Applying the binomial expansion of (x —t)" into the above

formula, we get

1 o n
= @Zk:o ;

n Ul n-d ,
=0(y )WF<T+LW(k+1)tZ>.
(12)

3.5. Simple type Copula-based construction

We will consider several Copula approaches to construct the
bivariate and the multivariate TIHLR type distributions via copula
(or with straightforward bivariate CDFs form, in which we just
need to consider two different TIHLR CDFs).

3.5.1. The bivariate TIHLR extension using the Morgenstern family
First, we start with CDF for Morgenstern family of two RVs
(Y1,Y>) which has the following form

FeW1:¥2)ls1<1y = F1 ) F2(¥2){1 +¢[1 = F1(y))][1 — F2(¥)]},

Setting
1— e*“]’il,"lz
Fron) =Fo 00 =1
and
1 — e—mhy,?
Fao(y2) =F,, ,02) = 1+ e may?’

then we have a 5-dimension parameter model as
1 _3*11213112 1-— e*iz/'»zJ’zz
X -
1+e4yi? " 14 e-%iay2?
1-— e*oﬁilhz 1-— e*‘lz/"vzyz2
x{m (1_ . )<1 >
1+e-2%%4n 1+e%2hy
3.5.2. Via clayton copula
3.5.2.1. The bivariate TIHLR extension. The bivariate extension via

clayton copula can be considered as a weighted version of the clay-
ton copula, which is of the form

F,(yy 7Y2)|(mg1> =

C(uj v) — [u (01+02) + v (01+02) __ ]]_ﬁ

This is indeed a valid copula. Next, let us assume that X ~ TIHLR
(o1, 41) and X ~ TIHLR (o2, 42). Then, setting

1-— e—alzlxz
U= Uy (X) = 1renin?
and

1-— e*‘%z/'vzy2
V=V (Y) = 1rewmnr’

the associated CDF bivariate TIHLR type distribution is

149 5145 o

H(x,y) = 1— e uh¥ o) 1 — g%y ~(01%32) ) 15
w=Nireww)  Tligeww) Y
Note: Depending on the specific baseline CDF, one may con-

struct various bivariate TIHLR type model in which (6; + d2) > 0.

3.5.2.2. The Multivariate TIHLR extension. The d-dimensional version
from the above is

1 ) 019 —1/001+2)
d — e~ %t
”<Y17szwyd>{2n{m} +1—d} :

Further future works could be allocated for studying the bivari-
ate and the multivariate extensions of the TIHLR model.
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4. Maximum likelihood estimation

The maximum likelihood estimates (MLEs) of the unknown
parameters for the TIHLR distribution are determined based on
complete samples. Let X;,X5,---X, be observed values from the

TIHLR distribution with set of parameters ¢ = (i, «)" The log-
likelihood function for the vector of parameters ¢ can be expressed
as

InL(¢p) = nin(44) + nin(o) + nin(p) + zn: In

i1
n
—aix%;
X ;ln<] + e~ >

The elements of the score function U(¢) = (U,,U,) are given by

n
(%) —od Y x%—
i=1

lee 00X
:——och +2(le+e T

XZ e oIx%;

n
:__)ZX +2)Z‘l+e 0ix2;

Then the maximum likelihood estimates of the parameters 1
and o are obtained by setting the last two equations to be zero
and solving them. Clearly, it is difficult to solve them, therefore
applying the Newton-Raphson’s iteration method and using the
computer package such as Maple or R or other software.

5. Simulation study

It is very difficult to compare the theoretical performances of
the different estimators (MLE) for the TIHLR distribution. There-
fore, simulation is needed to compare the performances of the dif-
ferent methods of estimation mainly with respect to their biases,
mean square errors and Variances (MLEs) for different sample
sizes. A numerical study is performed using Mathematica 9 soft-
ware. Different sample sizes are considered through the experi-
ments at size n = 50, 100, 150, 200 and 300. In addition, the
different values of parameters A and o. The experiment will be
repeated 10,000 times. In each experiment, the estimates of the
parameters will be obtained by maximum likelihood methods of
estimation. The means, MSEs and biases for the different estima-
tors will be reported from these experiments (see Table 1).

6. Data analysis

In this section, we use one real data set to illustrate the impor-
tance and flexibility of the TIIHLR distribution. We compare the fit
of the TIHLR model with Rayleigh (R) distribution.

The Akaike information criterion (AIC), the corrected Akaike
information criterion (CAIC), Bayesian information criterion (BIC),
Hannan-Quinn information criterion (HQIC), Anderson-Darling
(A*) and Cramér-Von Mises (W*) statistics are used for model
selection.

The data set (gauge lengths of 10 mm) from Kundu and Raqab
(2009). This data set consists of, 63 observations: 1.901, 2.132,
2.203, 2.228, 2.257, 2.350, 2.361, 2.396, 2.397, 2.445, 2.454,
2.474, 2518, 2.522, 2.525, 2.532, 2.575, 2.614, 2.616, 2.618,

Table 1
The parameter estimation from TIHLR distribution using MLE.
n Par Init MLE Bais MSE Init MLE Bais MSE
50 r 0.4 0.5158 0.0158 0.0087 1.5 0.5146 0.0146 0.0082
o 0.5 0.4126 0.0126 0.0055 0.5 1.5439 0.0439 0.0741
100 * 0.4 0.5066 0.0066 0.0039 1.5 0.5075 0.0075 0.0038
o 0.5 0.4053 0.0053 0.0025 0.5 1.5225 0.0225 0.0343
150 I8 0.4 0.5052 0.0052 0.0024 1.5 0.5049 0.0049 0.0026
o 0.5 0.4041 0.0041 0.0016 0.5 1.5147 0.0147 0.0231
200 P8 0.4 0.5035 0.0035 0.0019 1.5 0.5031 0.0031 0.0019
o 0.5 0.4028 0.0028 0.0012 0.5 1.5093 0.0093 0.0169
300 I3 0.4 0.5028 0.0028 0.0012 1.5 0.5025 0.0025 0.0012
o 0.5 0.4022 0.0022 0.0008 0.5 1.5076 0.0076 0.0110
50 I8 2 0.5147 0.0147 0.0086 2.5 0.5147 0.0147 0.0085
o 0.5 2.0587 0.0587 0.1374 0.5 2.5735 0.0735 0.2117
100 r 2 0.5078 0.0078 0.0040 2.5 0.5081 0.0081 0.0040
o 0.5 2.0312 0.0312 0.0647 0.5 2.5403 0.0403 0.1001
150 * 2 0.5043 0.0043 0.0025 2.5 0.5052 0.0052 0.0025
o 0.5 2.0174 0.0174 0.0403 0.5 2.5261 0.0261 0.0630
200 I8 2 0.5035 0.0035 0.0019 2.5 0.5038 0.0038 0.0019
o 0.5 2.0139 0.0139 0.0304 0.5 2.5192 0.0192 0.0471
300 r 2 0.5026 0.0026 0.0012 2.5 0.5024 0.0024 0.0012
o 0.5 2.0102 0.0102 0.0194 0.5 2.5120 0.0120 0.0311
50 * 3 2.0621 0.0621 0.1350 5 2.0581 0.0581 0.1354
o 2 3.0932 0.0932 0.3038 2 5.1452 0.1452 0.8461
100 r 3 2.0304 0.0304 0.0616 5 2.0302 0.0302 0.0623
o 2 3.0456 0.0456 0.1385 2 5.0754 0.0754 0.3896
150 3 3 2.0202 0.0202 0.0409 5 2.0184 0.0184 0.0401
o 2 3.0303 0.0303 0.0919 2 5.0461 0.0461 0.2507
200 * 3 2.0137 0.0137 0.0297 5 2.0144 0.0144 0.0293
o 2 3.0206 0.0206 0.0668 2 5.0360 0.0359 0.1833
300 r 3 2.0091 0.0091 0.0190 5 2.0090 0.0090 0.0196
o 2 3.0137 0.0137 0.0428 2 5.0226 0.0226 0.1224
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Fig. 3. Estimates of the density and cumulative functions for the data set.
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Table 2

ML estimates of the model parameters and the corresponding SEs for the data set.

Distribution Estimated Parameters and SE

o A SE(at) SE()

TIHLR 0.029 5.267 7.024 * 10"-3 1.26449
R 0.103 - 0.0131 -

Table 3

Goodness of measures for estimates for first data set.
Model AIC CAIC BIC HQIC A* W+
TIHLR 173.476 173.676 173.075 175.162 18.49857 1.28789
R 189.05 189.116 188.85 189.893 32.8777 1.79986

2.624, 2.659, 2.675, 2.738, 2.740, 2.856, 2.917, 2.928, 2.937, 2.937,
2.977, 2.996, 3.030, 3.125, 3.139, 3.145, 3.220, 3.223, 3.235, 3.243,
3.264, 3.272, 3.294, 3.332, 3.346, 3.377, 3.408, 3.435, 3.493, 3.501,
3.537, 3.554, 3.562, 3.628, 3.852, 3.871, 3.886, 3.971, 4.024, 4.027,
4,225, 4.395, 5.020.

Fig. 3 provide the plots of estimated cumulative and estimated
PDF and CDF of the fitted models for the data set Table 2 lists the
MLEs and their corresponding standard errors (SEs) of the model
parameters for data set. The numerical values of the AIC, CAIC,
BIC, HQIC, A* and W* statistics are listed in Table 3. We note that
the TIHLR model gives the lowest values for the AIC, CAIC, BIC,
HQIC, A* and W* statistics for data set among the fitted model.
So, the TIHLR distribution could be fit the data better than R distri-
bution. A density plot compares the fitted densities of the models
with the empirical histogram of the observed data (Fig. 3).

7. Conclusion

In this paper, we propose a two-parameter model, named the
TIHLR distribution. The TIHLR model is motivated by the wide
use of the Rayleigh distribution in practice and also for the fact that
the generalization provides more flexibility to analyze positive
real-life data. We derive explicit expressions for the quantile func-
tion, ordinary moments and order statistics. The maximum likeli-

hood estimation of the model parameters is investigated. We
provide some simulation results to assess the performance of the
proposed model. The practical importance of the TIIHLR distribu-
tion is demonstrated by means of one data set.
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