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Abstract In the present paper, we study the integro-differential equations which are combination

of differential and Fredholm–Volterra equations that have the fractional order with constant coef-

ficients by the homotopy perturbation and the variational iteration. The fractional derivatives are

described in Caputo sense. Some illustrative examples are presented.
ª 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is

an open access article under theCCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

During the past decades, the topic of fractional calculus has

attracted many scientists and researchers due to its applica-
tions in many areas, see Podlubny (1999), Gaul et al. (1991),
Glockle and Nonnenmacher (1995); Hilfert (2000). Thus several

researchers have investigated existence results for solutions to
fractional differential equations due to the fact that many
mathematical formulations of physical phenomena lead to

integro-differential equations, for instance, mostly these types
of equations arise in continuum and statistical mechanics
and chemical kinetics, fluid dynamics, and biological models,
for more details see Baleanu et al. (2012), Kythe and Puri
(2002), Mainardi (1997).

Integro-differential equations are usually difficult to solve
analytically, so it is required to obtain an efficient approximate
solution. The homotopy perturbation method and variational
iteration method which are proposed by He (1999a,b) are of

the methods which have received much concern. These meth-
ods have been successfully applied by many authors such as
Abbasbandy (2007), Abdulaziz et al. (2008); Yıldırım (2008).

In this work, we study the Integro-differential equations which
are combination of differential and Fredholm–Volterra
equations that have the fractional order. In particular, we

applied the HPM and VIM for fractional Fredholm
Integro-differential equations with constant coefficients of
the form

X1
k¼0

PkD
a
�uðtÞ¼ gðtÞþk

Z a

0

Hðx;tÞuðtÞdt; a � x; t � b ð1:1Þ

under the initial-boundary conditions

Da
�uðaÞ ¼ uð0Þ

Da
�uð0Þ ¼ u0ðaÞ ð1:2Þ
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where a is constant and 1 < a � 2 and Da
� is the fractional

derivative in the Caputo sense.

2. Preliminaries

In this section, we give some basic definitions and properties of
fractional calculus theory which are used in this paper.

Definition 2.1. A real function fðxÞ; x > 0 is said to be in
space Cl; l 2 R if there exists a real number p > l, such that
fðxÞ ¼ xpf1ðxÞ where f1ðxÞ 2 Cð0;1Þ, and it is said to be in the
space Cn

l if fn 2 Rl; n 2 N.
Definition 2.2. The Riemann–Liouville fractional integral

operator of order a � 0 of a function f 2 Cl; l � �1 is
defined as:

JafðxÞ ¼ 1

ðCðaÞÞ

Z x

0

ðx� tÞa�1fðtÞdt; a > 0; t > 0 ð2:1Þ

in particular J0fðxÞ ¼ fðxÞ

For b P 0 and c P �1, some properties of the operator Ja

1. J aJbf ðxÞ ¼ J aþbf ðxÞ
2. J aJbf ðxÞ ¼ J bJ af ðxÞ

3. J axc ¼ Cðcþ 1Þ
Cðaþ cþ 1Þ x

aþc
Definition 2.3. The Caputo fractional derivative of

f 2 Cm
�1; m 2 N is defined as:
DafðxÞ ¼ 1

Cðm� aÞ

Z x

0

ðx� tÞm�a�1
fmðtÞdt; m� 1 < a � m

ð2:2Þ

Lemma 2.4. if m� 1 < a � m, m 2 N; f 2 Cm
l ; l > �1 then

the following two properties hold

1. Da½J af ðxÞ� ¼ f ðxÞ
2. J a½Daf ðxÞ� ¼ f ðxÞ �

Pm�1
k¼1 f kð0Þ xk

k!
3. Homotopy perturbation method

The homotopy perturbation method first proposed by He
(2005, 2006) is applied to various problems (He, 2005,, 2006,

2000, 2003).
To illustrate the basic idea of this method, we consider the

following nonlinear differential equation

AðuÞ � fðrÞ ¼ 0; r 2 X ð3:1Þ

with boundary conditions

B u;
@u

@n

� �
¼ 0; r 2 C ð3:2Þ

where A is a general differential operator, B is a boundary
operator, fðrÞ is a known analytic function, C is the boundary
of the domain X.
In general, the operator A can be divided into two parts L
and N, where L is linear, while N is nonlinear. Eq. (3.1) there-
fore can be rewritten as follows

LðuÞ þNðuÞ � fðrÞ ¼ 0 ð3:3Þ

By the homotopy technique (Liao, 1995, 1997). We construct a
homotopy vðr; pÞ : X� ½0; 1� ! R which satisfies

Hðv;pÞ¼ð1�pÞ½LðvÞ�Lðu0Þ�þp½AðvÞ� fðrÞ�¼0 p2 ½0;1�; r2X

ð3:4Þ

or

Hðv; pÞ ¼ LðvÞ � Lðu0Þ þ pLðu0Þ þ p½NðvÞ � fðrÞ� ¼ 0 ð3:5Þ

where p 2 ½0; 1� is an embedding parameter, u0 is an initial
approximation of Eq. (3.1) which satisfies the boundary
conditions.

From Eqs. (3.4), (3.5) we have

Hðv; 0Þ ¼ LðvÞ � Lðu0Þ ¼ 0; ð3:6Þ

Hðv; 1Þ ¼ AðvÞ � fðrÞ ¼ 0: ð3:7Þ

The changing in the process of p from zero to unity is just that
of vðr; pÞ from u0ðrÞ to uðrÞ. In topology this is called deforma-
tion and LðvÞ � Lðu0Þ, and AðvÞ � fðrÞ are called homotopic.

Now, assume that the solution of Eqs. (3.4), (3.5) can be
expressed as

v ¼ v0 þ pv1 þ p2v2 þ . . . ð3:8Þ

The approximate solution of Eq. (3.1) can be obtained by
Setting p ¼ 1.

u ¼ lim v
p!1
¼ v0 þ v1 þ v2 þ . . . ð3:9Þ
4. The variational iteration method

To illustrate the basic concepts of VIM, we consider the fol-

lowing differential equation

LðuÞ þNðuÞ ¼ gðxÞ ð4:1Þ

where L is a linear operator, N nonlinear operator, and gðxÞ is
an non-homogeneous term.

According to VIM, one constructs a correction functional
as follows

ynþ1 ¼ yn þ
Z x

0

k LynðsÞ �N eynðsÞ½ �ds ð4:2Þ

where k is a general Lagrange multiplier, and eyn denotes
restricted variation i.e d eyn=0.

Remark. For the analysis of HPM and VIM we refer the

reader to Kadem and Kilicman (2012); Elbeleze et al. (2012).
5. Numerical examples

In this section, we have applied the homotopy perturbation
method and variational iteration method to linear and nonlin-

ear Fredholm Integro-differential equations of fractional order
with known exact solution

Example 5.1. Consider the following linear Fredholm integro-

differential equation:



Table 1 Value of A for different values of a using (5.6) and (5.9).

a ¼ 1:25 a ¼ 1:5 a ¼ 1:75 a ¼ 2

AðHPMÞ 0.1452034490 0.4549747740 0.7244709330 0.9516151533

AðVIMÞ 1.432940029 1.241066017 1.138179159 1.108032497
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DauðxÞ ¼ 2ex � 1�
Z x

0

uðtÞdt 0 � x � 1; 1 < a � 2:

ð5:1Þ

with initial boundary conditions

uð0Þ ¼ 1; u0ð1Þ ¼ e ð5:2Þ

the exact is uðxÞ ¼ ex.

1. HPM According to HPM, we construct the following
homotopy:

DauðxÞ ¼ p 2ex � 1�
Z x

0

uðtÞdt
� �

ð5:3Þ

Substitution of (3.8) in (5.3) and then equating the terms
with same powers of p we get the series

p0 : Dau0ðxÞ ¼ 0

p1 : Dau1ðxÞ ¼ 2ex � 1�
Z x

0

u0ðtÞdt ð5:4Þ

..

.

pn : DaunðxÞ ¼ �
Z x

0

etun�1ðtÞdt

Now applying the operator Ja to Eqs. (5.4). In order to
satisfy the boundary conditions and convenient calculation,
we will choose u0ðxÞ; u1ðxÞ and unðxÞðn ¼ 2; 3; 4; � � �Þ as
follows:

u0ðxÞ ¼ 1

u1ðxÞ ¼ Axþ Ja 2e2x � 1�
Z x

0

u0dt

� �
ð5:5Þ

..

.

unðxÞ ¼ Ja �
Z x

0

un�1ðtÞdt
� �

Then by solving Eqs. (5.5), we obtain u1; u2; � � � as

u1ðxÞ¼Axþ xa

Cðaþ1Þþ
xaþ1

Cðaþ2Þþ
2xaþ2

Cðaþ3Þþ
2xaþ3

Cðaþ4Þ

u2ðxÞ¼
�A

2
xaþ2

Cðaþ3Þ�
x2aþ1

Cð2aþ2Þ�
x2aþ2

Cð2aþ3Þ�
2x2aþ3

Cð2aþ4Þ�
2x2aþ4

Cð2aþ5Þ

Now, we can form the 2-term approximation

/2ðxÞ ¼ 1þ Axþ xa

Cðaþ 1Þ þ
xaþ1

Cðaþ 2Þ þ
2xaþ2

Cðaþ 3Þ

þ 2xaþ3

Cðaþ 4Þ
� A

2
xaþ2

Cðaþ 3Þ �
x2aþ1

Cð2aþ 2Þ �
x2aþ2

Cð2aþ 3Þ

� 2x2aþ3

Cð2aþ 4Þ �
2x2aþ4

Cð2aþ 5Þ þ � � � ð5:6Þ

where A can be determined by imposing initial-boundary
conditions (5.2) on /2. Table 1 shows the value of A for dif-
ferent values of a.
2. VIM According to the variational iteration method, Eq.
(5.1) can be expressed in the following form:

ukþ1ðxÞ ¼ ukðxÞ

� ða� 1Þ
2

Ja DauðxÞ � 2ex � 1�
Z x

0

ukðtÞdt
� �

ð5:7Þ

Then, in order to avoid the complex and difficult fractional
integration, we can take the truncated Taylor expansions
for exponential term in (5.7) for example, ex 	 1þ
xþ x2

2
þ x3

6
and further, suppose that an initial approxima-

tion has the following form which satisfies the initial-
boundary conditions

u0ðxÞ ¼ 1þ Ax ð5:8Þ

Now by iteration formula (5.7), the first approximation

takes the following form

u1ðxÞ ¼ u0ðxÞ�
ða� 1Þ

2
Ja Dau0ðxÞ� 2ex� 1�

Z x

0

u0ðtÞdt
� �

¼ 1þAxþða� 1Þ
2

xa 1

Cðaþ 1Þþ
x

Cðaþ 2Þþ
ð2�AÞx2

Cðaþ 3Þ þ
2x3

3Cðaþ 4Þ

� �
ð5:9Þ

By imposing initial-boundary conditions (5.2) on u1.

Example 5.2. Consider the following nonlinear Fredholm
integro-differential equation:

DauðxÞ¼ xcosx�2sinxþ
Z x

0

tuðtÞdt 0 � x � p=2; 1< a � 2:

ð5:10Þ

with initial boundary conditions

uð0Þ ¼ 0; u0ðp=2Þ ¼ 0 ð5:11Þ

the exact is uðxÞ ¼ sinx.

1. HPM We follow the same procedure in Example (5.1) by
HPM, so the approximate solution is

/2ðxÞ ¼ Ax� xaþ1

Cðaþ 2Þ þ
xaþ3

Cðaþ 4Þ �
3xaþ5

Cðaþ 6Þ þ
5xaþ7

Cðaþ 8Þ þ � � �

ð5:12Þ

2. VIM we follow the same procedure in Example (5.1) by

VIM, so the approximate solution is

u1ðxÞ ¼ u0ðxÞ �
ða� 1Þ

2
Ja Dau0ðxÞx cos x� 2 sin xþ

Z x

0

tu0ðtÞdt
� �

¼ Ax� ða� 1Þ
2

xa 2x

Cðaþ 2Þ �
ð2A� 1Þx3

Cðaþ 4Þ �
3x5

Cðaþ 6Þ þ
5x7

Cðaþ 8Þ

� �
ð5:13Þ

Example 5.3. Consider the following linear Fredholm integro-

differential equation:



Figure 1 Absolute error of functions E1ðxÞ; E2ðxÞ and E3ðxÞ obtained by 2-term HPM and E4ðxÞ; E5ðxÞ and E6ðxÞ obtained by VIM

with a ¼ 1:25; a ¼ 1:5; a ¼ 1:75 for Example (5.1).

Figure 2 Comparison of approximate solutions obtained by 3-

term HPM and with exact solution at a ¼ 2 for Example (5.1).
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DauðxÞ ¼ 1

2
þ 1

2
e2x

� �
þ
Z x

0

ð1� etÞuðtÞdt 0 � x � 1;

1 < a � 2: ð5:14Þ

with initial boundary conditions

uð0Þ ¼ 1; u0ð1Þ ¼ e ð5:15Þ

the exact is uðxÞ ¼ ex.

1. HPM We follow the same procedure in Example (5.1) by
HPM, so the approximate solution is
Table 2 Value of A for different values of a using (5.12) and (5.13

a ¼ 1:25 a ¼ 1:5

AðHPMÞ 1.229102855 1.15417610

AðVIMÞ 0.7967121064 0.90933267
/2ðxÞ¼ 1þAxþ xa

Cðaþ1Þþ
xaþ1

Cðaþ2Þþ
xaþ2

Cðaþ3Þþ
3xaþ3

2Cðaþ4Þþ �� �

ð5:16Þ

2. VIM we follow the same procedure in Example (5.1) by
VIM, so the approximate solution is

u1ðxÞ¼1þAxþða�1Þ
2

xa 1

Cðaþ1Þþ
x

Cðaþ2Þþ
ðA�1Þx2

2Cðaþ3Þþ
ð3þ2A

12
Þx3

Cðaþ4Þ�
Ax4

2Cðaþ5Þ

� �
ð5:17Þ

Example 5.4. Consider the following nonlinear Fredholm

integro-differential equation:

DauðxÞ þ
Z x

0

u2ðtÞdtþ x

2
� sinhx� 1

4
sinh 2x

� �
0

� x � 1; 1 < a � 2: ð5:18Þ

with initial boundary conditions

uð0Þ ¼ 0; u0ð1Þ ¼ cosh 1 ð5:19Þ

the exact is uðxÞ ¼ sinhx.

1. HPM We follow the same procedure in Example (5.1) by
HPM, so the approximate solution is

/2ðxÞ ¼ Axþ xaþ1

Cðaþ 2Þ þ
3xaþ3

Cðaþ 4Þ þ
9xaþ5

Cðaþ 6Þ þ
33xaþ7

Cðaþ 8Þ þ � � �

ð5:20Þ
).

a ¼ 1:75 a ¼ 2

2 1.078262573 1.005549222

79 0.9808215282 1.017387171



Figure 3 Absolute error of functions E7ðxÞ; E8ðxÞ and E9ðxÞ obtained by 1-term HPM and E10ðxÞ; E11ðxÞ and E12ðxÞ obtained by VIM

with a ¼ 1:25; a ¼ 1:5; a ¼ 1:75 for Example (5.2).

Figure 4 Comparison of approximate solutions obtained by 2-

term HPM with exact solution at a ¼ 2 for Example 5.2.
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2. VIM we follow the same procedure in Example (5.1) by
VIM, so the approximate solution is

u1ðxÞ¼Axþða�1Þ
2

xa x

Cðaþ2Þþ
ð3�2A2Þx3

Cðaþ4Þ þ
9x5

Cðaþ6Þþ
33x7

Cðaþ8Þ

� �
ð5:21Þ
Table 3 Value of A for different values of a using (5.16) and (5.17).

a ¼ 1:25 a ¼ 1:5

AðHPMÞ 0.2375025470 0.5218416880

AðVIMÞ 1.411203960 1.208885080
6. Results and discussion

The FIDEs with initial-boundary conditions have been solved
by using HPM and VIM. Based on preliminary calculations,

we decided to use 2-term in HPM and first-order in VIM solu-
tions. We note that increasing the number of terms improves
the accuracy of HPM solutions.

Table (1) shows the values of A for different values of a
using (5.6) and (5.9). In Fig. (1) absolute error
functions E1ðxÞ; E2ðxÞ, and E3ðxÞ by HPM, E4ðxÞ; E5ðxÞ,
and E6ðxÞ by VIM for different values of a, where

EðxÞ ¼ uexact � uapproximate

�� �� have been drawn. From this figure

we can see that the absolute error for a ¼ 1:75 is smaller than
the absolute errors for a ¼ 1:25; 1:5 in both methods. In addi-
tion, the absolute errors for all a slightly increased from 0 till

reaching a maximum value then slightly decreased till reaching
zero at x ¼ 1. It can be observed from this figure that increas-
ing the accuracy of the HPM and VIM solution by increasing

the fractional derivative. While, Fig. (2) displays the approxi-
mate solution when a ¼ 2 for HPM and VIM with exact
solution.

Table (2) shows the values of A for different values of a
using (5.12) and (5.13). The absolute error functions E7ðxÞ,
E8ðxÞ, E9ðxÞ by HPM and E10ðxÞ; E11ðxÞ and E12ðxÞ by
VIM of Example (5.2) for different values of a, where have

been drawn in Fig. (3). From this figure we can see that the
absolute error for all a by HPM smaller than the absolute
errors for all a by VIM. In addition also it can be observed
a ¼ 1:75 a ¼ 2

0.7720691390 0.9849484867

1.100882101 1.068880597



Figure 5 Absolute error of functions E13ðxÞ; E14ðxÞ and E15ðxÞ obtained by 1-term HPM and E16ðxÞ; E17ðxÞ and E18ðxÞ obtained by

VIM with a ¼ 1:25; a ¼ 1:5; a ¼ 1:75 for Example (5.3).

Figure 6 Comparison of approximate solutions obtained by 2-

term HPM with exact solution at a ¼ 2 for Example (5.3).
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from this figure that increasing the accuracy of the HPM and
VIM solution by increasing the fractional derivative. While,

Fig. (4) displays the approximate solution a ¼ 2 for HPM
and VIM with exact solution.
Table 4 Value of A for different values of a using (5.20) and (5.21

a ¼ 1:25 a ¼ 1:5

AðHPMÞ 0.6894636978 0.81189934

AðVIMÞ 0.8410301049 0.83878195
Table (3) shows the values of A for different values of a
using (5.16) and (5.17). The absolute error functions E13ðxÞ,
E14ðxÞ, E15ðxÞ by HPM and E16ðxÞ; E17ðxÞ and E18ðxÞ by

VIM of Example (5.3) for different values of a, have been
drawn in Fig. (5). From this figure we can see that the
absolute error for a ¼ 1:75 is smaller than the absolute

errors for a ¼ 1:25; 1:5 in both methods. In addition, the
absolute errors for all a slightly increase from 0 till reach-
ing a maximum value then slightly decreased till reaching

zero at x ¼ 1. Also, we can see that the absolute error
for all a by HPM is smaller than the absolute errors for
all a by VIM. It can be observed from this figure that

increasing the accuracy of the HPM and VIM solution by
increasing the fractional derivative. While, Fig. (6) displays
the approximate solution a ¼ 2 for HPM and VIM with
exact solution.

Table (4) shows the values of A for different values of a
using (5.20) and (5.21). The absolute error functions E19ðxÞ,
E20ðxÞ, E21ðxÞ by HPM and E22ðxÞ; E23ðxÞ and E24ðxÞ by

VIM of Example (5.4) for different values of a, have been
drawn in Fig. (7). From this figure we can see that the maxi-
mum absolute error for a ¼ 1:75 by HPM is smaller than the

absolute errors for a ¼ 1:75 by VIM, while the maximum
absolute error for a ¼ 1:25; 1:5 by HPM is greater than the
maximum absolute error for a ¼ 1:25; 1:5 by VIM. Fig. (8)
displays the approximate solution a ¼ 2 for HPM and VIM

with exact solution.
Overall, it can be seen that the approximate solution is in

excellent agreement with exact solution. Also, it is to be noted
).

a ¼ 1:75 a ¼ 2

56 0.9079287321 0.9816578735

27 0.8648448808 0.9053789914



Figure 7 Absolute error of functions E19ðxÞ; E20ðxÞ and E21ðxÞ obtained by 1-term HPM and E22ðxÞ; E23ðxÞ and E24ðxÞ obtained by

VIM with a ¼ 1:25; a ¼ 1:5; a ¼ 1:75 for Example (5.4).

Figure 8 Comparison of approximate solutions obtained by 2-

term HPM with exact solution at a ¼ 2 for Example 5.4.
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that the accuracy can be improved by computing more terms

of approximated solution and/or by taking more terms in the
Taylor expansion of the exponential term.
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