Journal of King Saud University — Science 33 (2021) 101320

Contents lists available at ScienceDirect

Journal of

] Journal of King Saud University — Science =
journal homepage: www.sciencedirect.com
Original article
A reliable numerical method for solving fractional reaction-diffusion )

equations

Check for
updates

Supriya Yadav?, Devendra Kumar "*, Kottakkaran Sooppy Nisar ¢

2 Department of Mathematics, Motilal Nehru National Institute of Technology, Allahabad, Prayagraj 211 004, India

b Department of Mathematics, University of Rajasthan, Jaipur 302004, Rajasthan, India

¢ Department of Mathematics, College of Arts and Sciences, Wadi Aldawaser, 11991, Prince Sattam bin Abdulaziz University, Saudi Arabia

ARTICLE INFO ABSTRACT

Article history:

Received 2 October 2020

Revised 25 November 2020
Accepted 8 December 2020
Available online 29 December 2020

The present work aims to solve the fractional reaction-diffusion equation (RDE) using an effective and
powerful hybrid analytical scheme, namely q-HASTM. The suggested technique is the combination of
Sumudu transform (ST) and HAM technique. The definition of Caputo’s fractional derivative has used.
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1. Introduction

The word diffusion had been consequent of the Latin word “dif-
fundere,” which indicates diffused of a substance concerning area
of high concentration to low concentration.

It is also well-known as Brownian motion. It was noticed by the
Brownian who was the botanist and investigating that the move-
ment of pollen grains under a microscope, and observing their
unpredictable jitter in water (Brown, 1828). In 1905, Einstein
established the relation between the traditional diffusion equation
and Brownian motion.

The process of diffusion may be described in one of two ways,
via Langevin’s equation (Langevin and Acad, 1908) or a continuum
approach. In 1885, Adolf Fick introduced Fick’s first and second
laws of diffusion (Philbert, 2005). The first law of diffusion
describes the relationship between the flux of particles J and the
spatial derivative of the probability distribution function of the
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particles. Fick’s second law relates the time and special derivative
of the probability density function (
PDF) and flux respectively.

The standard diffusion equation §f = D(II)Z%‘, where (¢, 7) is
the concentration of chemical, D()is coefficients of diffusion.

The fundamental solution of the linear diffusion equation can be
. . 22 . .
elucidated as a PDF (¢, n) :\/;—H_Dnexp(—m) Gaussian type in

one dimension, such that the mean-squared displacement  time
7.

The RDEs are significant type of parabolic equations emerge in
many scientific and engineering problems %= D(r) 32—,1‘2‘ +fQ)
where f(2) represents the kinetics.

We know that this equation straightforwardly solved when f (1)
is linear but it becomes more intricated whenf (1) is nonlinear.
Fisher equation (Fisher, 1937) is simple form of nonlinear reaction
diffusion equation forf(2r) = (1 — ). Feng (Feng, 2007) studied
generalized form  of  Fisher equation by  taking
FQU) = U(c + du — et?); where c,d, e are real constants. However,
it is very intricate to manage the state when both the terms kinet-
ics and diffusion are nonlinear. Pablo and Vazquez (De Pablo and
Vazquez, 1990; de Pablo and Vazquez, 1991) considered the strong
reaction-slow diffusion equation. Pablo and Sanchez (De Pablo and
Sanchez, 1998) analyzed the nature of fisher equation in perme-
able medium. Witelski (1994) discussed merging dynamics of sub-
stance with the help of the perturbation method. Timus and
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Srivastava (1997) suggested and investigated an alternative
method to the Epstein-Hubbell generalized elliptic type integral
for the energy behavior study of a class of nuclear reaction
products.

FDEs have been new applications in areas of science and tech-
nology. Some essential results interrelated to solving differential
equations with derivatives of fractional order (FO) may be initiate
in Kilbas et al. (2006) have provided a very reliable and relevant
discussion expressly on the subject of fractional calculus. The frac-
tional differential equations became popular because the FO sys-
tem eventually converges to the response system of integer-
order. During past years the fractional reaction diffusion equations
have been proved to be a decent model especially for numerous
systems in the several streams of science, engineering and biology
due to their practical relevance. The RDEs naturally express the
various evolving problems in the physical realm: chemistry, phy-
sics, biomechanics, and other fields of knowledge. Generally, the
nonlinear problems do not have an exact solution; substantially
difficult to get it for the nonlinear problems with fractional order
derivatives. So, approximate analytical methods will help deter-
mine these kinds of equations. Mainardi et al. (2001) explained
the significant solution of time and space fractional diffusion equa-
tion. Wazwaz (2001) used the ADM to determine the diffusion
equation’s solution in the nonlinear case. Hao et al. (2013) exam-
ined the Helmholtz and diffusion equations on the Cantor sets
involving local fractional derivative operators.

Yang et al. (2015) have been presented the non-differentiable
diffusion equation by the local fractional similarity solution. Yang
et al. (2016) employed a two-dimensional extended differential
transform method for solving the local fractional diffusion
equation.

Gao et al. (2016) proposed the coupling of the variational itera-
tion method with the Sumudu transform through the local frac-
tional calculus operator to solve the local fractional diffusion
equation in one-dimensional fractal space.

Zhukovsky and Srivastava (2017) implemented an operational
method, coupled with integral transforms and extended forms of
orthogonal polynomials to achieve exact analytical solutions for
heat diffusion equations beyond the Fourier model.

Yang et al. (2017) studied the Riemann-Liouville and Liouville-
Caputo fractional time anomalous diffusion models with non-
singular power-law kernel.

Mahto et al. (2019) investigated the approximate controllability
of an impulsive system’s fractional sub-diffusion equation by
employing a unique continuation property.

Schot et al. (2007) obtained a solution of the diffusion equation
approximately in terms of Fox H-function. Zahran (2009) have
derived an exact solution of the generalized linear fractional reac-
tion-diffusion equation in the form of Fox H-function. Silva et al.
(2007) and Lenzi et al. (2009) solved a nonlinear diffusion equation
that comprises spatial derivatives with fractional order. Das (2009)
investigated the fractional diffusion equation’s analytical solution
in the appearance of outside force via VIM. Das and Gupta (2010)
discussed the fractional diffusion equation in the presence of a
reaction term and outside force via HPM. Singh et al. (2012) per-
formed HPTM for handling fractional order RDEs. Kumar et al.
(Kumar et al., 2015) analyzed the fractional-order multi-
dimensional diffusion equations by the Laplace transform
approach. Tripathi et al. (2016) obtained a solution of higher-
order fractional time derivative RDE. In 2017, Tiwana et al.
(2017) solved the Lotka-Volterra type fractional non-linear reac-
tion diffusion system via HPTM. Zheng et al. (2017) solved numer-
ically fractional order RDE with moving boundary conditions for
the first time. Das et al. (2018) determined the numerical explica-
tion for the fractional-order advection-reaction diffusion equation.
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Saad et al. (2020) used the numerical method based upon the
Lagrange polynomial interpolation to estimate the approximate
solutions to the fractional-order quadratic autocatalysis model
with linear inhibition.

Singh et al. (2017) proposed a numerical algorithm for the frac-
tional vibration equation solution.

Srivastava et al. (2019) proposed an appropriate novel method
based on the Gegenbauer wavelet expansion, coupling with opera-
tional matrices of fractional integral and block-pulse functions to
solve the Bagley-Torvik equation.

Srivastava et al. (2020) applied the Chebyshev spectral colloca-
tion method for approximate solutions of the Ebola virus model
with fractional Liouville-Caputo derivative.

Singh and Srivastava (2020) studied numerical Simulation for
fractional-order Bloch equation in nuclear magnetic resonance
using the Jacobi polynomials.

Srivastava and Saad (2020a) investigated the numerical solu-
tions of the fractal-fractional Ebola virus in the sense of three dif-
ferent kernels based on the power law, the exponential decay, and
the generalized Mittag-Leffler function.

Srivastava and Saad (2020b) employed the spectral collocation
method with the shifted Legendre polynomials, the two-stage frac-
tional Runge-Kutta method, and the four-stage fractional Runge-
Kutta method to find the numerical solutions of the fractional-
order clock chemical model.

Das et al. (2011) discussed the explication of a fractional
reaction-diffusion equation via HPM. S. ]. Liao (Liao, 1995, 2003,
2004) proposed and developed an approximate analytical scheme
HAM by adopting the concept of homotopy, which methodically
studies the differential equations of nonlinear characteristics. The
approach of various nonlinear problems applying HAM confirms
its efficiency and effectiveness (Mohyud-Din et al., 2011;
Onyejek, 2014; Song and Zhang, 2007; Tan and Abbasbandy, 2008).

Integral transform technique is extensively used and a lot of
work has been done. In 1993, the Sumudu transform was devel-
oped by Watugala (1993) and applied to solve of ODE in control
engineering problems. The fundamental properties of Sumudu
transform are deliberate in Belgacem and Karaballi (2006),
Chaurasia and Singh (2010).

The fusion scheme q-HASTM has been proposed by Singh et al.
(2017). This scheme is a combination of Sumudu transform and q-
HAM. El-Tawil and Huseen (2012, 2013) proposed the method g-
HAM, the improvement in HAM with the simplification of the
embedding parameter q. As we know that HAM comprises an aux-
iliary parameter h-for control and adjustment of the region of con-
vergence, whereas q-HAM contains an h and n in such a way that
HAM is a particular instance of g-HAM for n = 1.

In this article the powerful mathematical tool qg-HASTM is suc-
cessfully applied to solve fractional order reaction diffusion equa-
tion in existence of reaction term «

ou o ,o0u J
W:&V(u 8—€>+au(17u),0<d§1 (1)
Subjecttocondition(¢,0) = 4(¢) (2)

2. Preliminaries and notations

This section defines the essential definition and characteristics
of fractional derivatives, integrals and the ST operator.

Definition 2.1. (Kilbas et al., 2006). A functionf(n) € €y, 00 € Rif3a
number p € R, (p > ) s.t. f(n) = n°f1(n), where f1(n) € C[0, c0) and

fn) e €7 if f™ € %, me NU{O}.



S. Yadav, D. Kumar and K. Sooppy Nisar

Definition 2.2. Liouvile-Caputo derivative of fractional order ois
describe as

o m—o o,m 1 " m—o— m
) = 30T 0) = s [ (1= "t me
we have
i =0,/ <«
0aal F(f+1) /—0
I =Fg gt 2

Definition 2.3. The operator ¢ ,°7‘ of fractional order o of the function
f €%y, u>—1in Riemann Liouville (RL) sense is described as

S0 =i [ 0= e
we have
r(+1)

ol 4o >
I =Ti—az) z%%>0
Definition 2.4.. Consider a set of functions
i, i
v= {f(n)‘zl//ﬂélvgz > 07 lf(’/l)‘ < Me :ilfn € (_1)1 X [OOO)}
where ST described as,

S = Flo] = / S e umdn, o € (6.1)

Definition 2.5.. The ST of derivative of fractional order in Caputo’
form is

3

RO m—1<a<m
0

7Dy )] = 2 1f ()] -

=
Il

and ¥[1] = 17/[’11("1)] ="' n>0.

3. Solution of problem by q-HASTM

Applying ST operator on Eq. (1), and employing fractional
derivative of ST, we obtain

@S UEN) = " U(E0) - /[ - (u"‘ mf)] padt

FANEE
+as W =0 3)
On simplifying Eq. (3), we obtain
7] , OU
q £ _ z _ S| = 7O —a/*9
SI(E )] - U(E,0) ’[ag <u afﬂ a1
+ adS [11"*‘] =0 (4)

Now, we state an operator in nonlinear form
A& )] = U m] = U(E, 0)
P C) e a0
—u ‘V{ag ((@(g,n,q)) aéq)(c,n,q))}
q

— @ﬂiyj[(f)(f» 1; q)] +adS {((P(& Uk ))Hl} (5)
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Now, construct the homotopy as
(1-nq)[@(En,q) — Wo(&, )] = haa' () N/ [@(¢, 0, q)] (6)

where #(17)#0 denote the auxiliary function,

hence q increase from zero to 1 then the solution changes from
the primary guess to the desired solution.

Now expansion ¢(¢,#;q) in the form of Taylor’s series w.r.t. q,
we have

P M;q) =Uo(E,m) + Y g™ (&, 1) (7)
m=1
We can control convergence of above series by adjusting value
of h. If the primary guess, the auxiliary linear operator, h and #(t)
are appropriately selected, then series (7) at g =1 is

(&) = Uo(e) + > () () ®
m=1

Define the vectors

—

Uy = {Up, Uy, Wy, Us, - Uy} C))
Differentiating equation (6) m times w. r. t. ¢ and then taking

q = 0 and divide them by m!, we obtain the deformation equation

of mthorderis

S [Un(E ) = 1 (&) = hA (1) |

—
um—l

(&m] (10)

Operating inverse ST in Eq. (10) and setting g = 1, #°(t) = 1, we
have

Un(E1) = oM (&) + 0™ (W2 (2] ) (1)
Where,
0m<1 . 1 £,
(12)
So,
[T 1 (&) = [t 1 (6] — o) (1~ Em)
— {y [B;,H} + o (Un 1 (E,1)) — df/( [3;71} )}
(13)
Where,
o) = i [ o (0 w0 o) a4
and 6.1) = i [ 00| (15)
Now, we obtain the solution of Eq. (11) is
6 = hor ! [t (&) o 7 (g )| - e
+ au“y[(uo)"““ (16)
Us(é,1) = nUy + BS™'[S[U;] — g(¢)
—uS [a% (icl (Uo) Uy aa[? + (Uo)* aa—l’él” — au*S[U4]
+au“s[*»+1cl(uo)’u1” (17)
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0 oUg
¢ 0¢

2 20Up oUy , 0Uy
(Uy) ¢ )} +7Ci(Uo)"™ U1a—5+(U0) ¥

_ aus{/}lcl(uo)zuz o+l CZ(UO)/‘V (UI)ZH (18)

Us(&, 1) = nU, +hs™! {S[UZ} - (é)fa“S{ ( 'C(Uo) Uy =2

+ *Co(Up)*™

Thus,
o (&, 1) = g(&) (19)

(&) = —n b [ag(d) ~a(E@) + 4 (60 €O + @) €] T

(20)
Ua(&m) = —(n+ Wh[ag(®) = a(4(0)"" +2(,(0) (/&)
i n*
+ (?(5)) £ (é)] F(OC+1)

FI2[24(8) — (204 3)(0) " + 2420+ 1) (5(0)

+adh 4 2)(5(0) (/ ) = 24232+ 2)(4(9) ' (4 (©)°

— 2232 =) (4 (©) + i+ 2)(y (é))’y (©

—44“3(?( )4 () + 7222~ 1)(4() (4 (9)*4 ()

+42(4(0) (4 () +64(s(0) 74 (D4 (©)

. 21

+(/©) ”(ﬁ)]m 1)

s e,) = B0+ W2 = (@) +a(p(0)

—A{i(i— 1)+ M+ 0> (&) = 23— 1)

(1 +

(8)”+34(0)7" (&) + (4#(0) (> 2+ D (90)*

+6w D@- 1)+ () + 21122 Dy @) @
(~al7+13)(/ (©) +12(,(©)" +18/ ()5 (®

+ (y<g))3(—w(4 +72,( )+3y’”<c>)>] o

1=y + <4+3A>((>) AU+ 15+ 2)(4()

+22G 4 DX () + 2 (5(9) 7 (7 (9)

+240(472 =774 3)(y (i)) ()"

+ 122017 (4 + 267~ 1) (40) " (/)]

L2 (p()) 4 () + Tad@h = 3)(h+ 1) (A0) 72 (4 (D)4 (&)
+6(—1)(24 - 1)(394 - 32) (4(8) " (4 ()" /(&)

— ad(g() a3+ 1)(52+6)(4 (9))

422+ 3)(4'(9))” - 6(2+3)4 (94 (&)
— 2348 (4 ()" (T + A(—22 + A(—17 + 520)) (4 (&)
+ (=102 4 (353 — 2947)7) (4 (9))° - 2(24 + 114)(72
=8))7 (©)4" (&) = a(#(8) (a1 + 29+ 72))7' (&) - (3
+22)5(8) = 2(4(9)” (49— 202) (4 (8))” +4(38 - 931)

2
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Fig. 1. Plots of (&, 7) vs. ywhen (a) A=-2 (b) A =-1 (c) 2=1(d)A=2at £ =1,

« = Ofor different values of o =1,2,1.
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_ "y y 1’[30( 3 i=5; 3 —65 A
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Fig. 3. Plots of (&, ) vs. Zonce (@) —2 <2< 0(b)0<21<0.6(c)0.6 <i<1.55(d)

Fig. 2. Plots of (&) vs. nonce (a) A=-2 (b) 1=-1(c) 2=1(d)2=2at ¢=1, 155<72<25(e)25<i<10até=1,n=1,s = Ofor various values of « = 1,2, 1.
« = 1for different values of « =1,2,1.
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Proceeding, other iterations of 11, (¢, 77)for m > 4 can be attained
entirely, obtained the complete solution of series.
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Conclusively, we get the solution of 2[(¢&, )approximately by the
series in truncated form

H(E ) = fim Dy, 0) (23)

Oy(x,6) =S Un(E 1)

The preceding series solution usually converges very quickly.

4. Numerical results and discussion

Numerical consequences of the chemical concentration (¢, #)
for o =1,2and o =1 for 4(¢) = <! are showed through Figs. 1-6.
From Fig. 1 noticed that the (¢, 1) decreases by decrease increases
in time but then again increase by decrease in ofor A = -2, -1,2.
However it is found that (&, #7) decreases by decrease in time t
and increase with decrease inafor A =1 i.e. as /becoming more
negative, diffusion (¢, %) increases more rapidly in reverse direc-
tion with increase in#.

From Fig. 2 when reaction term is absent i.e. «, 2(¢&, ) is grad-
ually shifting in upward direction for 2 = —2,—1 but shows oppo-
site nature for 2 =1, 2.

Figs. 3 and 4, demonstrate the variation of (¢, ) for various
value of 1 at ¢ = 1,17 = 1 without reaction term and with reaction
term respectively.

It is detected that in Fig. 3, (¢, #) increases in w. r. t.4, where
—2 <7 <10, for various values of o =1,2 1. It is seen that in
Fig. 4 the nature of (&, ) changes several times w. r. t. 4. The influ-
ences of kon the convergence of the solution.

Figs. 5 and 6 plots of n-curves for . = -2, -1,1,2at¢=1,n=1
without reaction term and with reaction term respectively for dif-
ferent values of o.

5. Conclusion

The present study exhibits the prosperous purpose of g-HATM
to achieve solutions of a reaction-diffusion equation with frac-
tional time derivatives approximately. The g-HATM gives quantita-
tively reliable outcomes with fewer computational effort and
adequately selecting the control parameters and gives a more
accurate approximate solution. The study’s significant part is the
presentation graphically of the consequence of the reaction part
on the nonlinear fractional diffusion equation solution. The promi-
nent characteristic of the projected work is the demonstration of
the considered fractional-order equation’s stochastic nature. The
article effectively demonstrates the consequence of damping with
the occurrence of reaction term.

The effect of reaction term in the range —2 < 1 < 10, it is seen
that anomalous diffusion present with sub-diffusion in
0 < / < 4and super-diffusion in 4 < A < 10 but we can see that
no sub-diffusions or super-diffusion present in —2 < 1 < 0.
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