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Abstract The Smoluchowski coagulation equation is a mean-field model for the growth of clusters
(particles, droplets, etc.) by binary coalescence; that is, the driving growth mechanism is the merger
of two particles into a single one. In this study, we consider obtaining approximate solutions of the
Smoluchowski’s coagulation equation using the homotopy perturbation method. The numerical
solutions are compared with the exact solutions. Results derived from our method are shown graph-
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1. Introduction

Smoluchowski’s equation is widely applied to describe the time
evolution of the cluster-size distribution during aggregation
processes. Analytical solutions for this equation, however,
are known only for a very limited number of kernels. There-
fore, numerical methods have to be used to describe the time
evolution of the cluster-size distribution. A numerical tech-
nique is presented for the solution of the homogeneous Smolu-
chowski’s coagulation equation with constant kernel.

In this paper, we will consider the following Smoluchow-
ski’s coagulation equation (Ranjbar et al., in press; Filbert
and Laurencgot, 2004):
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oflx.) = C ()~ C (), (1) € R, (1)
f6,0)=fo, xER., 2)
where

1 [~
() =3 | K= yts =y ody, ()
(= / " Ko ) 00 0)dy (4)

and f; is a known value. f(x, ) is the density of cluster of mass
X per unit volume at time ¢.

Clusters of masses x and y coalesce by binary collisions at a
rate governed by a symmetric kernel K(x,y). The coagulation
kernel K(x,y) characterizes the rate at which the coalescence
of the two clusters with respective masses x and y produces a
cluster of mass x + y and is a non-negative symmetric function

(x.5) € RY. ()

The integral in Eq. (3) accounts for the formation of the
cluster of mass x resulting from the merger of two clusters with
respective masses y and x —y, y € (0,00). The integral in
Eq. (4) describes the loss of the cluster of mass x by coagula-
tion with other clusters. Problems involving Smoluchowski’s
equation have received a considerable amount of attention in

0 < K(x,y) = K(y,x),
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the literature (Drake, 1972). Eq. (1) has been used in a wide
range of applications, such as the formation of clouds and
smog (Friedlander, 1977), the clustering of planets, stores, gal-
axies (Silk and White, 1978), the kinetics of polymerization
(Zift, 1980) and even the schooling of fishes (Niwa, 1998)
and the formation of marine snow (Kiorbe, 2001). Also, an
influential survey article by Aldous summarizes the recent state
of affairs (Aldous, 1999). It is well known that during each
coagulation event, the total mass of clusters is conserved while
the number of clusters decreases. In terms of f; the total num-
ber of clusters N(¢) and total mass of clusters M(z) at time
t > 0 are obtained by

N(t) = /0 " v, dx, (©)
M(1) == /oc xf(x, t)dx. (7)

0
While it is easy to check that N(¢) is a non-increasing function
of time, it is well known that M(f) might not remain constant
throughout time evolution for some coagulation coefficient
K(x,y) (Ernst et al., 1984). Recently, Filbert and Laurencot
(2004) used a numerical scheme for the Smoluchowski coagu-
lation equation, which relies on a conservative formulation
and a finite volume approach. Also Ranjbar et al. (in press)
used Taylor polynomials and radial basis functions together
to solve the equation. In this paper, we will use the homotopy
perturbation method for solving the Smoluchowski’s coagula-
tion equation.

He (1999, 2003, 2006a) proposed a perturbation technique,
so called He’s homotopy perturbation method (HPM), which
does not require a small parameter in the equation and takes
the full advantage of the traditional perturbation methods
and the homotopy techniques. Relatively recent survey on
the method and its applications can be found in Dehghan
and Shakeri (2008a), Dehghan and Shakeri (2008b), Saadat-
mandi et al. (2009), Yildirim (2008a,b, 2009a), Dehghan and
Shakeri (2007), Shakeri and Dehghan (2008), Yildirim
(2009b), Kogak and Yildirim (2009), Yildirim (2008c, 2009¢),
and He (2008a,b, 2006b,c).

2. The homotopy perturbation method

Consider the following nonlinear differential equation:
Au) —fr)=0, reQ (8)

with boundary conditions
B(u,0u/on) =0, rel, 9)

where A4 is a general differential operator, B is a boundary
operator, f(r) is a known analytic function, and I" is the bound-
ary of the domain Q.

The operator A can, generally speaking, be divided into two
parts L and N, where L is linear and N is nonlinear, therefore
Eq. (8) can be written as,

L(u) + N(u) — f(r) = 0. (10)

By using homotopy technique, one can construct a homot-
opy v(r,p) : Q x [0,1] — R which satisfies

H(v,p) = (1 = p)[L(v) = L(uo)] + p[A(v) = f(r)] = 0

or

(11a)

H(v,p) = L(v) = L(uo) + pL(uo) + p[N(v) = /()] = 0,

where p € [0, 1] is an embedding parameter and uy is the initial
approximation of Eq. (8) which satisfies the boundary condi-
tions. Clearly, we have

(11b)

H(v,0) = L(v) — L(u) = 0 (12)
or
H(v, 1) = A(v) —f(r) = 0 (13)

The changing process of p from zero to unity is just that of
v(r,p) changing from uo(r) to u(r). This is called deformation,
and also, L(v) — L(up) and A(v) — f(r) are called homotopic
in topology. If the embedding parameter p (0 < p < 1) is con-
sidered as a “‘small parameter”, applying the classical pertur-
bation technique, we can assume that the solution of Eq.
(11) can be given as a power series in p, i.e.,

V= +pv, 4+ pPva - (14)

and setting p = 1 results in the approximate solution of Eq. (8)
as

u:lirrllv:vo+v1+vz+-~~ (15)
P

3. Numerical results and comparison with explicit solutions

Example 1. We first consider Egs. (1)—(4) with constant kernel
K(x,y) = 1 and f, = exp(—x) (Ranjbar et al., in press),
1 X oo
ofi0) =5 [ A=y oy = [ fonfvndr. (16
0 0

f(x,O) ZCX‘p(—X), (17)

which has exact solution as follows (Ranjbar et al., in press):

flx, 1) = N*(t)exp(—N(1)x) with N(¢)
:211‘;\[;1 and M,=1 (18)

for (x,1) € Ri, where N(7) is the total number of particles de-
fined by Eq. (6). In order to solve Egs. (16) and (17) by the
homotopy perturbation method, we construct the following
homotopy

P (3 [ ey [ swanvnar),

(19)

Assume the solution of Eq. (16) in the form:

f(xv l) =p9ﬁ)(x, t) +plfl (x7 t) ‘|‘P2f2(x, t) +P3f3(x, l) +oee
(20)

Substituting (20) into (19) and collecting terms of the same
power of p give:

dfy (5 > »
P ﬁ)g’ D20, £,(0.%) = fx,0),
! ﬁ"‘fjﬁ’ ) :% /0 Jolx =y, 0o (y, )dy

- /Ooc.f()(xv t)f()(y/ t)dy7 f] (X, 0) = 07
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Figure 1
P dfzi;’ 0_ % /Ox(fo(x =, 00,0 +filx =y, 0fo(v, 1))dy
- / (oo, 013 (72 0) + 11 (o 0ol 1))y,
fz(xa 0) = 07
P LD 2 [ =y 000 A= 3 i)

=y 0 ))dy — / " (o 0400

+ 1050/ 1) +0x 0Ofo (v, 1) dy,
fS(xv 0) =0,

solving above equations by MAPLE yields:
fO(xa t) = exp(_x)7

1
Silt) =5 (x = 2) exp(=)1.

e =g

1
filx, 1) = by (=24 4 36x — 12x* + x*) exp(—x) £,

(6 — 6x + x?) exp(—x)7,

(@) xfix, ), (b) xf(x, 1) and (¢) [x/(x, 1) — xf(x, 1)].

and so on, other components are easily obtained by using
(19) and MAPLE. A few terms approximation to the solu-
tion of Egs. (16) and (17) can be obtained by setting p = 1
in (20). We get the third-order approximation solution as
follows:

3

f(xa t) = Eﬁ(xv t) = exp(—x)

i=0

1
x 1+ (x—2)t+§(6—6x+x2)t2

I
2

—|—41—8(—24+36x— 12x2+x3)z3). (21)

Figs. 1 and 2 show that the numerical approximate solution
has a high degree of accuracy. As we know, more the terms
added to the approximate solution, more the accurate it will
be. Although we only considered third-order approximation,
it achieves a high level of accuracy.

Example 2. We now consider Egs. (1)-(4) with the multiplica-
tive coagulation kernel K(x,y) = xy and fy = exp(—x)/x
(Ranjbar et al., in press),
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0ftxt) =3 [ (vt = /00y

- [ o anoa. (22)

f(x,0) = exp(—x)/x, (23)

which has exact solution as follows (Ranjbar et al., in press):

I (2xt1/2)

Slx, 1) = exp(—Tx)W, (24)

where
1+t t<1,
T= 25
{ 2¢1/2 otherwise (25)

() fx,0). (b) flx, 1) and (¢) [A(x, 1) = flx, 7).

and I is the modified Bessel function of the first kind

1 s
Ii(x) == / exp(x cos ) cos 0.db. (26)
0

n
For this solution, the total volume M (?) defined by (7) satisfies
M) = 1ifre[0,1]and M(t) = r ?if r > 1 (and the gela-
tion phenomenon takes place at ¢ = 1).

Similar to previous example, we construct the following
homotopy

8f(8x[, H_ pe /0 (= 2 x = 3. Oy

- " o 00, z)dy). @)
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Assume the solution of Eq. (27) in the form:
S 1) = P (x, 1) + pUfi(x, 1) + Pfalx, 1) + P, 1)
4. (28)

Substituting (28) into (27) and collecting terms of the same
power of p give:

2 dfo(d);v 1) =0, /,(0,x)=f(x,0),

I

(
"

1 dfl(x7 t) _
7 =

= x=y)fo(x =y, O)fo(y, t)dy

| —

- A xy)fo(x, t) O(yv t)dy’ fl(xvo):07

()

Figure 3 (a) xf(x, 1), (b) xf(x,) and (c) |xf(x, 1) — xflx, t)|

P2 . de(x7 t) —

el 2 [ (=t =it

A= 3, Ofo )y — / " () (o A0 )
A0 )y, fi(x,0) =0,

p} . dfs(x, 1) _

el [ =t = i
+fl(x -, t) l(y7 t) +f2(x_ya t) 0(y7 t))dy
- / (o) (o, a0 1)+ (6, i (0 1)

+ﬁ(x7 t) 0(y7 t))dy7 f}(x> 0) = 07 cee
solving above equations by MAPLE yields:
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Jo(x, 1) = exp(=x)/x,

Silx 1) = 5 (x = 2) exp(=x)t,

N —

fox, 1) = %x(6 — 6x + x?) exp(—x)£,

1
fi(x,0) = mxz(—% +36x — 12x% + x*) exp(—x) 7,

and so on, other components easily obtained by using (27)
and MAPLE. A few terms approximation to the solution
of Egs. (22) and (23) can be obtained by setting p = 1 in
(28). We get the third-order approximation solution as
follows:

1 1 1
= exp(—x) <; +3 (x—=2)t+ EX(6 — 6x+x%)7

L 2 33
+144x( 24 +36x — 12x° + X)) |.

Figs. 3 and 4 show that the numerical approximate solution
has a high degree of accuracy.

4. Conclusions

In this paper, we used HPM for solving the homogenous
Smoluchowski’s coagulation equation with constant kernel.
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Numerical results obtained show high accuracy of the method
as compared with the exact solution. The solution obtained by
HPM is valid for not only weakly nonlinear equations but also
strong ones. The method gives rapidly convergent successive
approximations and handles linear and nonlinear problems
in a similar manner.
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