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a b s t r a c t

Let G ¼ ðV ; EÞ be a simple, finite and undirected ðp; qÞ-graph with p vertices and q edges. A graph G is
Skolem odd difference mean if there exists an injection f : VðGÞ ! f0;1;2; . . . ; pþ 3q� 3g and an induced
bijection f � : EðGÞ ! f1;3;5; . . . ;2q� 1g such that each edge uv (with f ðuÞ > f ðvÞ) is labeled with

f �ðuvÞ ¼ f ðuÞ�f ðvÞ
2

l m
. We say G is Skolem even difference mean if there exists an injection f : VðGÞ !

f0;1;2; . . . ; pþ 3q� 1g and an induced bijection f � : EðGÞ ! f2;4;6; . . . ;2qg such that each edge uv (with

f ðuÞ > f ðvÞ) is labeled with f �ðuvÞ ¼ f ðuÞ�f ðvÞ
2

l m
. A graph that admits a Skolem odd (or even) difference

mean labeling is called a Skolem odd (or even) difference mean graph. In this paper, first, we construct
some new Skolem odd difference mean graphs and then investigate the Skolem even difference meanness
of some standard graphs.
� 2017 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Background

Let G ¼ ðV ; EÞ be a simple, finite and undirected ðp; qÞ-graph of
order jV j ¼ p and size jEj ¼ q. A graph labeling is an assignment
of integers to the vertices or edges (or both) of a graph subject to
certain conditions. Many types of labeling have been introduced
over the last few decades. An excellent survey of graph labeling
is available in Gallian (2016). Terms and notations not defined here
are used in the sense of Harary (1972). The concept of mean graph
was introduced in Somasundaram and Ponraj (2003). A graph G is
called a mean graph if there is an injection
f : VðGÞ ! f0;1;2; . . . ; qg such that each edge uv is labeled with
f ðuÞþf ðvÞ

2

l m
and the resulting edge labels are distinct. In 2006,

Manickam and Marudai studied the odd mean labeling of graphs.
A graph G is said to be odd mean if there exists an injection
f : VðGÞ ! f0;1;2; . . . ;2q� 1g and an induced bijection
f � : EðGÞ ! f1;3;5; . . . ;2q� 1g such that edge uv is labeled with
f ðuÞþf ðvÞ

2

l m
. The notion of Skolem difference mean graph was due to

Murugan and Subramanian (2011) and further studied by Ramya
et al. (2013) and Ramya and Selvi (2014). A graph is difference
mean if there exists an injection f : VðGÞ ! f1;2; . . . ; pþ qg and
an induced bijection f � : EðGÞ ! f1;2;3; . . . ; qg such that each edge

uv (with f ðuÞ > f ðvÞ) is labeled with f ðuÞ�f ðvÞ
2

l m
. Ramya et al. (2014)

defined the concept of Skolem odd difference mean graph and
further studied in Jeyanthi et al. (2016). A graph G is Skolem odd
difference mean if there exists an injection f : VðGÞ !
f0;1;2; . . . ; pþ 3q� 3g and an induced bijection f � : EðGÞ !
f1;3;5; . . . ;2q� 1g such that each edge uv (with f ðuÞ > f ðvÞ) is

labeled with f ðuÞ�f ðvÞ
2

l m
. Moreover, G is a Skolem even vertex odd

difference mean graph if for each vertex v ; f ðvÞ is even. Motivated
by the results in Ramya et al. (2014) and Jeyanthi et al. (2016), in
this paper, we introduce the dual version of Skolem odd difference
mean labeling. A graph G is Skolem even difference mean if there
exists an injection f : VðGÞ ! f0;1;2; . . . ; pþ 3q� 1g and an
induced bijection f � : EðGÞ ! f2;4;6; . . . ;2qg such that each edge

uv (with f ðuÞ > f ðvÞ) is labeled with f ðuÞ�f ðvÞ
2

l m
. Moreover, G is a
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Skolem even vertex even difference mean graph if for each vertex
v ; f ðvÞ is even. In the present study, we also use the following
definitions.

Let Km;n be the complete bipartite graph with partite sets of size
m and n respectively. A caterpillar Sðn1;n2; . . . ;nmÞ is obtained from
a path Pm : v1v2v3 . . .vm by adding ni pendant edges to vertex v i

ð1 6 i 6 mÞ. The coconut tree Tðn;mÞ is obtained by identifying
the central vertex of the star K1;n with a pendant vertex of a path
Pm. The graph Pm@Pn is obtained from Pm and m copies of Pn by
identifying one pendant vertex of the i-th copy of Pn with the
i-th vertex of Pm. The graph mPn is the disjoint union of m copies
of Pn. Let Bðm;nÞ be the bistar obtained from a K1;m and a K1;n by
joining their central vertex u and v with an edge. The graph
Bðm;n: PwÞ;w P 2, is obtained from the bistar Bðm;nÞ by replacing
the edge uv with Pw. A graph obtained from a path by attaching
exactly two pendant edges to each internal vertex of a path
Pm;m P 3, is called a twig and is denoted by TgðmÞ.

This study is organized into three sections. In Section 2, we
show that there exist Skolem odd difference mean graphs with
non-cycle and non-tree component(s). In Section 3, we investigate
the Skolem even difference meanness of some standard graphs.

2. Construction of Skolem odd difference mean graphs

By definition, it is a fact that if G is a Skolem odd difference
mean ðp; qÞ-graph, then p P q (also see Theorem 2.6 in Selvi
et al. (2015) for a proof by contrapositive). If G is connected, then
q ¼ p or q ¼ p� 1. Hence, G is a graph with one cycle or a tree.

Lemma 2.1. If G is a connected Skolem odd difference mean
ðp; pÞ-graph, then f ðuÞ is odd for some u 2 VðGÞ.
Proof. By definition, pþ 3q� 3 ¼ 4p� 3 which is odd. Hence the
largest edge label 2p� 1 must be obtained by labeling two
adjacent vertices with 0 and 4p� 3 giving us an odd vertex
label. h
Theorem 2.2. The disjoint union of paths of length at least 2 is a Sko-
lem even vertex odd difference mean graph.
Fig. 1. Vertex labeling of K2;n [ ðn� 1ÞK2.
Proof. Suppose the paths are
S
Pni ;1 6 i 6 t; t � 2 and ni 6 nj for

i < j. Let the vertices of the i-th path Pni be ui;1 to ui;ni . Now we haveP
ni vertices and

P
ni � t edges. Hence, we need to label the ver-

tices by integers in ½0;4Pni � 3t � 3�.

1. Label u1;j by 0;4;8; . . . for j ¼ 1;3;5; . . . ;n1 (or n1 � 1 if n1 is
even).

2. For i ¼ 1;2; . . . ; t � 1, let ai be the largest used label for Pni . Label
uiþ1;j of Pniþ1 by ai þ 2; ai þ 6; ai þ 10; . . . for j ¼ 1;3;5; . . . ;niþ1 (or
niþ1 � 1 if niþ1 is even).

3. Label ut;j by at þ 2; at þ 6; at þ 10; . . . for j ¼ nt ;nt � 2;nt � 4;
. . . ;2 (or nt � 1;nt � 3;nt � 5; . . . ;2 if nt is odd).

4. For i ¼ t; t � 1; . . . ;2, let bi be the largest used label for Pni . Label
ui�1;j of Pni�1 by bi þ 2; bi þ 6; bi þ 10; . . . for j ¼ nt ;nt � 2;
nt � 4; . . . ;2 (or nt � 1;nt � 3;nt � 5; . . . ;2 if nt is odd).

It is easy to verify that the largest vertex label used is
4
P

ni � 4t � 2. Moreover, all the vertex labels are even such that
the induced edge labels are odd integers from 1 to
2
P

ni � 2t � 1. h

For example, we can label the vertices of 2P3 [ P4 [ P6 [ P7 by
0;70;4;6;68;10;12;66;16;62;18;60;22;56;26;52;28;50;32;46;
36;42;40 according to the labeling function as defined above.
Theorem 2.3. The graph Cm [ Pn is a Skolem odd difference mean
graph for m ¼ 4;6 and n P 2.
Proof. Consider C4 [ Pn. Let C4 ¼ u1u2u3u4u1. Define a function
f : V ! f0;1; . . . ;4nþ 10g by f ðu1Þ ¼ 0; f ðu2Þ ¼ 4nþ 10; f ðu3Þ ¼
8; f ðu4Þ ¼ 4nþ 6; f ðv2i�1Þ ¼ 4nþ 2� 4ði� 1Þ for 1 6 i 6 n

2

� �
, and

f ðv2iÞ ¼ 5þ 4i for 1 6 i 6 bn2c.
The induced edge label function f � is defined as f �ðu1u2Þ ¼

2nþ 5; f �ðu2u3Þ ¼ 2nþ 1; f �ðu3u4Þ ¼ 2n� 1; f �ðu4u1Þ ¼ 2nþ 3, and
f �ðv iv iþ1Þ ¼ 2n� 3� 2ði� 1Þ for 1 6 i 6 n� 1.

Consider C6 [ Pn. Let C6 ¼ u1u2u3u4u5u6u1. Define a function
f : V ! f0;1;2; . . . ;4nþ 18g by f ðu1Þ ¼ 0; f ðu2Þ ¼ 4nþ 14; f ðu3Þ ¼
4; f ðu4Þ ¼ 4n þ 6; f ðu5Þ ¼ 12; f ðu6Þ ¼ 4n þ 18; f ðv1Þ ¼ 4n þ 2; f
ðv2i�1Þ ¼ 2ð2n� 2iþ 1Þ for 2 6 i 6 n

2

� �
, and f ðv2iÞ ¼ 1þ 4i for

1 6 i 6 bn2c.
The induced edge label function f � is defined as f �ðu1u2Þ ¼

2n þ 7; f �ðu2u3Þ ¼ 2n þ 5; f �ðu3u4Þ ¼ 2n þ 1; f �ðu4u5Þ ¼ 2n � 3,
f �ðu5u6Þ ¼ 2n þ 3; f �ðu6u1Þ ¼ 2n þ 9; f �ðv1v2Þ ¼ 2n � 1; f �ðv iv iþ1Þ
¼ 2n � 2i � 1 for 2 6 i 6 n� 1. Thus, f is a Skolem odd difference
mean labeling of Cm [ Pn for m ¼ 4;6 and n P 2. h
Theorem 2.4. The graph K2;n [ ðn� 1ÞK2 is a Skolem even vertex odd
difference mean graph for all n P 2.
Proof. Let the vertices of K2;n be u1;u2 and v i;1 6 i 6 n whereas
the vertices of ðn� 1ÞK2 be xj; yj;1 6 j 6 n� 1 so that the edges
are u1v i;u2v i and xjyj. Define a function f : V ! f0;1;2; . . . ;
12n� 6g as f ðu1Þ ¼ 0; f ðu2Þ ¼ 4n; f ðv iÞ ¼ 12n� 2� 4i; 1 6 i 6 n
and f ðxjÞ ¼ 2j; f ðyjÞ ¼ 4n� 2� 2j;1 6 j 6 n� 1 (see Fig. 1).

The induced edge label function f � is defined as
f �ðu1v iÞ ¼ 6n�1�2i; f �ðu2v iÞ ¼ 4n�1�2i;16 i6 n and f �ðxjyjÞ ¼
2ðn� jÞ � 1 for 1 6 j 6 n� 1. Thus f is a Skolem even vertex odd
difference mean labeling of K2;n [ ðn� 1ÞK2. h
Corollary 2.5. The graph nK2 is Skolem odd difference mean for
n P 1 with all vertex labels of same parity.
Theorem 2.6. If G is a Skolem even vertex odd difference mean
ðqþ 1; qÞ-graph, then G [ nK2 is a Skolem odd difference mean graph
for all n P 1.
Proof. Let G be a Skolem even vertex odd differencemean ðqþ 1; qÞ-
graph with a labeling f : VðGÞ ! f0;1;2; . . . ;4q� 2g and its induced
edge labeling f �. The edge set labels are 1;3;5; . . . ;2q� 1. Define
G0 ¼ G [ nK2 with VðnK2Þ ¼ fui;v i : 1 6 i 6 ng and EðnK2Þ ¼
fuiv i : 1 6 i 6 ng so that jVðG0Þj ¼ qþ 1þ 2n and jEðG0Þj ¼ qþ n.
Define an injective function g : VðG0Þ ! f0;1;2; . . . ;4q� 2þ 5ng
such that gðvÞ ¼ f ðvÞ for each v 2 VðGÞ. Similarly to the vertex
labeling of ðn� 1ÞK2 for Theorem 2.4, also define
gðuiÞ ¼ 2i� 1; gðv iÞ ¼ 4qþ 4n� 2iþ 1 for 1 6 i 6 n. The induced
edge label function g� is defined as g�ðeÞ ¼ f �ðeÞ and
g�ðuiv iÞ ¼ ð4qþ 4n� 4iþ 2Þ=2 ¼ 2ðqþ n� iÞ þ 1 for 1 6 i 6 n.
Thus, gðuiÞ; gðv iÞ are odd and fg�ðuiv iÞg ¼ f2qþ 1;2qþ
3; . . . ;2ðqþ nÞ � 1g. Hence g is a Skolem odd difference mean
labeling of G [ nK2. h
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Corollary 2.7. The graph G [ nK2 is a Skolem odd difference mean
graph if G is a Skolem even vertex odd difference mean graph as in
Theorems 2.2 and 2.3 or in Somasundaram and Ponraj (2003).
Theorem 2.8. If G is a Skolem even vertex odd difference mean
ðqþ 1; qÞ-graph, then G [ Pn is a Skolem odd difference mean graph
for all n P 2.
Proof. Let G be a Skolem even vertex odd difference mean
ðqþ 1; qÞ-graph with a labeling f : VðGÞ ! f0;1;2; . . . ;4q� 2g and
its induced edge labeling f �. The edge set labels are
1;3;5; . . . ;2q� 1. Define G0 ¼ G [ Pn with VðPnÞ ¼ fui;1 6 i 6 ng
and EðPnÞ ¼ fuiuiþ1;1 6 i 6 n� 1g so that jVðG0Þj ¼ qþ nþ 1 and
jEðG0Þj ¼ qþ n� 1. Define an injective function g : VðG0Þ !
f0;1;2; . . . ;4qþ 4n� 5g such that gðvÞ ¼ f ðvÞ for each
v 2 VðGÞ; gðu2i�1Þ ¼ 4i� 3 for 1 6 i 6 n

2

� �
and gðu2iÞ ¼ 4qþ

4ðn� iÞ � 1 for 1 6 i 6 bn2c. The induced edge label function g� is
defined as g�ðeÞ ¼ f �ðeÞ and g�ðuiuiþ1Þ ¼ 2ðqþ n� iÞ � 1 for
1 6 i 6 n� 1. It can be verified that gðuiÞ is odd for 1 6 i 6 n, and
fg�ðuiuiþ1Þg ¼ f2qþ 1;2qþ 3; . . . ;2ðqþ nÞ � 1g. Hence g is a
Skolem odd difference mean labeling of G [ Pn for all n P 2. h
Corollary 2.9. The graph G [ Pn is a Skolem odd difference mean
graph if G is a Skolem even vertex odd difference mean graph as in
Theorems 2.2 and 2.3 or in Somasundaram and Ponraj (2003).
Theorem 2.10. If G is a Skolem even vertex odd difference mean
ðqþ 1; qÞ-graph, then G [ K1;n is a Skolem odd difference mean graph
for all n P 1.
Proof. Let G be a Skolem even vertex odd difference mean
ðqþ 1; qÞ-graph with a labeling f : VðGÞ ! f0;1;2; . . . ;4q� 2g and
its induced edge labeling f �. The edge set labels are
1;3;5; . . . ;2q� 1. Define G0 ¼ G [ K1;n with VðK1;nÞ ¼ fu;ui;1 6
i 6 ng and EðK1;nÞ ¼ fuui;1 6 i 6 ng so that jVðG0Þj ¼ qþ nþ 2 and
jEðG0Þj ¼ qþ n. Define an injective function g : VðG0Þ !
f0;1;2; . . . ;4qþ 4n� 1g such that gðvÞ ¼ f ðvÞ for each v 2 VðGÞ
and gðuÞ ¼ 1; gðuiÞ ¼ 4qþ 4i� 1 for 1 6 i 6 n (see Fig. 2).

The induced edge label function g� is defined as g�ðeÞ ¼ f �ðeÞ
and g�ðuuiÞ ¼ 2ðqþ iÞ � 1 for 1 6 i 6 n. It can be verified that gðuiÞ
is odd for 1 6 i 6 n, and fg�ðuiuiþ1Þg ¼ f2qþ 1;2qþ 3; . . . ;
2ðqþ nÞ � 1g. Hence g is a Skolem odd difference mean labeling
of G [ K1;n for all n P 1. h
Corollary 2.11. The graphs G [ K1;n are Skolem odd difference mean
graph if G is a Skolem even vertex odd difference mean graph as in
Theorems 2.2 and 2.3 or in Somasundaram and Ponraj (2003).
3. Skolem even difference mean graphs

As a natural extension, we introduce in this section the Skolem
even difference mean labeling of graphs.
Fig. 2. Vertex labeling of K1;n in G [ K1;n .
Observation 3.1. If G is a Skolem even difference mean ðp; qÞ-graph,
then p P q (similar to Theorem 2.6 in Selvi et al. (2015)).
Observation 3.2. If p ¼ qþ 1, then any Skolem even difference mean
labeling of G must admit an even vertex labeling.
Theorem 3.1. The caterpillar Sðn1;n2; . . . ;nmÞ is a Skolem even vertex
even difference mean graph.
Proof. Let VðSðn1;n2; . . . ;nmÞÞ ¼ fv j;u
j
i : 1 6 i 6 nj;1 6 j 6 mg and

EðSðn1; n2; . . . ; nmÞÞ ¼ fv jv jþ1 : 1 6 j 6 m � 1g [ fv ju
j
i : 1 6 i 6 nj;

1 6 j 6 mg. Define a function f : VðSðn1;n2; . . . ;nmÞÞ !
f0;1;2;3;4; . . . ; pþ 3q� 1 ¼ 4ðmþ n1 þ n2 þ . . .þ nm � 1Þg such
that

1. f ðv1Þ¼0; f ðv2j�1Þ¼4ðn2þn4þ . . .þn2j�2Þþ4ðj�1Þ for 2 6 j 6 m
2

� �
,

2. f ðv2jÞ ¼ 4ðmþ n1 þ n2 þ . . .þ nmÞ � 4ðn1 þ n3 þ . . .þ n2j�1 þ jÞ
for 1 6 j 6 bm2c,

3. f ðu1
i Þ ¼ 4ðmþ n1 þ n2 þ . . .þ nmÞ � 4i for 1 6 i 6 n1, and

f ðu2j�1
i Þ ¼ 4ðm þ n1 þ n2 þ . . . þ nmÞ � 4ðn1 þ n3 þ . . . þ n2j�3þ

þiþ j� 1Þ for 2 6 j 6 m
2

� �
;1 6 i 6 n2j�1,

4. f ðu2
i Þ ¼ 4i for 1 6 i 6 n2, and f ðu2j

i Þ ¼ 4ðn2 þ n4 þ . . .

þn2j�2 þ iþ j� 1Þ for 2 6 j 6 bm2c;1 6 i 6 n2j.

Let ej ¼ v jv jþ1 for 1 6 j 6 m� 1 and e j
i ¼ v ju

j
i for

1 6 i 6 nj;1 6 j 6 m. For each vertex label f the induced edge label

f � is defined as follows:f �ðe j
i Þ ¼ 2ðmþ nj þ njþ1 þ . . .þ nmÞ�

2ðiþ j� 1Þ for 1 6 j 6 m;1 6 i 6 nj,f
�ðejÞ ¼ 2ðmþ njþ1 þ njþ2

þ . . .þ nmÞ � 2j for 1 6 j 6 m� 1.
Thus f is a Skolem even difference mean labeling of

Sðn1;n2; . . . ;nmÞ. Hence Sðn1;n2; . . . ;nmÞ is a Skolem even difference
mean graph. h

For example, the Skolem even difference mean labeling of
Sð4;2;3;2Þ is shown in Fig. 3.

Corollary 3.2. The graphs (i) Tðn;mÞ, (ii) Bðr; s: PwÞ and (iii) TgðmÞ
are Skolem even difference mean.
Proof. It follows from Theorem 3.1 such that for (i), we take
n1 ¼ n;n2 ¼ n3 ¼ � � � ¼ nm ¼ 0; for (ii), we take n1 ¼ r;
n2 ¼ n3 ¼ � � � ¼ nw�1 ¼ 0; nw ¼ s; for (iii), we take n1 ¼ nm ¼ 0 and
n2 ¼ n3 ¼ � � � ¼ nm�1 ¼ 2. h

The following examples illustrate the three cases in the
corollary.

Case (i). The Skolem even difference mean labeling of Tð5;6Þ is
shown in Fig. 4.

Case (ii). The Skolem even difference mean labeling of Bð4;3: P5Þ
is shown in Fig. 5.

Case (iii). The Skolem even difference mean labeling of Tgð4Þ is
shown in Fig. 6.
Fig. 3. Sð4;2;3;2Þ is a Skolem even difference mean graph.



Fig. 4. Tð5;6Þ is a Skolem even difference mean graph.

Fig. 5. Bð4;3: P5Þ is a Skolem even difference mean graph.

Fig. 6. Tgð4Þ is a Skolem even difference mean graph.
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Theorem 3.3. The graph Pm@Pn is a Skolem even difference mean
graph.
Fig. 7. P4@P4 is a Skolem even difference mean graph.
Proof. Let VðPm@PnÞ ¼ fuj
i : 1 6 i 6 n;1 6 j 6 mg and EðPm@ PnÞ ¼

fuj
nu

jþ1
n : 1 6 j 6 m� 1g [ fuj

i u
j
iþ1 : 1 6 i 6 n� 1;1 6 j 6 mg. Define

a function f : VðPm@PnÞ ! f0;1;2;3; . . . pþ 3q� 1 ¼ 4ðmn� 1Þg
such that

f ðuj
i Þ¼2nðj�1Þþ2ði�1Þ for 16 i6n;16 j6m and i is odd; j is odd;

f ðuj
i Þ¼2nð2m� jþ1Þ�2i for 16 i6n;16 j6m and i is even; j is odd;

f ðuj
i Þ¼2nð2m� jÞþ2ð1� iÞ for 16 i6n;16 j6m and i is odd; j is even;

f ðuj
i Þ¼2nj�2i for 16 i6n;16 j6m and i is even; j is even:

Let ej ¼ uj
nu

jþ1
n for 1 6 j 6 m� 1 and e j

i ¼ uj
i u

j
iþ1 for

1 6 i 6 n� 1;1 6 j 6 m. For each vertex label of f, the induced edge
label function f � is defined as follows:

f �ðejÞ¼2nðm� jÞ for 16 j6m�1;

f �ðej
i Þ¼2nðm� jþ1Þ�2i for 16 i6n�1;16 j6m and j is odd;

f �ðej
i Þ¼2nðm� jÞþ2i for 16 i6n�1;16 j6m and j is even:
Thus f is a Skolem even difference mean labeling of Pm@Pn. h

The Skolem even difference mean labeling of P4@P4 is shown in
Fig. 7.

Theorem 3.4. The graph mPn is a Skolem even difference mean
graph.
Proof. Let VðmPnÞ ¼ fuj
i : 1 6 i 6 n;1 6 j 6 mg and EðmPnÞ ¼

fuj
i u

j
iþ1 : 1 6 i 6 n� 1;1 6 j 6 mg. Define a function f : VðmPnÞ !

f0;1;2; . . . ; pþ 3q� 1 ¼ 4mn� 3m� 1g as follows:
If n is odd, then

f ðuj
2i�1Þ ¼ 2nð2m� jþ1Þ �4ðmþ i�1Þ for 16 i6 n

2

l m
;16 j6m;

f ðuj
2iÞ ¼ 2ðn� 2Þðj�1Þ þ4ði� 1Þ for 16 i6 bn

2
c;16 j6m:

If n is even, then

f ðuj
2i�1Þ¼4mðn�1Þþ2nð1� jÞþ2ð1þ j�2iÞ for 16 i6 n

2

l m
;16 j6m;

f ðuj
2iÞ¼2ðn�1Þðj�1Þþ4ði�1Þ for 16 i6 bn

2
c;16 j6m:

For each vertex labeling of f, the induced edge label function f �

is defined as f �ðuj
i u

j
iþ1Þ ¼ 2ðn� 1Þðm� jþ 1Þ � 2ði� 1Þ for

1 6 i 6 n� 1;1 6 j 6 m. Thus f is a Skolem even difference mean
labeling of mPn.

The Skolem even difference mean labeling of 3P4 is shown in
Fig. 8.

Theorem 3.5. If G is a Skolem even vertex even difference mean
ðqþ 1; qÞ-graph, then G [ nK2 is a Skolem even difference mean graph
for all n P 1.
Proof. Let G be a Skolem even vertex even difference mean
ðqþ 1; qÞ-graph with labeling f : VðGÞ ! f0;1;2; . . . ;4qg and its
induced edge labeling function f �. Clearly, f ðvÞ is even for each
v 2 VðGÞ and ff �ðeÞg ¼ f2;4;6; . . . ;2qg. Define G0 ¼ G [ K2 with
VðnK2Þ ¼ fui;v i;1 6 i 6 ng and EðnK2Þ ¼ fuiv i;1 6 i 6 ng so that
jVðG0Þj ¼ qþ 1þ 2n and jEðG0Þj ¼ qþ n. Define an injective function
g : VðG0Þ ! f0;1;2; . . . ;4qþ 5ng such that gðvÞ ¼ f ðvÞ for each
v 2 VðGÞ and gðuiÞ ¼ 2i� 1; gðv iÞ ¼ 4qþ 4n� 2iþ 3 for 1 6 i 6 n.
The induced edge label function g� is defined as g�ðeÞ ¼ f �ðeÞ and
g�ðuiv iÞ ¼ ð4qþ 4n� 4iþ 4Þ=2 ¼ 2ðqþ n� iþ 1Þ for 1 6 i 6 n.
Thus, gðuiÞ; gðv iÞ are even and fg�ðuiv iÞg ¼ f2qþ 2;2qþ
4; . . . ;2ðqþ nÞg. Hence, g is a Skolem even difference mean labeling
of G [ K2. h



Fig. 8. 3P4 is a Skolem even difference mean graph.
Fig. 10. K1;3 [ 3K2 is a Skolem even difference mean graph.
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By an argument similar to that in Theorems 2.8 and 2.10, we
have the following corollary.

Corollary 3.6. If G is a Skolem even vertex even difference mean
ðqþ 1; qÞ-graph, then G [ Pn ðn � 2Þ and G [ K1;n ðn � 1Þ are Skolem
even difference mean graph.
Theorem 3.7. The graph Km;n [ ðm� 1Þðn� 1ÞK2 is a Skolem even
difference mean graph for all m;n P 2.
Fig. 11. Kð1;1;3Þ [ 3K2 is a Skolem even difference mean graph.

Proof. Let VðKm;n[ðm�1Þðn�1ÞK2Þ¼ fui;v j :16 i6m;16 j 6 ng[
fxi; yi : 1 6 i 6 ðm� 1Þðn� 1Þg and EðKm;n [ ðm� 1Þðn� 1Þ K2Þ¼
fuiv j :16 i6m;16 j6n;xiyi :16 i6 ðm�1Þðn�1Þg. Define a func-
tion f : VðKm;n [ ðm� 1Þðn� 1ÞK2Þ ! f0;1;2;3;4; . . . ; pþ 3q� 1 ¼
mþ nþ 3mnþ 5ðm� 1Þðn� 1Þ � 1g such that

1. f ðuiÞ ¼ 4nði� 1Þ for 1 6 i 6 m,
2. f ðv jÞ ¼ mþ nþ 3mnþ 5ðm� 1Þðn� 1Þ � 4jþ 3 for 1 6 j 6 n,
3. f ðxiÞ ¼ 1þ 2ði� 1Þ for 1 6 i 6 ðm� 1Þðn� 1Þ,
4. f ðyiÞ ¼ 4ðm� 1Þðn� 1Þ � 2ði� 1Þ þ 1 for 1 6 i 6 ðm� 1Þðn� 1Þ.

The induced edge label function f � is defined as follows:
f �ðuiv jÞ¼ ðmþnþ3mnþ5ðm�1Þðn�1Þ�1Þ=2�2nði�1Þ �2ðj� 1Þ
for 1 6 i 6 m;1 6 j 6 n, and f �ðxiyiÞ ¼ 2ðm� 1Þ ðn� 1Þ � 2ði� 1Þ
for 1 6 i 6 ðm� 1Þðn� 1Þ. Thus, f is a Skolem even difference mean
labeling of Km;n [ ðm� 1Þðn� 1ÞK2. h

The Skolem even difference mean labeling of Kð2;3Þ [ 2K2 is
shown in Fig. 9.

Theorem 3.8. The graph K1;n [ nK2 is a a Skolem even difference
mean graph graph for all n P 1.
Proof. Let VðK1;n [ nK2Þ ¼ fv0;v j : 1 6 j 6 ng [ fxi; yi : 1 6 i 6 ng
and EðK1;n [ nK2Þ ¼ fv0v i; xiyi : 1 6 i 6 ng. Define a function
f :VðK1;n[nK2Þ!f0;1;2;3; . . . ;pþ3q�1¼9ng such that f ðv0Þ ¼ 0;
f ðv iÞ ¼ 8n� 4ði� 1Þ for 1 6 i 6 n; f ðxiÞ ¼ 2i� 1 for 1 6 i 6 n, and
f ðyiÞ ¼ 4n� 2ði� 1Þ for 1 6 i 6 n. The induced edge label function
f � is defined as f �ðv0v iÞ ¼ 4n� 2ði� 1Þ for 1 6 i 6 n, and
Fig. 9. Kð2;3Þ [ 2K2 is a Skolem even difference mean graph.
f �ðxiyiÞ ¼ 2n� 2ði� 1Þ for 1 6 i 6 n. Thus, f is a Skolem even differ-
ence mean labeling of K1;n [ nK2. h

The Skolem even difference mean labeling of K1;3 [ 3K2 is
shown in Fig. 10.

Theorem 3.9. The graph K1;1;n [ nK2 is a Skolem even difference
mean graph for all n P 1.
Proof. Let VðK1;1;n [ nK2Þ ¼ fu;w;ui; xi; yi : 1 6 i 6 ng and
EðK1;1;n [ nK2Þ ¼ fuw;uui;wui; xiyi : 1 6 i 6 ng. Define a function
f : VðK1;1;n [nK2Þ! f0;1;2;3; . . . ;pþ3q�1¼ 4ð3nþ1Þg such that
f ðuÞ ¼ 0; f ðwÞ ¼ 4n; f ðuiÞ ¼ 4ð3n� iþ2Þ for 1 6 i 6 n; f ðxiÞ ¼ 2i� 1
for 1 6 i 6 n; f ðy1Þ ¼ 4ðnþ 1Þ; f ðyiÞ ¼ 4n� 2iþ 3 for 2 6 i 6 n. The
induced edge label function f � is defined as follows:

1. f �ðuwÞ ¼ 2n,
2. f �ðuuiÞ ¼ 2ð3n� iþ 2Þ for 1 6 i 6 n,
3. f �ðwuiÞ ¼ 2ð2n� iþ 2Þ for 1 6 i 6 n,
4. f �ðx1y1Þ ¼ 2ðnþ 1Þ,
5. f �ðxiyiÞ ¼ 2ðn� iþ 1Þ for 2 6 i 6 n.

Thus f is a Skolem even difference mean labeling of
K1;1;n [ nK2. h

The Skolem even difference mean labeling of Kð1;1;3Þ [ 3K2 is
shown in Fig. 11.

4. Conclusion

In this paper first we show that there exist Skolem odd differ-
ence mean labeling for graphs with non-cycle and non-tree compo-
nents. Further, we introduce the concept of Skolem even difference
mean labeling. We conclude the paper with the following open
problem.

Problem 4.1. Establish the Skolem even difference mean labeling
of G [ nK2 where G is a (complete) multipartite graph and n P 1.
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