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A B S T R A C T

The current paper presents the 𝜆𝜆𝜆𝜆-Bernstein operators through the use of newly developed variant of Stancu-
type shifted knots polynomials associated by Bézier basis functions. Initially, we design the proposed Stancu
generated 𝜆𝜆𝜆𝜆-Bernstein operators by means of Bézier basis functions then investigate the local and global
approximation results by using the Ditzian–Totik uniform modulus of smoothness of step weight function.
Finally we establish convergence theorem for Lipschitz generated maximal continuous functions and obtain
some direct theorems of Peetre’s 𝐾𝐾𝐾𝐾-functional. In addition, we establish a quantitative Voronovskaja-type
approximation theorem.

1. Introduction and preliminaries

One of the most well-known mathematicians in the world, S. N. Bernstein, provided the quickest and most elegant demonstration of one of
the most well-known Weierstrass approximation theorems. Bernstein also devised the series of positive linear operators implied by {𝐵𝐵𝐵𝐵𝑠𝑠𝑠𝑠}𝑠𝑠𝑠𝑠≥1. The
famous Bernstein polynomial, defined in Bernstein (2012), was found to be a function that uniformly approximates on [0, 1] for all 𝑓𝑓𝑓𝑓 ∈ 𝐶𝐶𝐶𝐶[0, 1] (the
class of all continuous functions). This finding was made in Bernstein’s study. Thus, for any 𝑦𝑦𝑦𝑦 ∈ [0, 1], the well-known Bernstein polynomial has
the following results.

𝐵𝐵𝐵𝐵𝑠𝑠𝑠𝑠(𝑔𝑔𝑔𝑔; 𝑦𝑦𝑦𝑦) =
𝑠𝑠𝑠𝑠
∑

𝑖𝑖𝑖𝑖=0
𝑔𝑔𝑔𝑔
( 𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠

)

𝑏𝑏𝑏𝑏𝑠𝑠𝑠𝑠,𝑖𝑖𝑖𝑖(𝑦𝑦𝑦𝑦),

where 𝑏𝑏𝑏𝑏𝑠𝑠𝑠𝑠,𝑖𝑖𝑖𝑖(𝑦𝑦𝑦𝑦) are the Bernstein polynomials with a maximum degree of 𝑠𝑠𝑠𝑠 and 𝑠𝑠𝑠𝑠 ∈ N (the positive integers), which defined by

𝑏𝑏𝑏𝑏𝑠𝑠𝑠𝑠,𝑖𝑖𝑖𝑖(𝑦𝑦𝑦𝑦) =

⎧

⎪

⎨

⎪

⎩

(𝑠𝑠𝑠𝑠
𝑖𝑖𝑖𝑖

)

𝑦𝑦𝑦𝑦𝑖𝑖𝑖𝑖(1 − 𝑦𝑦𝑦𝑦)𝑠𝑠𝑠𝑠−𝑖𝑖𝑖𝑖 for 𝑠𝑠𝑠𝑠, 𝑦𝑦𝑦𝑦 ∈ [0, 1] and 𝑖𝑖𝑖𝑖 = 0, 1,…

0 for any 𝑖𝑖𝑖𝑖 𝑖𝑖 𝑠𝑠𝑠𝑠 or 𝑖𝑖𝑖𝑖 𝑖𝑖 0.
(1.1)

Testing the Bernstein-polynomials’ recursive relation is not too difficult. The recursive relationship for Bernstein-polynomials 𝑏𝑏𝑏𝑏𝑠𝑠𝑠𝑠,𝑖𝑖𝑖𝑖(𝑦𝑦𝑦𝑦) is quite
simple to test.

𝑏𝑏𝑏𝑏𝑠𝑠𝑠𝑠,𝑖𝑖𝑖𝑖(𝑦𝑦𝑦𝑦) = (1 − 𝑦𝑦𝑦𝑦)𝑏𝑏𝑏𝑏𝑠𝑠𝑠𝑠−1,𝑖𝑖𝑖𝑖(𝑦𝑦𝑦𝑦) + 𝑦𝑦𝑦𝑦𝑏𝑏𝑏𝑏𝑠𝑠𝑠𝑠−1,𝑖𝑖𝑖𝑖−1(𝑦𝑦𝑦𝑦).

In 2010, Cai and colleagues introduced 𝜆𝜆𝜆𝜆 ∈ [−1, 1] is the shape parameter for the new Bézier bases, which they called 𝜆𝜆𝜆𝜆-Bernstein operators.
This definition of the Bernstein-polynomials is defined as follows:

𝐵𝐵𝐵𝐵𝑠𝑠𝑠𝑠,𝜆𝜆𝜆𝜆(𝑔𝑔𝑔𝑔; 𝑦𝑦𝑦𝑦) =
𝑠𝑠𝑠𝑠
∑

𝑖𝑖𝑖𝑖=0
𝑔𝑔𝑔𝑔
( 𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠

)

�̃�𝑏𝑏𝑏𝑠𝑠𝑠𝑠,𝑖𝑖𝑖𝑖(𝜆𝜆𝜆𝜆; 𝑦𝑦𝑦𝑦), (1.2)
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The preconditioned iterative integration-exponential method is a novel iterative regularization method de-
signed to solve symmetric positive definite linear ill-conditioned problems. It is based on first-order dynamical 
systems, where the number of iterations serves as the regularization parameter. However, this method does not 
adaptively determine the optimal number of iterations. To address this limitation, this paper demonstrates that 
the preconditioned iterative integration-exponential method is also applicable to solving nonsymmetric positive 
definite linear systems and introduces an improved version of the preconditioned iterative integration-expo-
nential method. Inspired by iterative refinement, the new approach uses the residual to correct the numerical 
solution's errors, thereby eliminating the need to determine the optimal number of iterations. When the residual 
of the numerical solution from the initial preconditioned iterative integration-exponential method meets the ac-
curacy threshold, the improved method reverts to the original preconditioned iterative integration-exponential 
method. Numerical results show that the new method is more robust than the original preconditioned iterative 
integration-exponential method and eliminates the need for selecting regularization parameters compared to 
the Tikhonov regularization method, especially for highly ill-conditioned problems.
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1. Introduction

In recent years, ill-conditioned problems have attracted more and more attention and been widely used in engineering and mathematics fields, such 
as geodesy [1], geophysical exploration [2], signal and image processing [3, 4]. The solution methods of ill-conditioned equation have important 
research significance.

The ill-conditioned system can be expressed as the following form:

Ax b= (1)

where A� �
R
n n is an ill-conditioned matrix, x is solution b is observation. For an ill-conditioned system, a small disturbance in b or A can result in a 

significantly larger change in the solution x. This brings quite large difficulty when one solves the system (1) numerically. Thus, it is useless to use 
the conventional numerical methods to solve systems (1). To address this issue, iterative regularization methods such as Tikhonov regularization[5, 
6] (TR), the Landweber iteration [7], and direct regularization methods like truncated singular value decomposition [2, 8] (TSVD), modified truncat-
ed singular value decomposition [9], and modified truncated randomized singular value decomposition[10] have been developed and widely used. 
A common feature of these regularization methods is that their performance depends on various regularization parameters, such as the truncation 
order in TSVD, the Tikhonov regularization parameter, and the iteration number in iterative regularization methods. In recent years, iterative regu-
larization methods for ill-conditioned equations based on the numerical solution of dynamic systems have garnered attention [11–14]. 

The study on connections between iterative numerical methods and continuous dynamical systems often offers better understanding about iter-
ative numerical methods, and leads to better iterative numerical methods by using numerical methods for ordinary differential equations (ODEs) 
and devising ODEs from the viewpoint of continuous dynamical systems [15, 16]. For solving ill-conditioned linear systems, Ramm developed the 
dynamical systems method [11, 17]. Wu analyzed the relationship between Wilkinson iteration method and Euler method and proposed a new iter-
ative improved solution method to solve the problem of ill-conditioned linear equations [12, 18] . Enlightened by Wu’s work, Salkuyeh and Fahim 
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A B S T R A C T

This article investigates fluid flow over an infinite inclined plate with uniform mass diffusion, incorporating the 
effects of chemical reactions and parabolic motion while maintaining constant temperature and concentration 
at the plate. The flow is modeled through partial differential equations and framed with appropriate initial 
and boundary conditions. Using non-dimensional variables, the equations were transformed, and the Laplace 
transform method was employed to obtain solutions for the dimensionless heat, velocity, and concentration 
profiles. Analytical expressions for these profiles were derived using complementary error and exponential 
functions. Results were illustrated through MATLAB-generated graphs, enabling the analysis of velocity, 
temperature, and concentration profiles under varying parameters to explore their physical characteristics.

1. Introduction

Heat and mass flow often occur simultaneously in many engineering 
applications. An often-observed phenomenon is the process of lake 
water evaporating into the wind streaming across it. Water vapor 
diffuses into the air due to the partial pressure difference between the 
water’s surface and atmosphere. As the surface water evaporates, it 
absorbs heat from the remaining water, lowering the temperature of 
the lake. This cooling effect leads to convection, through which air is 
heated and then transferred to the water. As the lake water temperature 
drops, the saturation partial pressure of the vapor at the water’s surface 
also decreases, further slowing the mass transfer rate. Equilibrium is 
reached when heat flowing from the air to the liquid is sufficient for 
providing the latent heat required for evaporation, allowing liquid to 
disperse into the air.

Significant attention has been given to coupled mass and heat 
transfer issues due to their importance in various processes. Combined 
buoyancy mechanisms are involved in many applications, such as the 
curing of plastics and the production of bulb-insulated cables. For 
instance, if a colored substance like copper sulfate is placed at the bottom 
of a bottle filled with water and left undisturbed, the color will slowly 
spread from the bottom to the top, eventually resulting in uniformly 
colored water. This process, known as diffusion, describes the transfer 
of the colored substance from regions of higher concentration to regions 
of lower concentration. The flow phenomenon is characterized by 
various parameters, including velocity, concentration, and temperature 
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distributions, Prandtl number, Schmidt number, time progression, 
and angle of inclination. Visual representations of the concentration, 
temperature, and velocity profiles have also been provided.

Impulsively started vertical plate flow, free convection currents, 
and the consequences of mass transfer were studied (Soundelgekar, 
1979). Soundelgekar et al. (1979) further evaluated a mass transfer 
that started abruptly on a boundless perpendicular plate with varying 
temperatures. Das et al. (1994) impulsively started implications of mass 
transfer over a vertical infinite plate with a continuous mass flux in 
the flow. Xiao-Jun Yang (2017) analyzed a novel integral transform 
operator designed to address the heat-diffusion problem. This operator 
provides a new method for addressing heat-diffusion equations, 
contributing to more effective solutions in thermal analysis. Das et al. 
(1991) obtained an accurate solution for the dynamics of a viscous, 
incompressible fluid flowing past an impulsively initiated, infinitely 
thick vertical plate, considering uniform mass diffusion and a first-
order chemical reaction. Meanwhile, scientists Xiao-Jun Yang et al. 
(2023) explored an odd entire-function solution to the one-dimensional 
diffusion equation within the context of the modular form theory. A 
numerical study by Muthucumaraswamy et al. (2016) investigated how 
flow through an abruptly commencing mass diffusion in a vertical plate 
might be affected by a first-order chemical reaction.  Raptis et al. (1981) 
initiated the movement of a hydromagnetic convection past a vertical, 
accelerating plate with varying suction and flux. Mathematical methods 
were employed to solve the governing equations. Scientists also (Xiao-
Jun Yang et al., 2023) examined special solutions for the Laplace 
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and diffusion equations within the framework of algebraic number 
fields. The effects of continuous laminar free convection airflow with 
thermal radiation and chemical species concentration across an infinite 
vertical plate were studied (Chamkha et al., 2001). Sivakumar et al. 
(2014) examined radiative heat transfer's impacts across an endless 
isothermal vertical plate. Xiao-Jun Yang et al. (2023) gave solutions for 
the diffusion equation in relation to L-functions associated with cusp 
forms. A further analysis, (Muthucumaraswamy et al., 2016) studied 
magnetohydrodynamics flow through a parabolic and an unbound 
plate in the existence of heat radiation. Scientists (Rajput et al., 2016) 
investigated the unsteady MHD flow past an impulsively inclined 
plate, considering the effects of variable temperature, mass diffusion, 
and Hall currents. Thenmozhi et al. (2024) examined the MHD Darcy-
Forchheimer flow of a micropolar fluid using a predictor-corrector 
finite difference method, incorporating the effects of viscous dissipation 
and heterogeneous-homogeneous reactions. Xiao-Jun Yang (2024) 
examined a new approach to entire functions in the field of number 
theory and a further analysis, explored new conjectures concerning 
entire functions linked to fractional calculus. Siva Sankari et al. (2023) 
and Thenmozhi et al. (2024) analyzed the double stratification of 
Casson nanofluid flow over an exponentially stretching sheet through 
analytical methods.

2. Formulation of the problem

The vertical axis is taken in an upward trajectory, and the y-axis 
is oriented perpendicular to the plate, while the x-axis runs along the 
plate at an angle of inclination. At time � �t 0, both the fluid and the 
plate are at a uniform temperature. �� . At time tʹ > 0, the plate is 
started with a velocity of v v t� �0

2.  against the gravitational field in 
its own plane, and the ambient temperature of the plate is increased to 
θw  and the concentration levels adjacent to the plate are also elevated. 
to Cw

* . Following Boussinesq's approximation, there are three equations 
that regulate the unstable motion: the momentum equation, the mass 
diffusion equation along with chemical reactions and the energy 
equation that includes radiation.

�
�

� �� � � ��
�
� �

�
� �

�

�
� �

v

t
g Cos g Cos C C

v

y'
� � � � * *� � � � � � �

2

2
(1)
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� �
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�

�
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t
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(3)

These are the starting and limiting conditions:

v C C Y t� � � �� �0 0, , * , .*� � for all

� � � � � �t v v t C Cw w0 0
2: . , , * .*� � (4)

v C C y� � � ��� �0, , * .*� � as

To express equations (1), (2), and (3) in non-dimensional form, we 
will now introduce the non-dimensional variables.

These Non-dimensional form parameters are missing in Equation 
(5).
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(5)

When we insert equation (5) into equations (1), (2), and (3), the 
governing equations take on a non-dimensional form. 

�
�

� � �
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�

V

t
GrT Cos Gc Cos

V

Y
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2

2
. (6)

Pr .
�
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t

T
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2

2
(7)

Sc
t Y

�

�
�
�

�

� �2

2
. (8)

The preliminary and boundary circumstances based on equation (4), 
it is now expressed as

V T Y t� � � �0 0 0 0, , , .� for every

t V t T Y� � � � �0 1 1 02: , , .� at (9)

V T Y� � � ��0 0 0, , .� as

3. Solution of the problem

The dimensionless fundamental equations (6) to (8), along with the 
equation (9), are solved. The resulting solution is presented below.
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Gr Cos
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Gc Cos
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� �

�
� �

�

� �

(Pr )
,

( )1 1
 and � �

Y

t2
.

4. Results and analysis of the problem

Fig. 1 shows the physical model and the coordinate system used to 
describe the problem. Fig. 2(a) and 2(b) velocity profiles are plotted 
respectively. It is very esvident that when Pr falls in the boundary 
layer and raises the velocity profile. In Fig. 3(a) and 3(b) represents 
the impact of velocity with respect to time. Increases in speed are 
consistently measured throughout time. The velocity curves for various 
plate angles are represented in Fig. 4(a) and 4(b). It has been seen 
that when the plate angle is raised, the velocity decreases. Fig. 5(a) 
and 5(b) velocity profiles are plotted respectively. It is very evident 
that when Sc falls in the boundary layer and raises the velocity profile. 

Fig. 1.  Governing system and physical model.
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Fig. 2. (a) Shows a comparison of velocity for different Pr values at t = 0.4, (b) Shows a comparison of velocity for different Pr values at t = 0.6.
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Fig. 3. (a) Shows a comparison of velocity for different t values, (b) Shows a comparison of velocity for different t values.
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Fig. 4. (a) Presents a comparison of velocity for various α values, (b) Shows a comparison of velocity for different α values.

Fig. 5. (a) Shows a comparison of velocity for different Sc values at t = 0.6, (b) Shows a comparison of velocity for different Sc values at t = 0.2.
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Fig. 6. (a) Displays a comparison of velocity for different Gr values at t = 0.2, (b) Shows a comparison of velocity for different Gr values at t = 0.6.

Fig. 7. (a) Shows a comparison of velocity for different Gc values at t = 0.4, (b) Shows a comparison of velocity for different Gc values at t = 0.6.
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Fig. 8. (a) Shows a comparison of concentration for different Sc values, (b) Shows a comparison of concentration for different Sc values. 

Fig. 9. (a) Shows a comparison of temperature for different Pr values, (b) Shows a comparison of temperature for different Pr values.
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Figs. 6(a), 6(b), 7(a), and 7(b) present several values of the Gr and Gc. 
This is clear that the velocity magnifies when the Gr or Gc increases 
because of buoyancy force. Fig. 8(a) and 8(b) displays the result of 
Sc on the concentration profiles respectively. It is investigational that 
the concentration curves diminish as the (Sc) increases. The fluid’s 

temperature for Pr is proffered at Fig. 9(a) and 9(b), this is clearly 
demonstrating that temperature profile decreased as increase Pr.

Table 1 presents Pr’s velocity changes over time, with data shown 
in Fig. 2(a) and 2(b). Table 2 shows the velocity of t for different time 
values, linked to Fig. 3(a) and 3(b). Table 3 provides a comparison 
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Table 1.  
Displays numerical values comparison of Pr's velocity for different time values

Non-dimensional parameter Fig. 2(a) Fig. 2(b)

Pr 0.5, 0.17, 0.71 0.5, 0.17, 0.71
Gc 5 5
Gr 15 15
Sc 0.16 0.16
t 0.4 0.6
α 300 300

Conclusion Velocity reduces as the flow 
of the Prandtl numbers rises

Table 2.  
Displays numerical values comparison of t's velocity for different time values.

Non dimensional parameter Fig. 3(a) Fig. 3(b)

t 0.2, 0.4, 0.6 0.3, 0.5, 0.7
Pr 0.71 0.71
Gc 5 5
Gr 5 5
Sc 0.6 0.6
α 300 300

Conclusion Velocity increases along 
with the flow of time.

Table 3.  
Displays numerical values comparison between α's velocity for different time 
values.

Non dimensional parameter Fig. 4(a) Fig. 4(b)

α 150, 300, 600 150, 300, 600

Pr 0.71 0.71
Gc 5 5
Gr 15 15
Sc 0.78 0.78
t 0.2 0.6
Conclusion The velocity drops as the 

plate angle improves.

Table 4.  
Displays numerical values comparison of Sc's velocity for different time values.

Non dimensional parameter Fig. 5(a) Fig. 5(b)

Sc 0.6,  0.16  2.01 0.6,  0.16  2.01
Pr 5 5
Gc 5 5
Gr 15 15
t 0.6 0.2
α 300 300

Conclusion As the flow of Schmidt numbers 
increases, velocity decreases.

Table 5.  
Displays numerical values comparison of Gr's velocity for different time values.

Non dimensional parameter Fig. 6(a) Fig. 6(b)

Gr 10, 50, 100 10, 50, 100
Pr 5 5
Gc 50 50
Sc 2.01 2.01
t 0.2 0.6
α 300 300

Conclusion It is evident that as Gr rises, 
the velocity improves.

Table 6.  
Displays numerical values comparison of Gc's velocity for different time values.

Non dimensional parameter Fig. 7(a) Fig. 7(b)

Gc 10, 50, 100 10, 50, 100
Pr 0.71 0.71
Gr 50 50
Sc 0.6 0.6
t 0.4 0.6
α 300 300

Conclusion It is apparent that the 
velocity rises as Gc increases.

Table 7.  
Displays numerical values comparison of concentration for different Sc’s 
values.

Non dimensional parameter Fig. 8(a) Fig. 8(b)

Sc 0.16, 0.3, 0.6 3, 4, 5
Conclusion The finding that concentration ratios 

are thinner as the Schmidt number (Sc) 
increases is exploratory.

Table 8.  
Displays numerical values comparison of temperature for different Pr’s values.

Non dimensional parameter Fig. 9(a) Fig. 9(b)

Pr 0.5, 0.17, 0.71 0.54, 1, 1.5
Conclusion This proves unequivocally that the 

temperature profile fell as the Pr 
increased.

5. Conclusion

The intention of the complete review in closed form is to investigate 
the effect of an inclined plate with uniform mass diffusion, and the 
solutions are obtained through the Laplace procedure. The consequences 
of the problem are presented below.

• The velocity improves as well as a rise in (Gr), (Gc), and time (t). It 
exhibits the opposite effect when (Pr) and (Sc) increases. 

• Temperature profile diminishes with an increase of (Pr).
• As the (Sc) increases, the concentration profile diminishes.

5.1 Future works

• The combined analysis of chemical processes and thermal 
radiation effects, along with heat and mass transfer, has significant 
applications in aerospace and space research, particularly because 
space vehicles follow parabolic paths to achieve orbit.

• The role of mass diffusion becomes particularly important in the 
occurrence of chemical reactions.

• This study examines different chemically reactive species and their 
impact on the concentration field, which has practical implications 
for the chemical processing industry.

CRediT authorship contribution statement

Gunaseelan Mani: Formal analysis, reviewing & editing, Validation.  
Sivakumar Pushparaj: Conceptualization, Investigation, writing 
original draft, reviewing & editing, Validation, Software, Methodology, 
Supervision. Muthucumaraswamy Rajamanickam: Formal analysis, 
reviewing & editing, Validation. Sabri T.M. Thabet: Formal analysis, 
reviewing & editing, Validation. Miguel Vivas-Cortez: Formal analysis, 
reviewing & editing, Validation.

Declaration of competing interest

The authors declare that they have no known competing financial 
interests or personal relationships that could have appeared to influence 
the work reported in this paper.

of α’s velocity over time, supported by Fig. 4(a) and 4(b). Table 4 
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