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The present investigation examined the influence of heat source on a variable viscosity reactive Couette
fluid flow. The upper plate moves with constant velocity while the lower plate is kept fixed. The heat
source is considered to be a linear function of temperature while the fluid viscosity depends on temper-
ature. The coupled set of differential equations regulating the fluid regime are obtained using the tech-
nique of Adomian Decomposition Method (ADM). Graphical and tabular representations showed the
impacts of heat source parameter by increasing the fluid motion and temperature. Finally, the outcome
of the solutions compared with previously obtained results without the influence of internal energy
parameter significantly showed the effects.
� 2018 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Many investigative studies like in Akhtar et al. (2008) explained
that fluid behaves uniquely under different circumstances.
Recently, appreciable awareness has been given to the analysis of
variable viscosity reactive fluid flow due to its significance in many
industrial and engineering applications, especially in fluid machin-
ery involving moving parts where hydromagnetic lubrication is in
use as mentioned in Kobo and Makinde (2010). The study in
Hassan and Gbadeyan (2015) further ascertained the importance
of taking precautions of a reacting material undergoing an exother-
mic reaction where heat is being produce in accordance with
chemical reaction. Many studies have been conducted on the
impact of heat source on various types of fluid moving under dif-
ferent situations, extensively in Patil and Kulkarni (2008), Jha
and Ajibade (2009), Perekattu and Balaji (2009), Chen (2010),
El-Amin (2004), Bagai and Nishad (2012), Oztop and Bilgen
(2006), Ben-Nakhi and Chamkha (2007), D~i Marcello et al.
(2010), Cortell (2005), Jawdat and Hashim (2010), Bartella and
Nield (2012) and Hayat et al. (2015) investigated so much on the
significance of internally generated heat caused within fluid flow
due to interaction between the surfaces, porosity, chemical
reactions, thermal boundary conditions, temperature and pressure
gradients, to mention few.

However, the importance of this study is on how to utilize heat
generation or absorption in different fluids moving within chan-
nels which has been a major concern to many researchers because
of its necessity in industrial and engineering applications to avoid
hazards and also to increase productivity. Notably, Hassan and
Gbadeyan, 2015 did not consider the impact of the heat source,
but noted that the consequence of hydromagnetic reactive flows
that are commonly associated with heat generation cannot be
totally neglected. Other recent significant studies involving the
internal heat generation can be found in Hassan and Gbadeyan
(2015), Hassan and Maritz (2016), Hassan and Maritz (2016) and
Hassan and Maritz (2017).

The present study is motivated to examine the impact of inter-
nal heat source on a variable viscosity reactive Couette fluid flow
which was done in Kobo and Makinde, 2010 by neglecting the
influence of internal heat source. The velocities at the upper (in
motion) and lower plates of the channel are respectively constant
and stationary. The internal heat generation is a linear function of
temperature while the fluid viscosity is temperature dependent.
The analytical solutions of the coupled sets of differential equa-
tions regulating the fluid flow are secured by applying the tech-
nique of Adomian Decomposition Method (ADM) with suitable
estimation by comparing with previously obtained results in liter-
ature to show the significance. The choice of this method is due to
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the fact that the method does not require any use of guess value
but reliable and a better alternative way in providing solutions to
differential and integral equations in rapidly convergent series.
Few studies to show the effectiveness of ADM with other methods
are found in Gul et al. (2015), Gul et al. (2016), Hassan and
Gbadeyan (2015), Gbadeyan and Hassan (2012), Wazwaz and El-
Sayed (2001), Hassan and Fenuga (2011), Ghani et al. (2016) and
Gul et al. (2014).

The plan of the present study formulates the problem in Sec-
tion 2. In Section 3, the solutions to coupled set of equations are
obtained with the use of ADM and the expressions are used to pre-
sent tables and graphs in Section 4 while the concluding remark is
presented in Section 5.

2. Problem Formulation

The below figure (Fig. 1) shows the configuration of the fluid
under consideration.The fluid is viscous, incompressible, reactive
and steady in the x-direction between two plates that are parallel
with width, H and length, L. For Couette flow, the upper plate in
motion moves with constant velocity while the lower plate is kept
fixed.

The temperature dependent viscosity ðlÞ, the chemical reaction
kinetic ðGÞ and the heat source ðqÞ, are respectively expressed in
Arrhenius chemical kinetics following Kobo and Makinde (2010),
Hassan and Gbadeyan (2015) and Gbadeyan and Hassan (2012)

l ¼ l0e
E
RT ; G ¼ QC0Ae

� E
RT and q ¼ Q0 T � T0

� � ð1Þ
such that l0 stands for the fluid reference dynamic viscosity at a
very large temperature (i.e. as T ! 1), C0 denotes the initial con-
centration of the reactant species, E represents the activation
energy, R denotes universal gas constant and T represents the fluid
temperature. Also, Q ;A;Q0 and T0 respectively represent the heat of
reaction term, reaction rate constant, dimensional heat generation
and the ambient temperature of the wall.

By disregarding the utilization of the reactant to its minimum,
the velocity and energy equations regulating the flow in dimen-
sional form is given as:

d
dy

ldu
dy

� �
¼ 0 ð2Þ

k
d2T
dy2

þ l du
dy

� �2

þ QC0Ae
� E
RT þ Q0 T � T0

� � ¼ 0 ð3Þ

and the entropy generation is given as

Sm ¼ k

T2
0

dT
dy

 !2

þ l
T0

du
dy

� �2

ð4Þ
Fig. 1. Geometry of the Problem.
with the following boundary conditions:

uð0Þ ¼ Tð0Þ ¼ 0; uð1Þ ¼ 1 and Tð1Þ ¼ 0 ð5Þ
The under–listed non–dimensional variables and parameters are
introduced:

y ¼ y
L
; x ¼ x

L
; u ¼ u

U
; l ¼ l

l0
e�

E
RT0 ; T ¼ E T � T0

� �
RT2

0

; b ¼ RT0

E
;

Br ¼ l0EU
2

kRT2
0

e�
E

RT0 ; k ¼ QC0EAL
2

kRT2
0

e�
E

RT0 ; and d ¼ Q0L
2

k

ð6Þ
The velocity scale is represented with U; k stands for thermal

conductivity and u is the fluid velocity. Additional parameters
comprise, Br; b; k and d which respectively stand for Brinkman
number, activation energy, Frank – Kamenettski and the internal
heat generation. It is worthy to note that, for all Couette flow,
the flow is driven by a constant velocity at the upper plate of the
channel such that the axial pressure gradient is not applicable.

Therefore, using (6), the dimensionless forms of Eqs. (2)–(5)
becomes:

d
dy

ldu
dy

� �
¼ 0 ð7Þ

d2T
dy2

þ ke
T

1þbT þ lBr du
dy

� �2

þ dT ¼ 0 ð8Þ

and the entropy generation rate

Ns ¼ SmL2E2

kR2T2
0

¼ dT
dy

� �2

þ lBr
X

du
dy

� �2

ð9Þ

with the appropriate boundary conditions stated below as:

uð0Þ ¼ Tð0Þ ¼ 0 for the fixed lower plate and
uð1Þ ¼ 1 and Tð1Þ ¼ 0 for the upper plate with uniformmotion:

ð10Þ

where l ¼ e�
T

1þbT

Integrating (7) with the boundary conditions, we obtain

du
dy

¼ a0e
T

1þbT ð11Þ

where a0 is a constant that will be determined when a0 ¼ u0ð0Þ.
Substituting (11) into (8), we obtain

d2T
dy2

þ ce
T

1þbT þ dT ¼ 0 ð12Þ

where c ¼ kþ a2
0Br. It is important to note that when d ¼ 0, the

result is equivalent to Kobo and Makinde, 2010 and we thereby
compare our results where Adomian Decomposition Method
(ADM) is used to that of Kobo and Makinde, 2010 where perturba-
tion method (PM) and numerical approach (NM) were used. Hence,
the coupled Eqs. (11) and (12) are obtained by using ADM.

3. Method of solution

The governing Eqs. (11) and (12) with the boundary conditions
(10) are obtained using the ADM technique. Literature is rich for
this method in Gul et al. (2015), Gul et al. (2016), Hassan and
Gbadeyan (2015), Gbadeyan and Hassan (2012), Wazwaz and El-
Sayed (2001), Hassan and Fenuga (2011) and Ghani et al. (2016).
The results from this method has been shown to be an alternative
and reliable approximations that converge very rapidly. It is neces-
sary for convenience to commence with the solution of (12) using



Table 1
Rapid convergence of the series solutions.

d ¼ c ¼ 0:5; b ¼ 0:1

n a0 b0

0 0 0
1 1 0:25
2 0:948617 0:275
3 0:954687 0:27345
4 0:954779 0:27344
5 0:954733 0:27344
6 0:954735 0:27344
7 0:954735 0:27344
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the series solution (ADM). Therefore, we respectively integrate (12)
and (11) twice and once to give the followings:

TðyÞ ¼ b0y� c
Z y

0

Z y

0
e

TðyÞ
1þbTðyÞdYdY þ d

Z y

0

Z y

0
TðyÞdYdY ð13Þ

uðyÞ ¼ a0

Z y

0
e

TðyÞ
1þbTðyÞdY ð14Þ

where b0 ¼ T 0ð0Þ and can be resolved by using other boundary con-
ditions. The technique of the series solution ADM demands a solu-
tion in the form of the following expressions:

TðyÞ ¼
X1
n¼0

TnðyÞ and uðyÞ ¼
X1
n¼0

unðyÞ ð15Þ

Where the respective components T0;u0; T1;u1; T2;u2 . . ., Tk;uk are
to be determined, then (13) and (14) become

TðyÞ ¼ b0y� c
Z y

0

Z y

0
e

P1
n¼0

TnðyÞð Þ
1þb
P1

n¼0
TnðyÞð ÞdYdY

þ d
Z y

0

Z y

0

X1
n¼0

TnðyÞ
� �

dYdY ð16Þ

uðyÞ ¼ a0

Z y

0
e

P1
n¼0

TnðyÞð Þ
1þb
P1

n¼0
Tn ðyÞð ÞdY ð17Þ

We let the nonlinear term in (16) and (17) be represented by

X1
n

An ¼ e

P1
n¼0

Tn ðyÞð Þ
1þb
P1

n¼0
Tn ðyÞð Þ ð18Þ

such that (16) and (17) becomes

TðyÞ ¼ b0y� c
Z y

0

Z y

0

X1
n

An

 !
dYdY þ d

Z y

0

Z y

0

X1
n¼0

TnðyÞ
 !

dYdY

ð19Þ

uðyÞ ¼ a0

Z y

0

X1
n

An

 !
dY ð20Þ

whose components A0;A1;A2; . . ., are called Adomian polynomials
such that

A0 ¼ e
T0 ðyÞ

bT0 ðyÞþ1

A1 ¼ T1ðyÞe
T0 ðyÞ

bT0 ðyÞþ1

bT0ðyÞþ1ð Þ2

A2 ¼
e

T0 ðyÞ
bT0 ðyÞþ1 T1ðyÞ2 �2b�2b2T0ðyÞþ1

� �þ2T2ðyÞ bT0ðyÞþ1ð Þ2
� �

2 bT0ðyÞþ1ð Þ4
; . . .

ð21Þ
The respective zeroth component of (19) and (20) following the
modification of Hassan and Gbadeyan (2015) and Wazwaz and El-
Sayed (2001) as follows:

T0ðyÞ ¼ 0;
u0ðyÞ ¼ 0; ð22Þ

T1ðyÞ¼ b0y�c
Z y

0

Z y

0

X1
n

A0

 !
dYdYþd

Z y

0

Z y

0

X1
n¼0

T0ðyÞ
 !

dYdY;

u1 ¼ a0

Z y

0

X1
n

A0

 !
dY; ð23Þ
Tnþ1ðyÞ ¼ �c
Z y

0

Z y

0

X1
n

An

 !
dYdY þ d

Z y

0

Z y

0

X1
n¼0

TnðyÞ
 !

dYdY

unþ1ðyÞ ¼ a0

Z y

0

X1
n

An

 !
dY; n P 1 ð24Þ

The Eqs. (22)–(24) are programmed in the Mathematica software
package to secure alternative approximate solutions for the coupled
equations as:

TðyÞ ¼
Xk
n¼0

TnðyÞ and uðyÞ ¼
Xk
n¼0

unðyÞ ð25Þ

However, the entropy generation rate from (9) can be described
to be the rate of disturbance created from the interaction of the
fluid flow within both upper and lower plates. From Hassan and
Gbadeyan (2015), Makinde and Maserumule (2008) and Wood
(1975), the irreversibility ratio denoted by Bejan ðBeÞ number can
be calculated using the approximate solutions of (25) in this form
as:

Be ¼ N1

Ns
¼ N1

N1 þ N2
ð26Þ

where

N1 ¼ dT
dy

� �2

and N2 ¼ l
Br
X

du
dy

� �2

ð27Þ

Other physical interest includes the rate of heat transfer across the
channel which is given as:

Nu ¼ �dT
dy

jy¼1 ð28Þ

where Nu is the Nusselt number.
Also, the skin friction ðCf Þ at the upper wall of the channel is

given by

Cf ¼ du
dy

jy¼1 ð29Þ
4. Discussion of results

The tabular and graphical representations of the impact of heat
source on a variable viscosity Couette reactive fluid flow and other
important flow parameters are presented and discussed. The
choice of values for each parameter is in agreement with Kobo
and Makinde (2010) and Makinde and Maserumule (2008) in order
to significantly show the effect of internal heat energy produced
within the flow regime.

Table 1 shows the computation of rapid convergence of the ser-
ies solutions (ADM) with few iterations and gives approximate val-
ues for the constants a0 and b0 respectively obtained for velocity
and temperature distributions. This significantly showed the



Table 2
Comparison of solutions with different methods.

b ¼ 0:1; c ¼ 0:5; d ¼ 0

y TðyÞPM Kobo and Makinde, 2010 TðyÞADM Absoluteerror TðyÞNM Kobo and Makinde, 2010 TðyÞADM Absoluteerror

0 0 0 0 0 0 0
0:1 0:02360044943 0:02360044953 9:6869� 10�11 0:02360039520 0:02360044953 5:4327� 10�8

0:2 0:04208380022 0:04208380042 1:9758� 10�10 0:04208374384 0:04208380042 5:6578� 10�8

0:3 0:05535532038 0:05535532067 2:8517� 10�10 0:05535525228 0:05535532067 6:8385� 10�8

0:4 0:06334613033 0:06334613062 2:9403� 10�10 0:06334604947 0:06334613062 8:1154� 10�8

0:5 0:06601440811 0:06601440855 4:3937� 10�10 0:06601432697 0:06601440855 8:1579� 10�8

0:6 0:06334613023 0:06334613068 4:5001� 10�10 0:06334604947 0:06334613068 8:1210� 10�8

0:7 0:05535532037 0:05535532077 4:0026� 10�10 0:05535525228 0:05535532077 6:8490� 10�8

0:8 0:04208380020 0:04208380055 3:4951� 10�10 0:04208374384 0:04208380055 5:6710� 10�8

0:9 0:02360044944 0:02360044963 1:9469� 10�10 0:02360039520 0:02360044963 5:4435� 10�8

1 0 0 0 0 0 0

Fig. 2. Impact of d on uðyÞ.

Fig. 3. Impact of d on TðyÞ.
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efficient and effective used of this series solutions (ADM) as
another alternative method of obtaining results of differential
equations with nonlinear terms.

Table 2 shows the comparison between Adomian Decomposi-
tion Method (ADM) and results of Kobo and Makinde, 2010 where
perturbation (PM) and numerical method (NM) were used. The
numerical results of both methods were compared by setting the
internal heat generation parameter to be zero, that is, d ¼ 0 which
was not considered in Kobo and Makinde (2010) and Makinde and
Maserumule (2008). It evidently showed that they are almost iden-
tical with an average difference of order 10�10 with perturbation
method (PM) and average difference of order 10�8 with the numer-
ical method (NM). This evidently showed that the series solutions
(ADM) is also an alternative and better method of obtaining solu-
tions to various differential equations with or without nonlinear
terms with no exact solution with few iterations as shown in
Table 1.

Also, Table 3 shows the computation of Nusselt numbers and
skin friction for variation in the values of (c) and (d). It is clearly
discovered that the Nusselt number becomes greater with respect
to rising values of (c) and (d) while the reverse is observed in the
case of the skin friction, this is due to the rising behaviour in the
fluid motion due to increase in (c) and (d), hence bring reduction
in the skin friction.

The impact of heat source parameter (d) on the momentum dis-
tribution is displayed in Fig. 2. It is detected that the boundary con-
ditions are satisfied where the velocity of the lower plate remains
zero and gradually rises to 1 at the upper moving plate. Also, the
impact of heat source is noticed across the channel as the fluid
velocity rises together with the rising values of (d) which is caused
due to the presence of a relatively low resistance of flow in the
presence of shear force within the channel. The temperature profile
showing the impact of heat source parameter (d) is also displayed
in Fig. 3. On a normal note, a rise in the value of (d) brings about
another rise in the temperature of the fluid which is caused by
the interaction of particles present in the fluid flow within the
channel.
Table 3
Effects of different parameters on Nusselt numbers and Skin friction.

b c d

0:5 0:1 0:1
0:5 0:1 0:2
0:5 0:1 0:3
0:5 0:1 0:1
0:5 0:2 0:1
0:5 0:3 0:1
The entropy generation rate in the flow regime with respect to
the impact of heat source parameter (d) is shown in Fig. 4. It is
clearly seen that the rate of disturbance are more active at the wall
Nujy¼1 Cf jy¼1

0:0508503 0:991568
0:0512887 0:991482
0:0517362 0:991394
0:0508503 0:991568
0:1025770 0:983109
0:1552080 0:974622



Fig. 5. Effect of d on Be.

Fig. 4. Effect of d on Ns .
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surfaces and otherwise at the centreline of the fluid flow. However,
the rate of entropy generation rises with rising values of (d). How-
ever, Fig. 5 displays the Bejan number versus the channel width. It
is noticed that heat transfer dominates at the lower and upper
plate surfaces while the fluid friction irreversibility is controlled
around the centreline of the channel with rising values of d.

5. Conclusion

The influence of internal heat source on a variable viscosity reac-
tive Couette fluid flowwas investigated. The results were compared
with Kobo and Makinde, 2010 where the effect of heat source was
not accounted for. It is assumed that the lower plate is fixed while
the upper platemoveswith a constant velocity. The coupled nonlin-
ear dimensionless differential equations regulating the fluid flow
are determined by employing the technique of Adomian Decompo-
sitionMethod (ADM). The result fromADMand previously obtained
results from Kobo and Makinde, 2010 showed evidently that they
are almost identical with a general difference of order 10�10 with
perturbation method and general difference of order 10�8 with
numerical results. The graphical representations also show signifi-
cantly the impact of heat source on the fluid flow system that can be
used to provide safety precautions and increase productivity in
industries and engineering applications.
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