Journal of King Saud University — Science 34 (2022) 102056

Contents lists available at ScienceDirect

] Journal of King Saud University — Science =
journal homepage: www.sciencedirect.com
Original article
A non-linear study of optical solitons for Kaup-Newell equation without )

four-wave mixing

Check for
updates

Hamood Ur Rehman?, Aziz Ullah Awan ®, Kashif Ali Abro “%*, ElSayed M. Tag El Din ¢, Sobia Jafar?,

Ahmed M. Galal "¢

2 Department of Mathematics, University of Okara, Okara, Pakistan
b Department of Mathematics, University of the Punjab, Lahore, Pakistan

CInstitute of Ground Water Studies, Faculty of Natural and Agricultural Sciences, University of the Free State, Bloemfontein, South Africa

d Department of Basic Sciences and Related Studies, Mehran University of Engineering and Technology, Jamshoro, Pakistan

€ Electrical Engineering Department, Faculty of Engineering & Technology, Future University in Egypt New Cairo 11835, Egypt

fMechanical Engineering Department, College of Engineering, Prince Sattam Bin Abdulaziz University, Wadi addawaser11991, Saudi Arabia
& Production Engineering and Mechanical Design Department, Faculty of Engineering, Mansoura University, P.O 35516, Mansoura, Egypt

ARTICLE INFO ABSTRACT

Article history:

Received 29 November 2020
Revised 21 April 2022
Accepted 22 April 2022
Available online 29 April 2022

Keywords:

Nonlinear
Birefringent fibers
Optical solitons
Kaup-Newell Equation
Four-Wave Mixing

Nonlinear science is a fundamental science frontier that include studies and the common properties of
nonlinear phenomena. This article is devoted to the study of sub-pico second optical pluses in birefrin-
gent fibers for Kaup-Newell equation (KNE) without four-wave mixing. Three prominent integrations
techniques are successfully implemented on KNE in coupled vector form. Variety of soliton solutions
namely dark, bright, periodic singular, singular and bright-singular combo solitons are constructed for
the KNE in birefringent fibers. The obtained solutions are reckoned with their respective existence crite-
rion. In addition, two-dimensional and three-dimensional graphs are drawn to exhibit the physical
behavior of the obtained solutions.
© 2022 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open access
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Nonlinear PDEs frequently appears in basic laws of nature. In
the mathematical physics and other domains of applied sciences,
several models obviously arise from solid state physics, plasma
physics, ocean hydrodynamics, atmospheric waves, biology, chem-
istry, mathematical materials sciences, etc (Abbagari et al., 2021;
An et al., 2020; Awan et al., 2021; Hosseini et al., 2019; Rehman
et al., 2020; Shahen et al., 2020; Tahir and Awan, 2019; Tahir
and Awan, 2020; Yepez-Martinez et al., 2018; Yoku et al., 2020).
Witout deep understanding of soliton dynamic the modern tech-
nology considered to be impossible. The working communication
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channel such as internet, facebook, cell phones, electronic mail
and twitter depend on soliton propagation.

In recent years, the area of soliton propagation in nonlinear
optical media have testified a lot of research. These researches
have current applications on communication technology reliant
on the transmission of optical local pulses. The optical soliton solu-
tion is the dynamic area of recent science especially in nonlinear
optics. A large number of methods are introduced and applied to
find optical soliton solution such as Kudryashov’'s method, first
integral technique, mapping technique, (G'/G)-expansion tech-
nique, undetermined coefficient method, functional variable
method, generalized Kudryashov’s method, modified simple equa-
tion method, new extended direct algebraic method and many
others (Delgado et al., 2018; Ghanbari and Aguilar, 2019;
Martinez et al.,, 2018; Morales-Delgado et al., 2018; Rehman
et al., 2019; Rehman et al.,, 2019; Rehman et al., 2019; Sedeeg
et al., 2019; Tahir et al., 2019).

The KNE (Arshed et al., 2018; Biswas et al., 2018; Biswas et al.,
2018; Jawad et al., 2019; Triki et al., 2019) is taken a most popular
form of the NLSE. This model is useful to explain the propagation of
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modulated structures in plasma physics and optical fiber especially
Alfven waves.

In this article, we study the nonlinear KNE in birefringent fiber
without four-wave mixing (FWM) (Ahmed et al., 2020; Yildirim
et al.,, 2019). FWM expresses a nonlinear optical effect in which
four waves interact each other as a result of the third order nonlin-
earity. There are numerous mathematical analysis to study the
NLEEs in birefringent fibers (Awan et al., 2020; Bhrawy et al,,
2014; Rehman et al., 2020; Rehman et al., 2020; Rehman et al,,
2020; Tahir and Awan, 2020; Tahir et al., 2019). The optical soliton
solutions of KNE in birefringent fibers are not much studied in the
previous literature. Here, three different techniques namely
Kudryashov’s method (Rehman et al., 2019; Rehman et al., 2019),
undetermined coefficient method (Morales-Delgado et al., 2018;
Sedeeg et al., 2019) and modified mapping method (Rehman
et al,, 2019; Rehman et al., 2020) are adopted to extract solutions
of KNE in birefringent without FWM. In this context, the we adhere
few recent attempts on analytical as well as numerical approaches
of dynamical mathematical models as well (Arshad et al., 2017; Liu
et al., 2020; Hosseini et al., 2021; Hussain et al., 2021; Memon
et al,, 2020; Syed et al., 2021). These integration algorithms are
successfully applied to extract dark, bright, singular, bright-
singular and periodic singular combo soliton solutions.

The KNE polarization-preserving fibers (An et al., 2020;
Hosseini et al., 2019; Rehman et al., 2020; Shahen et al., 2020) is
given as

Pe + 1Py + b(Ip*p), = 0. )
In the model (1), a and b are the coefficients of GVD and the
nonlinearity respectively. The KNE in coupled vector form without
FWM reads
e+ 101y + A (1B D)+ 71 (W1 W),
Vet 102+ Z2 (W), + 9218 ),

0
’ 2
0. (2)

The constants a;, /; and 7; assure the GVD and nonlinearity.

2. Mathematical Analysis

To solve system of Egs. (2), we substitute

¢(X7 t) = Ql (ﬁ)el(l’(x=f)7
Y1) = Qx(9)e ).

Here Q;(¥) represents amplitude, where
P =x-—nt, @x,t) =00+ wt — kx, 4)
where k, 7, and 0, sequentially represent frequency, velocity,
wave number and phase constant.

By substituting (3) into (2) and then the real and imaginary
parts are respectively given as

(2ka; — 7)Qr; + 32:Q1Q7 + 37,Q1Q% = 0, (5)
aiQr; — (aik* — )Q; — k4iQ} — ky,Q3 = 0. (6)

By using the balancing condition Q; = Q;, then the real and
imaginary parts emerged as

Qi(2kai — 1) +Q} (4 + ) = 0, (7)
aQr; — Qi(aik’ — w) — Qk(4 +7v;) = 0. (8)

Journal of King Saud University — Science 34 (2022) 102056

Eq. (7) gives the soliton velocity as
1= 2ka; + Q} (4 + 7). 9)
In the next subsections, Eq. (8) is solved using the above men-
tioned integration methods.

2.1. Bright Soliton

Let the solution of (8) in form of bright soliton is taken as
Q;(9) = Asech’ (BY), ¥ = x — nt. (10)
Setting (10) into (8), we have
—r(r + 1)a;AB*sech™ (B#) + Asech’ (B9)[w — aik® + a;*B2] — A*sech® (BY) (4 + y;)k = 0.
(1mn

By balancing, we get r = 1, comparing the coefficients of lin-
early independent terms give

2(a,»k2 -w) , ak? —w
BLZET R "
Q;(0) ==+ —Msech a,-kz_—a)x_ t) (13
= k(i + 7;) g X )
Substituting (13) into (3), we obtain the bright soliton solutions
as
¢(X t) — 44— z(al k2 - (D) ech a1k2 — w(x _ ;,lt) el(—kx+(ot+()0)
’ k(1 +74) V' o« 7
(14)
and
WX b)) = £/ — 2(a2k2 - ) ech azkz - w(X —nt) ! (-kx+ot+0o)
’ k(22 +7,) V a, '
(15)

2.2. Dark Soliton

The dark soliton of (8) is taken as
Q;(¥) = Atanh' (Bv). (16)

Setting (16) into (8), we have

r(r — 1)a;AB*tanh* (BY) + Atanh’ (BY)[w — a;k* — 2a;r2B*|+
r(r + 1)aAB*tanh"? (BY) — A*tanh’ (Bv)(J; + 7;,)k = 0. (17)

By balancing we get r = 1 and then comparing the coefficients
of linearly independent terms give

ak —w ak? —
A:jq/fm, B -5 (18)

So

Qi(v) = i\/ Hmnh (\/ a'szw(x - nt)) . (19)
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Substituting (19) into (3), we obtain solutions in the form of
dark soliton as

- a1k alk2 - (—kx+t+0g)
dx,t) = m ”h< T (X ’70) » (20)
lﬂ(X l’) T azkz — CUtanh 7(12k2 - CO( _ [’) (~kx+ot+0o) (21)

T k(22 +7,) 2a; 1

2.3. Singular Soliton (Type-I)

Let solution of (8) in the form of singular soliton is taken as
Q;(®¥) = Acsch’ (B9). (22)
Setting (22) into (8), we have
r(r + 1)aAB*csch”™ (Bv) + Acsch' (BY)[w — aik* + a;r*B*]
APcsch® (BY) (4 + 7))k
=0. (23)

By balancing we get r = 1 and then comparing the coefficients
of linearly independent terms give

2(ak* — w) laik® — w
= 2 B=+ . 24
k(2 +7;) a; @4)
Qo) = 2O = Oy [ JAK =) (25)
iw = k(i+7) o MO
Substituting (25) into (3), we get the singular soliton solutions
as
2(a1k2 - ) \/a1 K — &
X, t) ==+ L csch fx t x+t+o)
P(x. 1) \/k(mw]) o ne) e
(26)
and
2(a;k* — ) \/azkz co "
x,t) =+ = csch (x—nt xt+lo)
Y(x,1) \/k(Az+V2) o ne) |e
(27)
2.4. Singular Soliton (Type-II)
The dark soliton of (8) is taken as
Q;(9) = Acoth’ (BY). (28)

Setting (28) into (8), we have

r(r — 1)a;AB*coth” % (BY) + Acoth’ (BY)[w — a;k* — 2a;r*B?]
+1(r + 1)aAB*coth™? (BY) — A*coth® (B9) (/s + 7))k = 0. (29)

By balancing, we get r = 1 and then comparing the coefficients
of linearly independent terms provide the same values as in dark
soliton ansatz. So

QW) ==

ak’® —w aik® —
_mcoth ( o Dix - nf)) (30)
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_ (11k2 - aq K- kx+mt+00)
d)(X, t) = i\/ WCOH’ (\/ 27(1]( - Ut))

(31)
i t) = jE\/_ ak’ — D oth \/_ nk - D _ e | eti-lerorsin),
’ k(/Q + VZ) 2a;
(32)
2.5. Kudryashov’s Method
Considering the general form of a PDE as
G(8:81:8x:81t: 8w x> -+ -) = 0, (33)
where g(x,t) is an unknown function.
Taking following wave transformation
g(xv t) = Ql(,ﬂ) =X~ rlt* (34)
which converts the above PDE into following ODE
H(Q;,Qy,Qyn,...) = 0. (35)

According to the Kudryashov’s method, the following finite ser-
ies states the solution

N .
9) = > _GRW)Y, (36)
j=0
where ¢; are constants and R(9) satisfies
1
R(W)=——. 37
() T e’ (37)
Eq. (37) satisfies the following nonlinear differential equation
drR
= R()(R(W) —1). (38)

Putting (38) into (36), we get algebraic equations in ¢; by taking
the coefficients of powers of R(¥) equal to zero.
Thus the solution of Eq. (8) can be expressed as

Qi = co + C1R(9), (39)
where ¢y and c; are constants. Eq. (8) can be rewritten as

AQi +BQ; — k(% +7,)Q; =0, (40)
where

A=a;, B=—(ak’ — ). (41)

Substituting (39) into (40) and comparing the coefficients of
alike powers of R(¥) to zero provide algebraic system of equations.
After solving the system, the ¢;,j = 0,1 are obtained and produce
the following results

a; A

\/ 2k(hi+7;) 2k(hi+7;) B=3 (42)
kG470 14 de X “3)
Q- G 2 TR
! 2k(%i +7; ) 1y dcosh(x — nt) + dsinh(x — nt)”
Substituting (44) into (3), we obtain see Fig. 1,2
a
px.t) = :

2k(A1 + “/1)[1
2

1(— kx+wt+00)
1 + dsinh(x — yt) + d cosh(x — nt)’ le 45)
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Fig. 1. (a) 3D representation of solution (14) in the form of the bright soliton for a; =y, = 1.5,k = —1,w = 0y = 1,4; = 2.5, = 3. (b) 3D representation of solution (20) in
form of dark soliton for a; == 0.5,k =-1,9;, =6 =w =1,4 = -2, =3..
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Fig. 2. (c) 3D representation of solution (26) in the form of singular solitonas a; =y, = 1.5,k =w = 0, = 1,4, = 2.5, = 3. (d) 3D representation of solution (31) in the form
of singular soliton for a; =0.5,k=—-1,9;, =6 =w =1,/ =-2,n=3.

Y6 = a; e+ . 2 Jeil-hcrati) where ¥ = x — yt, C;, D; and 5 are arbitrary constants. Let the first
' 2k(22 +7y,)"  1+dsinh(x —nt) + dcosh(x — nt) derivative of P be
(46)
1
PP =aP? + ibPA +c, (49)

Fig. 3(e) represents combo soliton solution (45) for

with constants a, b, and c.
a=7,=15k=0=w=1,4=25d=17n=3. '

o Utilizing Eq. (48) in Eq. (47), by which Eq. (47) changes into an

2.6. Modified Mapping Technique ODE and n; and n, can be calculated by balancing principle.
Thus, the solution of (8) is considered as

Qi(9) = Co+ C1P(W) +D:P~(9), (50)

where Cy, C; and D; are constants.
Eq. (8) can be rewritten as

Assuming PDE be of the following form
G(gyh:gt:htagxyhmgxxxvhxxm---) =0. (47)

o Let the solution of (47) is written as

W AQ] +BQ; +CQ} =0, 1)
gx,t) =g(v) = Z(:) GP'(9), s) where
h(x, ) = h(9) = 3> DiP(9), A=a;, B=—(ak’ - w), C=—k(ki+7). (52)
i=0
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Fig. 3. (e) 3D portrayal of combo optical soliton solution (45). (f) 3D representation of periodic singular solution (57).

Putting (50) into (51) and utilizing (49), we have
2cAD, 4+ CD} =0,

3CCD? =0,

aAD; + 3CC% +3CC,D? + BD; =0,

BCo + CCy + 6CCoC1D; = 0,

aAC; + BC; +3CC3Cy +3CC2D, =0,

3CCoC2 =0,

bAC; + CC3 = 0.

From these equations, we get

_ _ ba, B 2ca
R \/ K+ ' \/ i+ 70 >

with constraint condition
aA +3CCiD; +B=0. (54)

Case-1:  P(¥) =sn(v) or P@W)=cd¥), we have
a=—(1+712),b=2r? and c = 1. Now solutions of the (2) are

P, t) = /k(ﬁ%m[rsn(x — 1jt) + ns(x — nt)je et (55)
and

_ 2a; 1(—kx+ot+0g)
(X, t) = m[rsn(x —nt) +ns(x — nt)le . (56)

When r — 0, then ns — csc, (55) and (56) yield the following
singular solutions

_ 2a, _ 1(—kx+ot+0g)
d(x,t) =4 ,k(/ll n y1)csc(x nt)e , (57)
and

_ 2a; _ 1(—kx+ot+0)
v(x,t) = ’/k(/lz n yz)csc(x nt)e . (58)

When r — 1 then sn — tanh and ns — coth, (55) and (56) pre-
sent dark-singular combo solitons as

= L _ _ 1(—kx+t+0p)
d(x,t) = KOs+ y])[tanh(x nt) + coth(x — nt)le o),
(59)
and
= L _ _ 1(—kx+ot+0p)
Y(x,t) = RGa + yz)[tanh(x nt) + coth(x — nt)le .
(60)
Or
_ 2a, _ _ 1(—kx-+t+0)
o(x,t) = RGr + yl)[rcd(x nt) +dc(x — nt)le , (61)
and
= L _ _ 1(—kx-+wt+0p)
Y(x,t) = RO + yz)[er(X nt) +dc(x — nt)le . (62)

When r — 0,dc — sec, which gives the following periodic singu-
lar solutions

d(x,t) =, /—k()zj_l . )sec(x — nt)e! Rttt (63)
1 1
and
2a; 1(~kx+oot+0p)
Y(x,t) = msec(x —nt)e o), (64)
2 )
When r — 1, the following solution are obtained
_ 2a 1~k oot +0p)
o) =g : (65)
and
_ 2a; 1(~loc+oot+bg)
Y(x,t) = mZe . (66)

Fig. 3(f) represents the periodic singular solution (57) while
Figs. 4(g) and 4(h) represent dark-singular soliton (59) and peri-
odic singular solution (63) respectively, with a; =y, = 1.5,k =
Oo=w=1,21 =2.5,n=3.



Hamood Ur Rehman, Aziz Ullah Awan, Kashif Ali Abro et al.

Journal of King Saud University — Science 34 (2022) 102056

Fig. 4. (g) 3D portrayal of dark-singular soliton solution (59). (h) 3D representation of periodic singular solution (63).

Case-2: When P(¥)
c=1-r%5So0

=cn(9), then a=2r>-1,b=-2r> and

d(x,t) = k(}qi )[rcn(x nt) + V2 — Inc(x — nt)le!-kerottoo)
(67)

and

Y(x,t) = k(lzzc—li- )[rcn(x nt)+\/—“nc(x nt)Je!kcrotto)
(68)

When r — 0, we obtain the same periodic singular solution as
(57) and (58).

Fig. 5. (i) 3D portrayal of bright soliton solution (69).

When r — 1, the bright soliton solutions are retrieved as

/ 2a,
1(—kx+t+0 )
¢(X, t) = 7’((1] y )sech(x nt)e 0 (69)

and

2a,
o 1(—kx-+t+0, )
WX, t) =/ ka1 7,) yZ)SECh(X nt)e o (70)

Fig. 5(i) portrays the bright soliton solution (69) with
a=9,=15k=-1,00=w=1,4 =25n=3.

Case-3: When P(¢9) = cs(9), thena=2—-r?> b=2andc=1-r12.
So

_ 2 ) 1(— kx+wt+60)
o, t) = 7k(l n )[rcs(x nt) + v1 —r2sc(x — nt)le
(71)
and
2(1 1(—kx+t+0
WX, t) = [res(x — nt) + V1 — r2sc(x — yt)e'Rxret+lo),

k(22 +7,)

(72)

Substituting r — 0 in (71) and (72) yield the following periodic
singular solutions

2a,
k(21 +77)

1/ 'Vz) [cot(x — nt)]e!-kxtottto) (74)

Substituting r — 1 in (71) and (72) yield the following singular
soliton solutions

d(x,t) = 1/ cschx nt)e!-hxrttto) (75)

b(x,t) = [cot(x — ne)le! -+, (73)
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o)

Fig. 6. (j) 3D representation of periodic singular solution (73).

20 csch(x — nt)e!-kx+ot+to), (76)

lp(x7 t) = k(lz +,y2)

Figs. 6(j) represents the periodic singular solution (73) for
a=7,=15k=0=w=1,11 =25n=3.

3. Conclusion

This study takes up the KNE without FWM in birefringent fibers.
Three proposed methods are fruitfully applied to recover optical
soliton solutions for the present model. Comparing the obtained
results with those in earlier study, it is demonstrated that our
results are new and not studied earlier. From these integration
schemes dark, bright, singular, bright-singular and periodic singu-
lar combo soliton solutions are retrieved. These techniques are
concise, efficient and the solutions opens up wide opportunities
for further studies.
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