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1. Introduction

In our life and all disciplines, we face many problems with
uncertainties. To deal with the lack of certainty and solve these
problems, many theories have recently developed like vague sets
(Gau and Buehrer, 1993), fuzzy sets (Zadeh, 1965) and rough sets
(Pawlak, 1982). These approaches were regarded as the most
famous mathematical instruments to modeling decision makers.
However all these approaches have their challenges, and the
causes of these complications posed by these methods are proba-
bly due to the inadequacy of parameters. Molodtsov (1999) pro-
posed the soft set theory to administer uncertainties, where his
approach includes enough parameters. Accordingly, many of those
difficulties facing us become easier to solve by applying the soft
sets theory. Moreover, many authors studied the relationship
between all of these theories such as (Meng et al., 2011; Xiao
and Zou, 2014; Aktas and Cagman, 2016; Zhang et al.,, 2018;
Zhan and Wang, 2018).
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On the other hand, algebraic structures of groups and rings have
recently been studied by using fuzzy sets and soft sets, for exam-
ple, Liu et al. (2012) worked on fuzzy rings. Also, Acar et al.
(2010) introduced the concept of soft rings, which later extended
to fuzzy soft rings by Inan and Oztiirk (2012). Further, semigroups
and semirings are studied by using fuzzy sets and soft sets in (Feng
et al, 2008; Zhan and Davvaz, 2016; Yousafzai et al, 2017).
Recently, many research papers have emerged discussing the
applications of soft set theory, like (Ma et al., 2018; Zhan et al,,
2018; Zhan and Alcantud, 2018; Zhan et al., 2017; Zhan et al,,
2017; Ma et al., 2017).

Shabir and Naz (2011) developed the notion of soft topology
and soft topological spaces, which have been studied by many
authors like (Shabir and Naz, 2011; Cagman et al, 2011;
Aygiinoglu and Aygiin, 2012; Nazmul and Samanta, 2013; Senel
and Cagman, 2011; Babitha and John, 2015; Kandil et al., 2017).
Thereafter, many authors worked on the combination of algebraic
constructions and soft topological structures. For example, as a
straightforward extension of the familiar concepts of topological
groups (Pontrjagin, 1939) and topological rings (Warner, 1993).
Nazmul and Samanta (2010) initiated the idea of soft topological
groups. Later Hida (2014) added improvements to the concept of
soft topological groups. In the same time, Nazmul and Samanta
(2015, 2014) returned with the latest version of their work of soft
topological groups.

Tahat et al. (2018) introduced the concept of soft topological
soft rings by applying soft topological structures on a soft ring
and Shah and Shaheen (2014) initiated the concept of a soft
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topological ring by applying the topological structures on a soft
ring. In this paper, we will produce a wholly different definition
for soft topological rings. Our notion depends on the soft topolog-
ical structures over the rings directly, rather than on the topologi-
cal structures over the subrings which are induced by every
individual parameter of soft rings.

Our motive is to complete the gaping in the studies of the con-
nections between the soft topological space and the rings theory by
studying the combination between the rings and the soft topolog-
ical spaces and introduce the concept of soft topological rings.

2. Preliminaries

Throughout this paper, X,Y and Z are assumed to be initially
universal sets and E is assumed to be a nonempty set of
parameters.

2.1. Soft sets and soft rings

In this subsection, we introduce some basic concepts and
results, which we will use in the next part of this paper.

Definition 2.1 Molodtsov, 1999.

(i) A soft set F4 over X is defined to be a mapping F4 : A—P(X),
where ACE.

(ii) The support of a soft set F4 is defined to be the following
subset of A

Supp(Fa) = {a € A|Fa(a) # ¢}.

Remark 2.2 (see Maji et al., 2003).

(i) We put Fg =F.

(ii) Let A, B, C are nonempty subsets of E. For each a € A we put
(a,B) :={(a,b)|b € B}. So, we have (a,B)U(a,C)= (a,BUC).
Sometimes we deal with the soft set F, over X as the subset
U (a,Fa(a)) of A x X or we put F, = {(a,Fa(a))|a € A}.

l(]iefi) We denote the class of all soft sets over X by S(X).

(iv) If F4 € S(X) such that F4(a) = ¢,Va € A, then F, is called a
null soft set over X and it is denoted by ¢,. We put ¢ = ¢.

(v) If F4 € S(X) such that F4(a) = X,Va € A, then F, is called an
absolute soft set over X and it is denoted by X,. We put X; = X.
(vi) Let KCX. A soft set K,eS(X) is defined by
RA(a) =K,Va € A. We put IN(E =K.

Definition 2.3 (Maji et al., 2003; Feng et al., 2008). Let F4, G € S(X).
Then

(i) F4 is said to be a soft subset of G; if and only if AC B and
Fa(a) C Gg(a),Va € A. In this case we write F4 C Gp.

(ii) F, is said to be soft equal to G if and only if G4 C Gz and
Gg C F,. In this case we write Fy=Gp.

(iii) The intersection of F, and Gj is defined to be the soft set
(FN G)ypp € S(X), such that

(FNG)yp(€) = Fa(e) N Gp(e), Ve € ANB.

We put (F N G),5 = FaNGs.
(iv) The union of F, and Gp is defined to be the soft set
(FUG), 5 € S(X), such that

Fa(e)uGgle), if ecANB
(FUG),5(e) =< Fa(e) if ecA\B, YecAUB.
Gs(e), if eeB\A

We put (FUG), 5 = FaUGg.

Note that for Fs,¢s € S(X), we have F, = ¢, if and only if
Supp(Fa) = ¢.

Definition 2.4. Suppose that X is a ring and F,H € S(X). The soft
sets F'H,F+H,F=H,—F € S(X) are defined as follows, for all e € E:

(i) (FH)(e) = F(e) - H(e) = {xy|x € F(e),y € H(e)}.

(ii) (F+H)(e) = F(e) + H(e) = {x + y|x € F(e),y € H(e)}.
(iii)) (F=H)(e) = F(e) — H(e) = {x - y|x € F(e).y € H(e)}.
(iv) —F(e) = —(F(e)) = {—x|x € F(e)}.

Definition 2.5 Kharal and Ahmad, 2011. Let F, € S(X) and
Gp e S(Y).Let u: X — Y and ¢ : A — B be two mappings.

(i) (o,u) is called a mapping from F, to Gj, denoted by
(@, 1) : Fa — Gp, if and only if

W(Fa(a)) = Ge(¢(a)), Va € A.

(ii) The image of F4 under u with respect to ¢ is defined to be
the soft set (4(Fa)),4, € S(Y), such that

(U(FA) gy () = | I(Fa(@)), Vb € @(A).
¢(a)=b

(iii) The inverse image of Gz under ¢ with respect to ¢ is defined
to be the soft set (u'(Gp)),<€S(X), such that

(W'(Gp)) ,(@) = w1 (Gp(ep(a))), Va € A.

Remark 2.6. Let F4, € S(X) and Gg e S(Y).
@ : A — B be two mappings.

Let u:X—Y and

(i) If expu:AxX—BxY such that (¢ x u(a,x) =
(p(a), u(x)),Yae A, xe X and ¢ is injective then we have
(U(Fa))pay = (@ x w)(Fa). This means that the image of F, under
u with respect to ¢ is the image of F4 under ¢ x y, when ¢ is
injective.

(i) (1 1(Gy)), = (¢ x 1) (Gp)-

(iii) If (¢,u) is a mapping from F4 to Gg, then
(U(Fa)) pay = Gilya) (therestractionofGzoverp(A)) and
(u7'(Gp)), = Fa if u is injective.

(ivy If A=B and ¢@=id, (identity on A), then

(U(FA)) (@) = H(Fa(@)), ¥a € A.

Definition 2.7 Acar et al,, 2010. Suppose that X is a ring. Then
F4 € S(X) is called a soft ring (resp. soft ideal) over X if and only
if Fa(a) is a subring (resp. an ideal) of X,Va € A.

Definition 2.8 Shabir and Naz, 2011. Let F4 € S(X) and x € X. If

X € () Fa(a), then we say that x is a soft element in F4 and write
acA

XéFA.
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Definition 2.9 Babitha and Sunil, 2010. Let F, € S(X) and
Gp € S(Y). The Cartesian product of F, and G is defined to be the
soft set (FaxXGg) € S(X xY), such that (FaxGg)(a,b) =Fa(a)x
Gp(b),V(a,b) € A x B.

2.2. Soft topology

Throughout this subsection, we recall some basic concepts and
results, for soft topological spaces. From now on, we consider that
all soft sets are defined on the set of parameters E and all mappings
are defined with respect to the identity on E, and we denote the

mapping (idg,f) shortly by f.

Definition 2.10 Shabir and Naz, 2011. Let T C S(X). Then

(1) T is called a soft topology on X if
X, pet
(ii) T is closed under finite intersection,
(iii) T is closed under arbitrary union.

(2) Let T be a soft topology on X. Then the pair (X, 1) is called a
soft topological space (in short S.T.S).

(3) Let (X, 7) be a S.T.S. Then a soft set F € S(X) is called a soft
open set if and only if F € 1.

Note that a soft topology on X is a topology on S(X).

Definition 2.11 Shabir and Naz, 2011. A soft topological space
(X, 1) is called a soft indiscrete (soft discrete) space over X if and

only if T = {J),f{}(r = S(X)). In this case 7 is called a soft indiscrete
(soft discrete) topology on X.

Example 2.12 Aygiinoglu and Aygiin, 2012. Suppose that R is the
set of all real numbers and E = R* (the set of all positive real num-
bers). Let l€eE and F; € S(R), such that is
F;(e) = (e — A,e+ 1),Ve € E. Let T = {F,|4 € E}. Then (R, 1) is a soft
topological space.

Definition 2.13 Shabir and Naz, 2011. Suppose that (X, t)isaS.T.S
and x € X.

(i) A soft set F, € S(X) is called a soft neighborhood (shortly S.
Nhd) of x if there exists F € T, such that xéF C F,.

(ii) A soft neighborhood F, of x in (X, 1) is called a soft open
neighborhood (shortly S.0.Nhd) if F, € 1.

Definition 2.14 Hida, 2014. Suppose that (X, 7) and (Y, v) are two
S.T.S and f is a mapping from X to Y.

(i) fis called soft continuous if and only if for any x € X and any
S.O0.Nhd Uy, of f(x), there exists a S.0.Nhd U, of x such that
FX)Ef(Uy) C Uy,

(ii) f is called soft open,
Fet=f(F)ev.

(iii) fis called soft homeomorphism if fis bijective and both of f
and f! are soft continuous.

if f satisfies the condition

Definition 2.15 Nazmul and Samanta, 2014. Suppose that (X, 1)
and (Y,v) are two S.T.S. The collection of all unions of soft sets in
{FXGJF € 1,G € v} is a soft topology on X x Y and it is called soft
product topology on X x Y and denoted by txv. The soft topologi-
cal space (X x Y, Txv) is called soft product topological space.

Proposition 2.16 Nazmul and Samanta, 2014. Suppose that (X, 1)
and (Y,v) are two S.T.S. Then the projection mappings
projy : (X x Y,TxXv) — (X,t) and projy: (X x Y,Txv) — (Y,v) are
soft continuous and soft open. Also, TXv is the smallest soft topology
on X x Y for which the projection mappings are soft continuous.

Proposition 2.17 Nazmul and Samanta, 2014. Suppose that
(X,71),(Y,v) and (Z, k) are soft topological spaces. Then a mapping
f:(Z,K) — (X x Y,TXv) is soft continuous if and only if the mappings
projy o f and projy o f are soft continuous.

Proposition 2.18 Nazmul and Samanta, 2014. Suppose that
(X,7), (Y,v) and (Z,x) are soft topological spaces. If f : X — Y and
g:Y —Z are soft continuous, then the mapping gof is soft
continuous.

Definition 2.19 Shabir and Naz, 2011. A base S of a soft topological
space (X, 1) is defined to be a family of soft open sets such that each
soft open set in T is a union of some elements in f .

Note that if § = {B;|i € I} is a family of soft sets over X such that
B is closed under finite soft intersections, then the family g gener-
ates a soft topology on X in the form 1 = {(}5(} U {UV|VQ[3},
which called a soft topology generated by the base p.

Example 2.20. Let E = {elec Z,e > 1} and § = {Ux|x € Z}, where
Ux € S(2) is defined by Ux(e) = {x +neln € Z},Ve € E. Note that
Ux(e1e2) C Ux(e1) NUx(ey), forall x € Z and eq, e, € Z. So, B is a base
of the soft topological space of the soft neighborhoods of each x € 7
and generates a soft topology on Z.

Let (X,7) be a ST.S and GcX. Then it is clear that
Tc = {EﬁF|F € r} is a soft topology on G.

Definition 2.21 Hussain and Ahmad, 2011. Let (X, ) be a S.T.S and
G C X. The soft topology ¢ on G is called a soft relative topology on
G and the soft topological space (G, 1) is called a soft a soft
subspace of (X, 7).

Proposition 2.22. Suppose that (X,T) isa S.T.Sand HC GCX . Then,

T = (To)y -
Proof. By Definition 2.21, Ty = {ﬁﬁF\F c t} and
Tc = {arﬁF\F = r}. Therefore,
(Te)y = {(ErﬁF)ﬁFuF € r}
- {(Emﬂ)ﬁﬂF c r}
= {FIﬁF\F e 1:} (SinceH C G)

Ty.
O
Proposition 2.23 Shabir and Naz, 2011. Suppose that (X,t) isaS.T.

S. Then, the family t¢ = {F(e)|F € 1} produces a topology on X for each
parameter e € E .

Proposition 2.24 Nazmul and Samanta, 2013. Suppose that (X, T)
is a S.T.S. The family
T ={F € S(X)|F(e) € 1°,Ve € E}

is a soft topology on X and [1*]* = 1°,Ve € E .
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Proposition 2.25 Nazmul and Samanta, 2012. The intersection of
two S.T.S is S.T.S. However the union of two S.T.S is not necessary to
be a S.TS.

Definition 2.26 Arnautov et al., 1996. Let X be an additive group.
The topological space (X,t) is called a topological group and
denoted by T.G if the mapping

f:XxXtx1) — (X1
(X’y) =X—Yy

is continuous.

Definition 2.27 Arnautov et al., 1996. Let X be a ring. The topolog-
ical space (X, 1) is called a topological ring and denoted by T.R if the
following conditions are satisfied:

(i) The mapping
(XxX,Tx7T)
*x,y)

is continuous.
(ii) The mapping

(XxX,Tx7T)
*x,9)

- (X,7)
- Xy

is continuous.

In 2010, Nazmul and Samanta (2010) initiated the idea of soft
topological groups. Later in 2014, Shah and Shaheen (2014), Shah
and Shaheen (2014) and Hida (2014) added improvements to the
concept of soft topological groups. In the same time, Nazmul and
Samanta (2014) returned with the latest version of their work of
soft topological groups as follows:

Definition 2.28 Nazmul and Samanta, 2014. Let X be an additive
group. The soft topological space (X, 1) is called a soft topological
group and denoted by S.T.G if the following conditions are
satisfied:
(i) The mapping
g: (X xX,TXT)
(x.y)
is soft continuous.
(ii) The mapping
X1 = (X1
X > —X

- (X,7)
—X+Yy

is soft continuous.

Proposition 2.29 Nazmul and Samanta, 2014. Suppose that (X, )
is a S.T.G. Then, the mapping h : (X x X,TX1) — (X x X, TX71) defined
by h: (x,y) — (x,-Yy),Vx,y € X is soft continuous.

Theorem 2.30. Let T be a soft topology on a group X. Then (X, 1) is a
S.T.G if and only if the mapping

k:(XxX,tx1) — (X,7)
*xy) —x-y

is soft continuous.

Proof. [=] Suppose that (X,1) is a S.T.G. Therefore, the additive
mapping g : (X x X,tX1) — (X, 1) which defined by g(x,y) =x+y

for all x,yeX is soft continuous. Also, the mapping
j: (X,7) — (X,7) which defined by j(y) = —y for all y € X is soft
continuous.

Moreover, from  Proposition  2.29, the  mapping
h: (X xX,TX1) — (X x X,TX71) which defined by h(x,y) = (x,-Y)
for all x,y € X is soft continuous.

Since k = g o h, then by using Proposition 2.18, the mapping k is
soft continuous.

[<]Letk: (X x X,TXT) — (X, T), such that k(x,y) = x —y for all
X,y € X be a soft continuous mapping. Since X is a group, then we
have the identity element O in X. Now, in particular, and without
loss of generality pick x = 0 and y an arbitrary element in X. Then k
is soft continuous at (0,y). Therefore, by the definition of soft
continuity 2.14, for any S.0.Nhd U_, of —y, there must be a S.0.Nhd
Up of 0 and a S.0.Nhd U, of y, such that Up=U, CU_y.

In particular, we have —U, C U_y, which shows that the inverse
mapping j(y) = —y for all y € X is a soft continuous mapping. Also,
from Proposition 2.29, the mapping h : (X x X, TXT) — (X x X, TXT)
which defined by h(x,y) = (x, —y) for all x,y € X is soft continuous.
Therefore, g = k o h is a soft continuous mapping from (X x X, TXT)
to (X, 7). Then (X, 1) is a S.T.G.

Shah and Shaheen (2014) initiated the concept of a soft topolog-
ical ring by applying the topological structures on a soft ring as the
following:

Definition 2.31 Shah and Shaheen, 2014. Suppose that T is a
topology defined on a ring X and F € S(X) . The pair (F,t) is called a
soft topological ring over X if

(i) F is a soft ring over X.

(ii) The mapping (x,y) —x—y from (F(e) x F(e),t¢ x t°) to
(F(e),t°) is continuous, Ve € E.

(iii) The mapping (x,y) —xy from (F(e) x F(e),t® x 1) to
(F(e),t°) is continuous, Ve € E.

In this paper, we will use the concept of a soft topological ring
which is defined by Shah and Shaheen (2014) in the name of a
topological soft ring (T.S.R) and in Section 3 we will show the dif-
ference between our notion and the notion of Shah and Shaheen
(2014).

Definition 2.32 Tahat et al.,, 2018. Suppose that F € S(X) is a soft
ring and (X, T) is a soft topological space. Then (F, 1) is called soft
topological soft ring over X and denoted by S.T.S.R if the following
conditions are satisfied

(i) The mapping (x,y) — xy from (FXF,TrXTr) to (F,TF) is soft
continuous;
(ii) The mapping (x,y) — x +y from (FXF, TrXTf) to (F, Tf) is soft
continuous;
(iii) The mapping x+— —x from (F, 1) to (F,tf) is soft
continuous.

3. Soft topological ring

Through this section, we will propose the notion of soft topolog-
ical soft rings and study their properties. From now on, X and Y
denote unitary commutative rings.

Definition 3.1. Let 7 be a soft topology on X. Then 7 is called a ring
soft topology on X if the following conditions hold:

(i) The mapping (x,y) — xy from (X x X,TX7) to (X, 1) is soft
continuous;
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(ii) The mapping (x,y) — x +y from (X x X, Tx7) to (X, T) is soft
continuous;
(iii) The mapping x+— —x from (X,t) to (X,t) is soft
continuous.

The soft topological space (X, T), where 7 is a ring soft topology
on X is called a soft topological ring and denoted by S.T.R.

Remark 3.2. In the literature, the terminology of a soft ring is
used to refer to a soft set F over a ring X such that F(e) is a sub-
ring of X, for every e € E. The concept of a soft topological ring F
on X was studied by Shah and Shaheen (2014). They have car-
ried out a topological structure and continuity of topology on
the subring F(e), for every e € E to introduce the concept of a
soft topological ring via the old idea of a topological ring. So
we think it would have been better if he had named his concept
as a topological soft ring because he combined a topology with a
soft ring. In contrast, our concept introduced via a soft continuity
on a soft topology on a ring. Literally; our concept based on
applying soft topological structures on a ring. Therefore, the con-
cept of soft topological rings in the sense of our definition (Def-
inition 3.1) is totally different from that in the sense of
Definition 2.31.

Remark 3.3. Suppose that (X, 1) is a S.T.S. If (X, 1) is a S.T.R, then
(X,7)is a S.T.G.

Concerning soft neighborhoods, we can redefine the soft topo-
logical ring as in the fallowing proposition.

Proposition 3.4. Suppose that T is a soft topology on X. Then the soft
topological space (X,t) is a S.T.R if and only if all the following
conditions are satisfied:

(i) For allx,y € X, and every S.0.Nhd Uy, of xy, there must be a S.0.
Nhd U, of x and a S.0.Nhd U, of y, such that Uy"U, C U,y .

(ii) For all X,y € X, and every S.0.Nhd U,, of xy, there must be a S.
O.Nhd Uy of x and a S.0O.Nhd U, of y, such that Uy+U, C Uy, .
(iii) For all x € X, and every S.O.Nhd U_, of —x , there must be a S.
O.Nhd Uy of x such that —U, CU_, .

Proof.

[=] Suppose that (X,t) is a S.T.R. Then the mapping
f:(XxX,TX1) — (X,T)(resp.g : (X x X,TX7T) — (X, 7)),
which defined by f(x,y) = xy(resp.g(x,y) = x +y) is soft con-
tinuous. Let x,y € X and Uy (resp.Uy.,) be an arbitrary S.0.
Nhd of f(x,y) = xy(resp.g(x,y) = x + y). It follows from Defi-
nition 2.14 that, for every (x,y) € X x X and every S.0.Nhd
Us(xy) (resp.Ugxy)) Of f(x,y)(resp.g(x,y)), there must be a S.0.
Nhd Uyy of (x,y) such that xyef(Uyy) C Usny
(respx + YEg(Uny)) CUgry)). Now, Uy is a soft open set
in X7, which mean that there exist in 7 a S.0.Nhd U,, of
X; € X and a S.0.Nhd Uy, of y; € X, where i € I and I an index
set, such that Uy, = J Uy, XU,,. That implies, there must be

iel

iel such that xceUyand yecU,. So, U, xU, € txtand
Uxiini C U(X-J’) and = since Uxi'NUYi :f(UXi >ZUYi) Cf(U(X-,}/))
C Ujny) (resp-(Uy +Uy,) = g(Ux, XUy, ) C8(Upny) € Ugiry))-
Thus, condition (i) (resp. (ii)) of Definition 3.1 is satisfied.
Now, since the inverse mapping j(x) = —x,Vx € X from (X, 1)
to (X, 1) is soft continuous, it follows from Definition 2.14
that, for every x € X and for every S.0.Nhd Uy, of j(x), there

must be a S.O.Nhd Uy of x such that x&j(Uiy) C Ujy. This
implies that —U, C U_,, which satisfies the condition (iii) of
Definition 3.1.

Suppose that the conditions (i), (ii) and (iii) are satisfied. For
all x,yeX, and for every S.O.Nhd U, (resp.Us.,) of xy
(resp.ofx +y), there must be a S.0.Nhd U, of x and a S.O.
Nhd U, of y, such that U,"U, C Uy, (resp.Ux+Uy, C Uy,,). But
UyUy = f(UxxUy) (resp.Uy+U, = g(UyxUy)), where f and g
are defined as in the first direction. Since x€U, and y<U,,
then U,xU, is a S.0.Nhd in TX7 contains (x,y). So, by Defini-
tion 2.14, the mapping f (resp. g) is soft continuous. The con-
dition (iii) of Definition 3.1, follows directly from the
condition (iii) and Definition 2.14.

I

O

Theorem 3.5. Suppose that T is a soft topology on X. Then the soft
topological space (X, T) is a S.T.R if and only if
(i) The mapping
f:(XxX,TXT)
(*x.y)

is soft continuous.
(ii) The mapping

k: (X xX,tX7)
*x.y)

is soft continuous.

- (X,7)
— Xy

Proof.

[=] Let (X, T) be a S.T.R. Then it follows, from Definition 3.1, that
f:(XxX,tx1t) — (X,7T)
*.y) =Xy

is soft continuous. Since (X, t) is S.T.G, it follows, from Theorem 2.30,
that

k:(XxX,tX1)
*,9)

is also soft continuous. So, we have (i) and (ii).
[«<] Let (i) and (ii) be satisfied. It follows, from (ii) and Theo-
rem 2.30, that (X,7) is a S.T.G. So, it follows, from (i), that
(X,7)is a S.T.R.

- X1
—X—-y

O

Example 3.6. Let X = Z and E = Z". Let 1 be the soft topology on X
defined as in Example 2.20. Note that, for all x,y € X and e € E, we
have

Ux(e) — Uy(e) = Uxy(e)
Then,

and U(e)Uy(e) C Uy (e).
Uy=Uy, CUyy and U, Uy, CUy.
Therefore, (X, 1) is a S.T.R.

Theorem 3.7. Suppose that (X,7) is a S.T.R. Then (X,7¢) is a T.R for
eachecE.
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Proof. Suppose that (X,T) is a S.T.R. Then by Theorem 3.5, the
mappings

f:(XxX,tx1) — (X,71) and
(x,y) —xy *x,¥)

are soft continuous. From the definition of soft continuity 2.14, it
follows that, for all x,y € X, and every S.0.Nhd U,, (resp. Uy_,) of
Xy (resp. x —y), there must be a S.0.Nhd U, of x and a S.O0.Nhd U,
of y, such that

UcUy CU,y  (resp.Ux=U, CUy,).
Then,
Ux(e)Uy(e) C Uy (e)

k:(XxX,tx1) — (X,7)
—X—Yy

(resp.Uy(e) — Uy(e) CUyx_y(e))  VeeE.

Since t° = {U(e)|U € t}, then Uy(e), Uy (e),Uy(e)andU,_,(e) are
open sets in t°. That satisfied the continuity of subtraction and
multiplication mappings in Definition 2.27. Therefore, (X, 1) is a
TRforallecE. O

Proposition 3.8. Suppose that (X, 1) is a S.T.S such that (X,1¢)isaT.
R, foralle e E. Then (X,7*) is a S.T.R.

Proof. Suppose that (X, 1¢) is a T.R, for all e € E. So, for any x,y € X
and arbitrary open neighborhood U,_,(e) of x — y (resp. Uy, (e)) of xy
there must be open neighborhoods U,(e), U, (e) of x and y respec-
tively, such that

Us(e)Uy(e) CUsy(e) (resp.Us(e) — Uy(e) CUyy(e), Ve cE.

This implies that
UX'NUy C ny
Since " = {U € S(X)|U(e) € 1¢,Ve € E}, we have Uy, —U,, U,

andUy_, are soft open sets in T*. So, the conditions (i) and (ii) of
Theorem 3.5 are satisfied. Then (X, t*) is a S.T.R.

(resp.Uy=Uy C Uy_y).

Proposition  3.9. Suppose that (X,T) is a STS. If
{7(}, 67} e T,Vx,y € X, then (X,7) is a S.TR

Proof. To prove that (X, 1) is a S.T.R it is enough to show that the
conditions of Proposition 3.4 are satisfied.

(i) For all x,y € X, and every S.0.Nhd Uy, of xy, there must be a S.
0.Nhd Uxéfﬂ of x and a S.0.Nhd inm of y, such that
UrUy={x}7{y}={xy} CUy.

(ii) For all x,y € X, and every S.0.Nhd U,., of x +y, there must
be a S.0.Nhd Uxé{Ax“} of x and a S.0.Nhd Uyé{Af} of y, such that
Ut Uy ={x} {y}={x + ¥} C Uypyy.

(iii) For all x € X, and every S.0.Nhd U_, of —x, there must be S.
0.Nhd Uxim of x such that —U,= — mi{:} cU_,.

Therefore, (X,T) isa S.T.R. O

Remark 3.10. Any ring furnished with a soft discrete or soft indis-
crete topology is a soft topological ring. It is easy to verify that any
ring satisfies the conditions (i) and (ii) of Definition 3.1 in both soft
topologies. In this manner, any ring can be considered as a soft
topological ring in the soft discrete or soft indiscrete topology.

Proposition 3.11. Let (X, T) be a S.T.R. Then

(i) For each x € X, the mapping a, : y — y + x from (X, 1) to (X, 1)
is a soft homeomorphism.

(ii) For each x € X, the mapping my : y > yx from (X, 7) to (X, 1) is
soft continuous. Moreover, if x is invertible, then m, is a soft
homeomorphism.

Proof.

(i) To show that a, : y — y + x is soft continuous, we need to
show that for any soft neighborhood F,,, of y + x there exist a
soft open neighborhood F, of y such that ay(F,) C Fy.x. Now,
since (X, 7) is a S.T.R, then for any x,y € X and an arbitrary soft
open neighborhood F,., of y + x there exist soft open neighbor-
hoods F, and F, of y and x, respectively, such that F,£Fy C Fy,y.
Hence we have a,(F,)=F, +xCF,+F.CF,,  where
(Fy +x)(e) = Fy(e) +x,Ve € E. So, ay is soft continuous. Note
that a, is bijective, for all x € X, and (ay) ' =a_,. So, (a,) " is
also soft continuous. Therefore a, is a soft homeomorphism,
for all x € X.

(ii) To show that m, :y~ yx is soft continuous, we need to
show that for any soft open neighborhood Fy, of yx there exist
a soft open neighborhood F, of y such that m,(F,) C F,x. Now,
since (X, 7) is a S.T.R then for any x,y € X and an arbitrary soft
open neighborhood F,, of yx, there exist soft open neighbor-
hoods F, and F, of y and x, respectively, such that F,F, C Fy,.
Hence we have my(Fy)=Fyx CFyFx CFyy, where
(Fyx)(e) = Fy(e)x,Ve € E. So, m, is a soft continuous. Now if x
is invertible, then m, is bijective and (m,)™! = m,.. So, (m,)’
is a soft continuous. Thereforem, is a soft homeomorphism.

O

Note that if T and v are two soft topologies on X, then the soft
intersection tw of 1T and v is defined by
v = {VAW|V € 1, W € v}, (see (Shabir and Naz, 2011)).

Definition 3.12. Suppose that (S, T) and (T, v) are two S.T.R, where
S and T are subrings of X. Then the intersection of (S, t) and (T, v) is
defined as (S, T)N(T,v).

Theorem 3.13. Suppose that (S,t) and (T,v) are two S.T.S each of
them is a S.T.R, where S and T are subrings of X. Then
(S, T)N(T,v) = (SN T, W) is a S.T.R.

Proof. Suppose that (S, 1) and (T, v) are two S.T.S each of them is a
S.T.R, where S and T are subrings of X. Let x,y € SN T, then by the
definition of soft topological ring, for any arbitrary soft open neigh-
borhoods Uy, € Tand V,_, € v of x — y (resp. Uy, € T and V,, € v of
xy), there must be soft open neighborhoods U, € T and V, € v of x,
also there must be soft open neighborhoods U, € Tand V, € v of y,
such that

x-yéU,~U,CU,, and x
—yeV,=V,CV,,. (respxyclU,U,CU, and xyeV,V,CV,).
This implies that
X —YE(U=Uy)A(Vi=Vy) €Uy AV, .
(resp.xy€ (UxUy )N (ViVy) CUyNVyy ).
Which implies
X — YE(UAV),=(UAV), € (UAV),_
(resp.xyé(UﬁV)XT(UﬁV)y & (UﬁV)Xy>.
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So, the subtraction (resp. multiplication) mapping is soft con-
tinuous. Therefore, (SNT,tw) isa S.T.R. O

Remark 3.14. Let {(X;, T:);i € I} be a nonempty collection of soft
topological rings, where I is an index set, X; is a subring of
X.Vi el Then (\(X;, i) = <mx,-, ﬁr,—) isa S.T.R.

icl icl iel

Theorem 3.15. Suppose that F € S(X) is a soft ring. Then, (F,t) isaS.
T.S.R over X if the soft topological space (X,t) is a S.T.R.

Proof. Suppose that (X, 1) is a S.T.R. So, for every x,y € X, and arbi-
trary S.O.Nhd V,_,, (resp. V,,) of x — y (resp. xy) there must be a S.O.
Nhd Viyet of x and a SONhd Vyet of y such that
X —yEV,=V, CV, , (resp. xyéV,V, C Vy,). Since F is a soft ring over
X,F(e) is a subring of X, for all e € E. Also, for any x,ycF we have
x,y€X.

Let x,y€F. Then for any arbitrary S.O.Nhd V,_, (resp. V) of
X —y (resp. xy) there must be a S.0.Nhd V, € T of x and a S.0.Nhd

The following figure shows the relationship between S.T.R, S.T.S.
R, T.S.R and T.R.

3.1. Soft topological subring

Definition 3.19. Suppose that (X, t) and (Y, v) are two S.T.R. Then
(X,1) is called a soft topological subring of (Y,v), denoted by
(X, 1)<(Y,v) if the following conditions are satisfied:

(i) X is a subring of Y.
(ii) T = vy.

Remark 3.20. A ring soft topology on a ring X clearly induces a
ring soft topology on any subring of X, and unless the contrary is
indicated, we shall assume that a subring of a soft topological ring
is furnished with its induced soft topology.

Example 3.21. Let X = Zg and E = {eq, e, }. Also, let

F=1{0,4), H=1{0,2,4,6
Fi = {(e1,{0)). (e2. {0})}. Fa = {(e1. {0,
Fa = {(e1,{0.4)), (e2.{0.4}) Jand Fs = {(er.{

F3 = {(e1.{4}), (e2.{4})},

Vy € T of y, such that x — yéV,=V, CV,_, (resp. xy€V,V, C Vyy).
That implies X — YEFNV=FNV, CFNV,_, (resp.
XyEFNV,FNV, C FNV,_y). Since the soft open sets of Tf are in the
form FAV, where V € 1, that implies FN\V,, FNVy and FV,_, are soft
open sets in Tr. Therefore, (F, ) is a ST.S.R over X. O

The converse of Theorem 3.15 is not true as will be shown in the
following example:

Example 3.16. Let X = Zg,E = {e1,e,} and let F be a soft set over X
defined by F(e;) = {0,2,4} and F(e;) = {0}. Let T = {57 {(e1,{0}),
(2. {0})}. {(er. {2)). (e2.{0.1})}, {(e1,{0.2}). (€2, {0.1,2})} 7).

Since F(eq1) and F(e,) are subrings of X, then F is a soft ring over X.

% ={.{(e1.{0}). (2. {0})}. {(e1. {2}). (e2. {O})}.
{(e1.{0.2}). (e2. {0}) }.F}.

Note that the only soft element belongs to F is 0. So, it is clear
that the mapping (x,y) > x —y from (FXF,TrXTf) to (F, Tf) is soft
continuous. Therefore, (F, 1) is a S.T.S.R over X. On the other hand,
we claim that (X, 1) is not S.T.R. To show that pickx =3 and y = 1.
Note that 2€{(es,{0,2}), (e2,{0,1,2})}. (X, ) to be a S.T.G there
must be a S.O.Nhd V5 of 3 and a S.O.Nhd V; of 1, such that
x—yEVs — Vi CV, = {(e1,{0,2}), (e2,{0,1,2})}. But the only S.
ONhd of 3 and 1 is Zs. Moreover, Zs=Zs=7¢¢
{(e1,{0,2}), (e2, {0,1,2})}. Therefore, (X, 7) is not a S.T.R.

Theorem 3.17 Tahat et al., 2018. Suppose that F € S(X) is a soft ring
and (X, 1) is a soft topological space. Then (F(e)7 (re)F(e)) is a T.R for
eache € E, if (F, 1) is a S.T.S.R over X.

Theorem 3.18 Tahat et al., 2018. If (F, 1) is a S.T.S.R over X. Then,
(F,7¢) is a T.S.R over X for each e € E .

Let T = {<?>7)~(,F1,F2,F3,F4}. Then T represents a soft topology
on X.

T = {9, {(e1.{0}), (e2,{0O}) }. { (e1,4). (e2, {#)}, F }. It is obvi-
ous that, the subtraction and multiplication mappings in Theo-
rem 3.5 are soft continuous. Therefore, (F,tf) is a S.T.R over X.

Again, if v= {&),)N(,F1,F2,F3,F4,F5}. Then, vrepresents a soft
topology on X.
It is obviously that, the subtraction and multiplication map-

pings in Theorem 3.5 are soft continuous. Therefore, (H, vy) is a S.T.
R over X. Since F is a subring of H and

T = ((0)4)r = {#{(@1.{0}). (2, {0})}. {(e1.4). (e2, {4) ). F}.

Then (F, Tr)<(H, by).

Theorem 3.22. Let (X,T) be a ST.R. If H is a subring of X, then
(H,Tty) is a ST.R and (H,ty)<(X, 7).

Proof. Follows directly from Proposition 2.22 and Theorem 3.5.
O

3.2. Soft Topological Ideals

Through this section, we introduce the notion of soft topological
ideals over X and study some of their properties.

Definition 3.23. Suppose that (X, 1) is a soft topological ring and |
is an ideal in X. Then the soft topological space (I, 1) is called a soft
topological ideal in (X, 7), denoted by S.T.I if and only if

i) For all x,y € I, the mapping (x,y) — x —y from (I x I, T;X7;) to
I,7;) is soft continuous,

ii) For all yel and ze< X, the mapping (z,y)+—zy from
X x I,TX71) to (I, 7;) is soft continuous and

(
(
(
(
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(iii) For all yel and ze X the mapping (y,z) —yz from
(I x X,7,X7) to (I, 7;) is soft continuous.

In Definition 3.23 if (I, T,) satisfies only conditions (i) and (ii),
then it is called left soft topological ideal over X and denoted by
L-S.T.I. Also if (I, ;) satisfies only conditions (i) and (iii), then it is
called right soft topological ideal in X and denoted by R-S.T.I.

Example 3.24. In Example 3.21 the set F is an ideal of X and it is
easy to verify that the soft topological space (F, tf) satisfies the
conditions (i), (ii) and (iii) of Definition 3.23. Therefore, (F, Tf) is an
ST.lin (X, 7).

The next theorem can be easily handled by Definition 3.23.

Theorem 3.25. Every S.T.I in a S.T.R is a soft topological subring.

Remark 3.26. The converse of Theorem 3.25 is not true as will
explain in the following example.

Example 3.27. Let X = M,(Z). ,I = {x € X|[yx =0}, for all y € X.
Then ,I is a subring of X, for all y € X. Let T be the soft discrete
topology on X. Then 1, is the soft discrete topology on 1.

It is easy to verify that the soft topological space (y1,1,;) satisfies
the conditions (i) and (ii) of Theorem 3.5. Therefore (yI,7,) is a S.T.

R. Lety = “) 8].Then,

0 0 0 0 0 0 0 0 .
YIZ{{O 0}{0 ]}7{1 0},{1 1}}.Notethatyhsaleft

ideal in X. But it is not a right ideal in X. So, I is not an ideal in X.

4. Applications and studies proposed

Note that if X = Rand F € S(x) is a soft set defined such that for
all e € E, F(e) is a non-empty bounded subset of R, then Fis called a
soft real set. And if F is a singleton soft set over R, then F is called a
soft real number (see (Das and Samanta, 2012)). Also, we call
F € S(Q) (resp. F € S(2)) a soft rational number (resp. integer), if
F(e) is a singleton set for each e € E.

We will use the notions ®, @ and Z to denote the set of all soft
real numbers, soft rational numbers, and soft integers, respectively.

Also, we will use the notations #,,k,---to denote soft real
numbers or soft integers. If fi(a) = {n},Ve € E, then 1 is denoted
by n. For instance, let E = {eq,ez,e3}, then

1= {(er. {1}). (2. {1}), (es, {1}))}-

Definition 4.1 Das and

n,me R keNand {f},

Samanta, 2012. Suppose that
is a class of soft real numbers.

(i) The addition of 1 and m is defined to be the soft real number
fl + m, such that (4 + m)(i) = {n; + m;}, foreachi € E.

(ii) The multiplication of fi and 1 is defined to be the soft real
number 7 - m, such that (7 - m)(i) = {n; - m;}, foreachi € E.

(iii) The division of 71 by 1, where m; # 0, Vi € E, is defined to be

such that (2)(i) = {r:_'x} foreachi € E.

number, such that

the soft real number L,

(iv) a™ is a soft real
Am(i) = {(n;)™}, foreachi € E.

The multiplication of {n]} o is denoted by [ f;. And the soft real
jel

number @ - fi--- - 7t (k times) is denoted by f*. Note that fi* = fk.

Note that Z, @ and R are commutative rings with zero element 0

and one element 1 with respect to addition and multiplication of
soft real numbers.

Definition 4.2. Let X C R. A functiond : X x X — R* U {0} is called

a soft metric if and only if for all %, , 2 € X, the following conditions
are satisfied:

;()andd(fc,jf):(h:»fc:j/,
d@y

The pair ()A( d) is called a soft metric space if d is a soft metric.

Definition 4.3. A function ||: R — R* QO} is called an absolute
value on R if and only if it satisfies the following conditions, for all
m,heR:

() (jm]); = 0 <= m; =0,

(ii) |ma| = |m||njand

(iii) |+ n| < |m| + |A].

Remark 4.4.
Let ||be an absolute value on R. Then the function

||: R — R* U {0} defined by (|a]); =
an absolute value on R

[n;|, for all i € E and fi € R, is

Definition 4.5. The open ball of center @ € R and radius 7 € R is the
set B(a,7) = {k € R: d(%,a) < F}.

Theorem 4.6. The soft metric space (R, d) is a soft topological ring,
where d is a soft metric defined such that
d:RxR — R*U{0}

dxy) —[x-y|

Proof. To show that (R, d) is a soft topological ring we must verify
that the conditions (i) and condition (ii) of Theorem 3.5 are
satisfied

Let %,y € R and B(x—y,€) be an arbitrary S.ONhd of x —y,
where € > 0. Our claim that there exist soft open S.ONhds B(fc, $1>
of x and B(J,4) of y, such that f (B(x,61),B(7.52) ) CB(% ~ 3.,).
To prove the claim, choose &, =4, =¢/2 and since
X—yeB(x—y,¢) then {k—y e Rld(X —J,%0 — Vo) < €}. It follows
that
K=y — (o —Yo)| = [X—Xo+ Yo — Y| < [X—Xo| + |V — Yo| <01+ 2 =€

Therefore, the conditions (i) of Theorem 3.5 is satisfied.

Let X,j € R and B(xy, €) be an arbitrary S.ONhd of x + y, where
€ > 0. Our claim that there exist soft open S.ONhds B(ic, S1> of x
and B(&,Sz) of y, such that f(B(fc,(%l),B(ja 32)) CB(y,€). To
prove the claim, choose &5, = €.
{Xy € R|d(Xy,%0¥,) < €}. It follows that

Since Xy € B(xy,€) then
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d(Xy,%o0Yo) = XY — XoYl
< (X[ = Yol + YollX — ol
< ([%o] + [x = Xo[)[y — Yol + [VolX — Xol
= |Xo|ly — Yol + X — Xo||y — Yol + [YollX — Xol
<& =Xy = Yol
< 10y =€

Therefore, the conditions (ii) of Theorem 3.5 is satisfied. O

4.1. Suggested studies

1. It is well known that the ring of p-adic numbers 7, with their
metric space is a topological ring having numerous applications
in algebra and number theory. This topological ring is a com-
pact, complete and metrizable space. However, Das and
Samanta (2012) produced the set of soft real numbers and dis-
cussed its properties. In addition, a soft metric space has been
produced by Das and Samanta (2013). This makes us wonder
if the ring of p-adic numbers with their p-adic soft metric space
is a S.T.R? If so, what are the conditions leading us to generalize
applications of Z, in algebra and number theory in the aspect of
the soft theory?

2. The Haar measure is exclusively applicable to the locally com-
pact topological groups. A group having a Haar measure means
we can import topics from measure theory and analyze it on
this group, namely Fourier analysis. Nonetheless, many papers
discussed locally soft compactness of soft sets like Aygiinoglu
and Aygiin (2012) and Bayramov and Gunduz (2013). Hence,
can the Haar measure be defined as a generalization of topolog-
ical groups in terms of soft theory aspect? If so, what are the
conditions leading us to generalize the Haar measure to our
concept of S.T.G?

5. Discussion

In literature (Shah and Shaheen, 2014), initiated the concept of
topological soft rings, as we have named it in Remark 3.2, by apply-
ing the topological structures on the soft rings. (Tahat et al., 2018)
introduced the idea of soft topological soft rings by examining the
soft topological structures on the soft rings. But no one has studied
the combination between the rings and the soft topological spaces.

Therefore, we have produced the concept of soft topological
rings to complete the gaping in the studies of the connections
between the soft topological space and the rings theory.

Recently, we noted that many rings appeared in soft settings
where we can’t study these types of rings in the standard topolog-
ical space, but we must examine it in the aspect of soft topological
space where their elements are soft sets. So, if we discuss these
types of rings as soft topological rings under some circumstances,
then we can study the soft topological properties like the separa-
tion axioms and soft compactness on these rings as they are soft
topological rings. Therefore, the concept of soft topological rings
is essential to those who study the soft topological structures over
rings.

6. Conclusions

We have produced the concept of soft topological rings by ana-
lyzing the soft topological structures over the rings directly. Also,
we have examined the relationship between the our new notion
S.T.R and the notions of (S.T.S.R, (Tahat et al., 2018)), (T.S.R, (Shah
and Shaheen, 2014)) and (T.R, (Warner, 1993)), as we have illus-
trated the in Fig. (1). Moreover, we have discussed the subsystems

(X,t)isaS.TR

[ (F,t)isaS.T.S.R over X. ]

Foreache € E Foreache € E
! v
[ (F(e), (T“)F(€)> isaT.R.

(F,t*)isa T.S.R over X.
Foreache € E

Fig. 1. Please provide a caption for Fig. 1.

of the S.T.R by producing the concepts of soft topological subrings
and soft topological ideals.
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