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When the number of nodes increases more than thousands, the arising system of global radial basis func-
tions (RBFs) method becomes dense and ill-conditioned. To solve this difficulty, local RBFs generated
finite difference method (RBF-FD) were introduced. RBF-FD method is based on local stencil nodes and
so it has a sparsity system. The main goal in this work is to develop the RBF-FD method in order to obtain
numerical solution for the Kawahara equation as a time dependent partial differential equation that
appears in the shallow water and acoustic waves in plasma. For this purpose, we have discretized the
temporal and spatial derivatives with a finite difference, h-weighted, and RBF-FD methods. Then by
applying the collocation technique at the grid nodes, a system of linear equations is obtained which gives
the numerical solution of the Kawahara equation. The stability analysis is given. The efficiency and accu-
racy of the proposed approach are tested by four examples. In addition, a comparison between proposed
method and the methods, RBFs, differential quadrature (DQM), cosine expansion based differential
quadrature (CDQ) and modified cubic B-Spline differential quadrature (MCBC-DQM) is shown.
� 2020 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Nonlinear evolution equations play an essential role in engi-
neering and mathematical physics such as solid state physics, fluid
mechanics, chemical physics, plasma physics, geochemistry and
chemical kinematics fields (Ablowitz et al., 1991; Jeffrey and Xu,
1989; Raslan and EL-Danaf, 2010; Mohanty and Gopal, 2011;
Sharifi and Rashidinia, 2019; Mohanty and Khurana, 2019; Nikan
et al., 2019). One of the well-known nonlinear evolution equations
is the fifth order Kawahara equation which is appeared in the the-
ories of shallow water waves having surface tension, magneto-
acoustic waves in a plasma and capillary-gravity waves (Korkmaz
and Dağ, 2009; Sirendaoreji, 2004). In this study, we consider the
Kawahara equation (Ceballos et al., 2007) in the following form

@V
@t

þ 105
16

l2V
@V
@x

þ 13
4
q
@3V
@x3

� @5V
@x5

¼ 0; a 6 x 6 b; 0

< t 6 T; ð1aÞ
with the initial condition

Vðx;0Þ ¼ gðxÞ; a 6 x 6 b; ð1bÞ
and the boundary conditions

Vða; tÞ ¼ haðtÞ; Vðb; tÞ ¼ hbðtÞ; 0 6 t 6 T;
Vxða; tÞ ¼ Vxðb; tÞ ¼ Vxxðb; tÞ ¼ 0; 0 6 t 6 T:

ð1cÞ

Where V ¼ Vðx; tÞ; and g; ha; hb are known functions and l and
q are known coefficients.

In special forms of the Kawahara equation, the analytical solu-
tion in the case of solitary waves is studied by some researchers
(Sirendaoreji, 2004; Yamamoto and Takizawa, 1981; Yusufoğlu
et al., 2008). Generally, obtaining the analytic solution for the non-
linear differential equations is not possible, so the numerical
approximations are necessary for solving such models (Bashan
et al., 2017; Bas�han, 2019; Bas�han, 2019). The numerical solution
of the Kawahara equation has been investigated by many research-
ers (Korkmaz and Dağ, 2009; Djidjeli et al., 1995; Ceballos et al.,
2007; Haq and Uddin, 2011; Abazari and Soltanalizadeh, 2012;
Gong et al., 2014; Karakoc et al., 2014; Bas�han, 2019). Also, some
other methods based on homotopy analysis are proposed for the
approximate solution of the Kawahara equation (Abbasbandy,
2010; Wang, 2011; Kashkari, 2014).

In recent years, RBFs meshfree collocation techniques have been
extensively used for obtaining the numerical solutions of PDEs
(Sarra, 2005; Meshfree, 2007; Hussain and Haq, 2020; Dereli
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et al., 2009; Bibi et al., 2011; Safdari-Vaighani and Mahzarnia,
2015). Some of the major advantages of RBFs approaches are spec-
tral convergence rates, computing derivatives, geometrical flexibil-
ity and the ease of applying in high dimensions. Although RBFs
methods have a spectral accuracy, they often have a large linear
system with full and ill-conditioned matrices. To overcome such
difficulties, the local RBF-FD method was investigated by some
authors (Wright and Fornberg, 2006; Bayona et al., 2010; Martin
and Fornberg, 2017; Dehghan and Mohammadi, 2017; Dehghan
and Abbaszadeh, 2017; Nikan et al., 2019; Rashidinia and
Rasoulizadeh, 2019). This method has a sparse and well-
conditioned system.

The main purpose of this manuscript is to develop the local RBF-
FD method to solve the Kawahara equation as a time-dependent
PDEs. In addition, a comparison between proposed method and
the methods MQ and r7 RBFs (Haq and Uddin, 2011), CDQ and
PDQ (Korkmaz and Dağ, 2009), and MCBC-DQM (Bas�han, 2019) is
given.

The rest of the present study is as follows; In Section 2, the RBFs
and RBF-FD collocation methods will be reviewed briefly. In Sec-
tion 3, a description of the meshless RBF-FD method to compute
the numerical solution of the Kawahara equation is given. In Sec-
tion 4, the stability analysis of the proposed method is proved. In
Section 5, the numerical experiments is reported.

2. Collocation methods

Let X ¼ fx1; x2; � � � ; xNg#Rd, be a set of N separate points with
known scalar values f i for i ¼ 1;2; . . . ;N.

2.1. RBF collocation method

RBF interpolation is defined as

sðx; eÞ ¼
XN
j¼1

kj/jðxÞ;

where /jðxÞ ¼ /ðjjx� xjjj; eÞ, k:k is the Euclidean norm, e is the shape

parameter and /is a radial function. To determine kj
� �N

j¼1 , the col-

location method is used.

sðxi; eÞ ¼ f i; i ¼ 1; � � � ;N: ð3Þ
The Eq. (3) leads to a linear system of equations as

A/ k ¼ f ; ð4Þ
where

k ¼

k1

k2

..

.

kN

2
666664

3
777775; f ¼

f 1
f 2

..

.

f N

2
666664

3
777775; A/; ij ¼ /jðxiÞ; i; j ¼ 1; � � � ;N:

The non-singularity of the matrix A/ for some RBFs was proved
by Micchelli (Micchelli, 1984).

2.2. RBF-FD collocation method

Suppose Ii ¼ xi1 ; xi2 : � � � xini
n o

be a stencil of xi and L be a linear

differential operator. We want to find w ¼ ðw1;w2; � � � ;wni Þ such
that

LuðxiÞ ¼
Xni
j¼1

wjuðxij Þ; ð5Þ
where xi ¼ xi1 is the center node of stencil Ii. By using
/ij

ðxÞ ¼ /ðkx� xijkÞ; j ¼ 1; � � � ;ni, instead of uðxÞ in Eq. (5), the

weights can be computed from the following system:

A/w ¼ l; ð6Þ
where

w¼

w1

w2

..

.

wni

2
66664

3
77775; l¼

L/i1 ðxÞjx¼xi

L/i2 ðxÞjx¼xi

..

.

L/ini
ðxÞjx¼xi

2
666664

3
777775; A/;rs ¼ /ir ðxis Þ; r; s ¼ 1; � � � ;ni:

ð7Þ
The weights w1;w2; � � �wni can be determined from the above

system. Furthermore, the convergence analysis of RBF-FD formula,
Eq. (5), have been proved analytically by Bayona, Moscoso and
et al., (Bayona et al., 2010).

3. Description of the method

The implementation details of the RBF-FD method for the
Kawahara equation are described in this section.

First, mþ 1 distinct points tk ¼ ks; k ¼ 0;1; � � � ;m, on interval
½0; T� with time step size s are chosen. Then, the finite difference
(FD) and h-weighted ð0 6 h 6 1Þ methods are applied over two
consecutive time steps tk and tkþ1 on Eq. (1) as

Vkþ1�Vk

s þ h 105
16 l

2V @V
@x þ 13

4 q @3V
@x3 � @5V

@x5

� �kþ1

þð1� hÞ 105
16 l

2V @V
@x þ 13

4 q @3V
@x3 � @5V

@x5

� �k
¼ 0;

ð8Þ

where k ¼ 0;1; � � � ; ðm� 1Þ;Vk ¼ Vðx; tkÞ and Vkþ1 ¼ Vðx; tkþ1Þ.
The nonlinear term ðV @V

@xÞ
kþ1 can be approximated by linear

term (Rashidinia and Rasoulizadeh, 2019) as

V
@V
@x

� �kþ1

¼ Vk @V
kþ1

@x
þ Vkþ1 @Vk

@x
� Vk @V

k

@x
: ð9Þ

After substituting Eq. (9) into Eq. (8), it can be written as

1þ 105
16 hsl2Vk

x

� �
Vkþ1 þ hs 105

16 l
2 Vk Vkþ1

x þ 13
4 qVkþ1

3x � Vkþ1
5x

� �
¼ ð2h� 1Þs 105

16 l
2 Vk Vk

x � ð1� hÞs 13
4 qVk

3x � Vk
5x

� �
; for x 2 ða; bÞ:

ð10Þ

Now, N distinct collocation nodes X ¼ x1; x2; � � � ; xNf g are chosen
in the interval ½a; b� in which xi; i ¼ 2; � � � ;N � 1 are the N � 2 inte-
rior nodes and xi; i ¼ 1; N are the 2 boundary nodes.

For each point xi, stencil Ii ¼ xj 2 X :j xj � xi j6 R
� � ¼

xi1 ; xi2 ; � � � ; xini
n o

in its support radius R is chosen. Without loss of

generality, let us assume xi ¼ xi1 ði ¼ i1Þ. For each node xi and its

stencil Ii, the weights wsx;i ¼ ½wsx;i1; � � � ;wsx;ini �T corresponding to @s

@xs

for s ¼ 1; 3, and 5 will be determined by using RBF-FD method
Eq. (6). Thus we obtain

Vsx; i ¼ VsxðxiÞ ¼ @sVðxiÞ
@xs

¼
Xni
j¼1

wsx;ij V ij ; i ¼ 2; � � � ;N � 2; s ¼ 1; 3; 5;

ð11Þ
where Vij ¼ Vðxij ; tÞ. The weights wsx;ij are only dependent on stencil
nodes and are independent from the time steps tk. Applying the
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collocation methods on interior nodes in Eq. (10) and using Eq. (11)
concluded that

1þ hs 105
16 l

2 ðCk
x;i þ Vk

i wx;i1 Þ þ 13
4 qw3x;i1 � w5x;i1

� �n o
Vkþ1

i

þ hs
Pni
j¼2

105
16 l

2Vk
i wx;ij þ 13

4 qw3x;ij � w5x;ij

� �
Vkþ1

ij

¼ 1þ ð2h� 1Þs 105
16 l

2 Ck
x;i

� �
Vk

i � ð1� hÞs 13
4 qCk

3x;i � Ck
5x;i

� �
;

i ¼ 2; � � � ;N � 1;

ð12Þ

in which Ck
sx;i ¼

Pni
j¼1

wsx;ij V
k
ij
for s ¼ 1; 3, and 5:

Eq. (12) along with the boundary conditions Eq. (1c), lead to the
following N � N linear system of equations with the matrix form
as:

AVkþ1 ¼ b; k ¼ 0; 1; � � � ;m� 1; ð13Þ

where Vkþ1 ¼ Vkþ1
1 ; Vkþ1

2 ; � � � ; Vkþ1
N

h it
is the unknown vector that

should be computed. According to Eq. (12), the elements of the
sparse matrix AN�N and vector bN�1 are as follows:

Ai i ¼ 1þ hs 105
16 l

2 ðCk
x;i þ Vk

i wx;i1 Þ þ 13
4 qw3x;i1 � w5x;i1

� �
;

i ¼ 2; � � � ;N � 1;

Ai ij ¼ 105
16 l

2Vk
i wx;ij þ 13

4 qw3x;ij � w5x;ij; i ¼ 2; � � � ;N � 1;

j ¼ 1; � � � ;ni;

A1 1 ¼ 1; ANN ¼ 1; b1 ¼ haðtkþ1Þ; bN ¼ hbðtkþ1Þ;

bi ¼ 1þ ð2h� 1Þs 105
16 l

2 Ck
x;i

� �
Vk

i � ð1� hÞs 13
4 qCk

3x;i � Ck
5x;i

� �
;

i ¼ 2; � � � ;N � 1:

ð14Þ

The other elements of matrix A are equal zero.
At time level t0 ¼ 0 the value of V0 can be computed from initial

condition Eq. (1b)then by using Eq. (13) the value of Vk at every
time step tk can be computed.

4. Stability analysis

The stability of the proposed method will be analyzed by apply-
ing the Von-Neumann linear stability analysis. Although, the Von-
Neumann stability analysis is applicable to linear difference equa-
tions, it can provide the necessary condition and can be effective in
practice for the nonlinear (linearized) difference equation (see
(Mokhtari and Mohseni, 2012) and references therein).

For this goal, at first, one variable in the nonlinear terms in Eq.

(10) should be locally freezes, i.e., Vk ¼ u and Vk
x ¼ ux, in which u is

a locally constant value of Vk and ux is a locally constant value of

Vk
x , then Von-Neumann analysis employed to determine the neces-

sary condition for the stability.

After locally freezing the nonlinear terms Vk ¼ u and Vk
x ¼ ux in

Eq. (10), it can be written as

1þ 105
16 hsl2ux

� 	
Vkþ1þ hs 105

16 l
2u @

@x V
kþ1 þ 13

4 q
@3

@x3 V
kþ1� @5

@x5 V
kþ1

� �
¼ ð2h�1Þs 105

16 l
2u @

@x V
k � ð1�hÞs 13

4 q
@3

@x3 V
k� @5

@x5 V
k

� �
:

ð15Þ

Employing the von Neumann’s approach by taking Vk
j ¼ nk eigxj

for each point xj and substituting it in Eq. (15), we obtain
1þ 105
16 hsl2ux

� 	
nkþ1eigxj

þhs 105
16 l

2uðigÞnkþ1eigxj þ 13
4 q ðigÞ3nkþ1eigxj � ðigÞ5nkþ1eigxj

� �
¼ ð2h�1Þs 105

16 l
2uðigÞnk eigxj � ð1�hÞs 13

4 qðigÞ3nk eigxj �ðigÞ5nk eigxj
� �

:

ð16Þ
Above equation concluded that

n ¼ ð2h� 1Þr2 ug iþ ð1� hÞr1 i
ð1þ hr2 ux Þ þ hr2 ug i� hr1 i

; ð17Þ
where

r1 ¼ g3 ð134 q þ g2 Þs; r2 ¼ 105
16 l

2 s:
Thus

j nj2 ¼ ð2h�1Þr2 u gþð1�hÞr1ð Þ2
ð1þhr2 ux Þ2þðhr2 u g�h r1 Þ2 ¼ G

H :

ð18Þ

We know that if H � G P 0 then j n j� 1 and the method is
stable. By choosing 2h� 1 ¼ h� ð1� hÞ in the above equation
and simplifying, we get

H � G ¼ 1þ ð2h� 1Þr2
1 þ ð1� hÞð3h� 1Þ ðr2 ug Þ2

þðhr2 uxÞ2 þ 2ðh2 � 3hþ 1Þr1r2 ug þ 2hr2 ux:
ð19Þ

For h ¼ 1
2, the famous Crank-Nicolson (C-N) method, Eq. (19) can

be simplified as

H � G ¼ ð1þ 0:5r2 uxÞ2 þ ð0:5r2 ugÞ2 � 0:5r1r2 ug:

Since lims!0ð0:5r1r2 ugÞ ¼ 0, so we can ignore this term in Eq.
(20) for enough small values of s. Therefore, Eq. (20) yields
H � G > 0 and j n j< 1, and the proposed method is stable.

5. Numerical experiments

The RBF-FD method is applied for obtaining the numerical solu-
tion of the Kawahara equation. The efficiency of the proposed
method and convergence order and invariants I1 and I2 are tested
in terms of the following norms:

1. L1 ¼ kVe � Vk1 ¼ max
16i6N

jVe
i � Vij,

2. L2 ¼ 1
N

PN
i¼1ðVe

i � ViÞ2
� �1

2
,

3. Ct � order ¼
log ð Ej

Ejþ1
Þ

log ð sj
sjþ1

Þ
, Cx � order ¼

log ð Ej
Ejþ1

Þ

log ð hj
hjþ1

Þ
,

4. Ii ¼ 1
i

R b
a Vi dx; i ¼ 1; 2,

where Ve and V are the exact and computational values of Vðx; tÞ
respectively and Ej is the L2 error with respect to sj or hj.

The Matlab software and the kdtree package (Matlab, 2004) for
finding stencils are used to apply RBF-FD method. Moreover, we
use h ¼ 1

2, and MQ and TPS RBFs in all examples.

Example 1. For the first example, we consider traveling solitary
wave problem of Eq. (1)(refk11) whose exact solution is as follows
(Yamamoto and Takizawa, 1981)

Vðx; tÞ ¼ q
l

� �2

sech4
ffiffiffiffiqp
4

x� x0 � 36
169

t
� �� �

:

Two type RBFs, the shape parameter dependent MQ-RBF,

UðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð�rÞ2

q
, and the shape parameter independent TPS-

RBF, UðrÞ ¼ r4 log r, are used to obtain numerical solution of this
example. This example is solved in the temporal interval ½0; 30�
and spatial interval ½�20; 30� and the parameters
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l ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16=105

p
; q ¼ 4=13 and x0 ¼ 2 are chosen. In the Tables 1 and

2, the L2; L1 error norms and computational order due to the spatial
and temporal directions at T ¼ 1 are listed. These Tables show that
by decreasing spatial and temporal step size, h and s, the accuracy
increases. Table 3 shows that by increasing the number of nodes
stencil, ns, the accuracy increases also. To compare the proposed
method with some recent methods, in the Table 4 the L2 error
norms at some time levels of RBF-FD, MQ and r7 RBF (Haq and
Uddin, 2011), CDQ and PDQ (Korkmaz and Dağ, 2009), and MCBC-
DQM (Bas�han, 2019) methods are reported. It is clear from the
Table 4 that the results of RBF-FDmethods are better than the other
mentioned methods. In the Fig. 1, panels (A) and (B), the graphs of
approximation values and absolute point wise error are plotted.
Moreover in the Fig. 1 panel (C) the traveling of the single solitary
wave at different times is shown. Therefore, these tables and figures
confirm the accuracy and efficiency of the proposed method and its
improvement versus the earlier above mentioned methods.
Table 1
Error and Cx � order with s ¼ 0:01 and ns ¼ 50 at T ¼ 1 for Example 1.

MQ-RBF, �h ¼ 0:2

h L1 L2 Cx � ord

2=5 1:7889e� 03 4:0303e� 04 –
1=5 6:2189e� 04 1:4499e� 04 1:4749
1=10 7:5166e� 05 1:8497e� 05 2:9706
1=15 5:9090e� 05 1:5413e� 05 0:4498
1=20 3:4884e� 05 1:1860e� 05 0:9109
1=25 2:0794e� 05 7:7545e� 06 1:9041

Table 2
Error and Ct � order with h ¼ 0:2 and ns ¼ 50 at T ¼ 1 for Example 1.

MQ-RBF, � ¼ 1

s L1 L2 Ct � orde

1=10 6:1666e� 03 2:0797e� 03 –
1=20 9:2686e� 04 5:4222e� 04 0:9318
1=40 6:3848e� 04 1:4557e� 04 0:9115
1=80 6:4189e� 04 1:4495e� 04 0:0062
1=160 6:3317e� 04 1:4483e� 04 0:0012
1=320 6:2474e� 04 1:4471e� 04 0:0012

Table 3
Condition number and errors of Example 1 with h ¼ 0:1; s ¼ 0:001 at T ¼ 1 for some valu

MQ-RBF, � ¼ 2

ns L1 L2 CðAÞ
10 3:7123e� 02 1:5091e� 02 8:3928eþ 04
20 9:9687e� 03 3:2889e� 03 8:3791eþ 04
30 9:0622e� 04 3:2028e� 04 8:3413eþ 04
40 6:8851e� 05 2:6532e� 05 8:2845eþ 04
50 7:4737e� 05 1:8527e� 05 8:2825eþ 04

Table 4
Comparison of L2 error between presented method with h ¼ 0:1; � ¼ 2; ns ¼ 50 and s ¼ 0:
and Dağ, 2009), and MCBC-DQM (Bas�han, 2019) for Example 1.

t RBF-FD(MQ) MQ r7

1 1:8497e� 05 2:387e� 05 2:574e� 05
2 2:1989e� 05 3:585e� 05 2:669e� 04
5 2:4936e� 05 6:278e� 05 2:348e� 02
10 2:9511e� 05 7:692e� 05 –
15 3:3586e� 05 4:466e� 05 –
20 4:1246e� 05 1:344e� 05 –
25 5:0771e� 05 9:370e� 05 –
Example 2. In this example, the interaction of two solitary waves
with the following initial condition is considered

Vðx;0Þ ¼
X2
i¼1

d2
i sech

4

ffiffiffiffiffiffiffiffi
ldi

p
4

ðx� xiÞ
 !

:

This equation is the sum of two solitary waves that are located
at x1 ¼ 0 and x2 ¼ 20. For �50 6 x � 100; 0 6 t 6 50; l ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16=105

p
; qi ¼ ð12� 2iÞ=13; di ¼ qi=l; i ¼ 1; 2: It is solved by

using RBF-FD method with s ¼ 0:01; h ¼ 0:2 and � ¼ 1. The propa-
gating of both waves toward the right is shown in Fig. 2. Also, the
two invariants I1 and I2 are preserved constant laws as it shown in
the Table 5.
Example 3. Here, the interaction of three solitary waves with the
following initial condition is considered
TPS-RBF

er L1 L2 Cx � order

1:5236e� 03 3:9466e� 04 –
7:7158e� 04 1:8762e� 04 1:6043
1:5938e� 04 5:2543e� 05 0:8026
1:1487e� 04 3:7814e� 05 1:1381
9:6544e� 05 3:2989e� 05 0:9161
8:7701e� 05 3:1535e� 05 1:0698

TPS-RBF

r L1 L2 Ct � order

2:0675e� 03 8:7495e� 04 –
1:0727e� 03 4:5004e� 04 0:9591
7:4467e� 04 2:6368e� 04 0:7713
7:6434e� 04 2:0098e� 04 0:3917
7:6796e� 04 1:8711e� 04 0:1032
7:7001e� 04 1:8598e� 04 0:0087

es of ns .

TPS-RBF

L1 L2 CðAÞ
5:6049e� 04 1:7758e� 04 4:0241eþ 03
2:5196e� 04 7:6178e� 05 3:5221eþ 03
1:9234e� 04 5:9022e� 05 3:3753eþ 03
1:6957e� 04 5:3450e� 05 3:3153eþ 03
1:5938e� 04 5:2543e� 05 3:2910eþ 03

01, and the methods MQ and r7 RBFs (Haq and Uddin, 2011), CDQ and PDQ (Korkmaz

CDQ PDQ MCBC-DQM

– – –
– – –
1:59e� 04 1:986e� 03 6:3e� 05
– – 6:7e� 05
1:56e� 04 2:543e� 03 5:6e� 05
– – 6:3e� 05
1:59e� 04 2:851e� 03 7:2e� 05



Fig. 1. Graphs of approximation solutions (A) and errors (B), and plots of Vðx; tÞ at t ¼ 0;5;10;15;20;25 (C), using the RBF-FD method with � ¼ 2; h ¼ 1=10; ns ¼ 50 and
s ¼ 1=100 for Example 1.

Fig. 2. Graphs of approximation solutions using the RBF-FD method with � ¼ 2; h ¼ 1=10; ns ¼ 50 and s ¼ 1=100 for Example 2.
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Vðx;0Þ ¼
X3
i¼1

d2
i sech

4

ffiffiffiffiffiffiffiffi
ldi

p
4

ðx� xiÞ
 !

:

This equation is the sum of three solitary waves that are located
at x1 ¼ �20; x2 ¼ 0 and x3 ¼ 20. For �30 6 x 6 120;
0 6 t 6 60; l ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

16=105
p

; qi ¼ ð12� 2iÞ=13; di ¼ qi=l; i ¼ 1; 2; 3,
it is solved using RBF-FD method with s ¼ 0:01; h ¼ 0:2; ns ¼ 50
and � ¼ 1. The motion of three waves from the left to the right is
shown in Fig. 3.
Example 4. In this example a type of the Kawahara Eq. (1) in the
following form is considered,
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Vt þ V Vx þ V3x þ Vx � V5x ¼ 0;

in which, the exact solitary wave solution is given (Ceballos et al.,
2007) as
Fig. 3. Graphs of approximation solutions using the RBF-FD metho

Table 5
Invariants of proposed method and RBF method (Haq and Uddin, 2011) for Example 2
with h ¼ 0:2; � ¼ 1 and s ¼ 0:01, and MQ.

RBF-FD RBF

Time I1 I2 I1 I2

0 40:5093 45:8361 40:50926 45:83614
5 40:4693 45:8361 40:50690 45:83557
20 40:4416 45:8360 40:53983 45:83547
30 40:5631 45:8361 40:46771 45:83544
40 40:4567 45:8362 40:58194 45:83535
55 40:4686 45:8366 40:40483 45:83524

Fig. 4. Graphs of approximation solutions (A) and errors (B), and plots of Vðx; tÞ at t ¼
s ¼ 1=1000 for Example 4.
Vðx; tÞ ¼ 105
169

sech4 1
2
ffiffiffiffiffiffi
13

p x� x0 � 205
169

t
� �� �

:

This example also has been solved by RBF-FD method. The
graphs of approximation solution and point wise error, and the
interaction profile of single solitary wave with
s ¼ 0:001; h ¼ 0:1; e ¼ 2; ns ¼ 50 on region ðx; tÞ 2 ½�20;50��
½0;60� has been shown in Fig. 4. In the Table 6, a comparison of
the error norms L2 and L1, and invariants I1 and I2 between pro-
posed method and RBFs method (Haq and Uddin, 2011) is reported.
From this table it is clear that the presented method has a good
agreement with the exact result and has a better accuracy than
the RBF method (Haq and Uddin, 2011). Also, the respected
changes of invariants I1 and I2 of RBF-FD method are approxi-
mately constant and acceptable. Furthermore, the condition
number of the RBF-FD method is equal to 5:9063eþ 04 and the
d with � ¼ 2; h ¼ 1=10; ns ¼ 50 and s ¼ 1=100 for Example 3.

0;5;10;15;20;25 (C), using the RBF-FD method with � ¼ 2; h ¼ 1=10; ns ¼ 50 and



Table 6
Comparison of errors between RBF-FD and RBFs (Haq and Uddin, 2011) methods with s ¼ 0:001; h ¼ 0:1 and ns ¼ 50 for Example 4.

RBF-FD RBFs

t L1 L2 I1 I2 L1 L2 I1 I2

0:0 0:0000e� 00 0:0000e� 00 5:9736 1:2725 0:000e� 00 0:000e� 00 5:97361 1:27250
10 1:7305e� 05 7:4649e� 06 5:9737 1:2725 6:159e� 05 3:861e� 05 5:97363 1:27250
20 3:1814e� 05 1:0129e� 05 5:9738 1:2725 6:185e� 05 3:234e� 05 5:97381 1:27250
25 4:3371e� 05 1:4914e� 05 5:9727 1:2725 9:879e� 05 6:230e� 05 5:97280 1:27250
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RBF method (Haq and Uddin, 2011) is equal to 1:5063eþ 10. Thus,
the RBF-FD method is more well-conditioned than the RBF one.
Therefore, these results verify an improvement of the RBF-FD
method versus RBFs (Haq and Uddin, 2011) ones.
6. Conclusion

In this work, the stable computation for numerical solution of
the Kawahara equations using collocation method based on RBF-
FD has been presented. The stability analysis of the proposed
method was proved analytically. The efficiency and accuracy were
tested numerically by four examples and given some comparisons
with some earlier works. The numerical results given in the previ-
ous section demonstrate a good accuracy of proposed method and
an improvement versus the methods RBFs, CDQ and PDQ, and
MCBC-DQM. In the linear system of the RBF-FD method, the sparse
and ns diagonal and well conditioned system matrices has been
observed. So, the number of nodes can be increased to some extent.
Moreover, this method is meshless.

Conflict of interest

The authors declare that there is no conflict of interest concern-
ing the manuscript.

References

Abazari, R., Soltanalizadeh, B., 2012. Reduced differential transform method and its
application on Kawahara equations. Thai J. Math. 11 (1), 199–216.

Abbasbandy, S., 2010. Homotopy analysis method for the Kawahara equation.
Nonlinear Anal.: Real World Appl. 11 (1), 307–312.

Ablowitz, M.J., Ablowitz, M., Clarkson, P., Clarkson, P.A., 1991. Solitons, nonlinear
evolution equations and inverse scattering, vol. 149. Cambridge University
Press.

Bas�han, A., 2019. An efficient approximation to numerical solutions for the
Kawahara equation via modified cubic B-Spline differential quadrature
method. Mediterr. J. Math. 16 (1), 14.

Bas�han, A.A., 2019. mixed algorithm for numerical computation of soliton solutions
of the coupled KdV equation: finite difference method and differential
quadrature method. Appl. Math. Comput. 360, 42–57.

Bas�han, A., 2019. A novel approach via mixed Crank-Nicolson scheme and
differential quadrature method for numerical solutions of solitons of mKdV
equation. Pramana-J. Phys. 92 (6), 84.

Bashan, A., Yagmurlu, N.M., Ucar, Y., Esen, A., 2017. An effective approach to
numerical soliton solutions for the Schrödinger equation via modified cubic B-
spline differential quadrature method. Chaos, Solitons Fractals 100, 45–56.

Bayona, V., Moscoso, M., Carretero, M., Kindelan, M., 2010. RBF-FD formulas and
convergence properties. J. Comput. Phys. 229 (22), 8281–8295.

Bibi, N., Tirmizi, S.I.A., Haq, S., 2011. Meshless method of lines for numerical
solution of Kawahara type equations. Appl. Math. 2 (05), 608.

Ceballos, J.C., Sepulveda, M., Villagran, O.P.V., 2007. The Korteweg-de Vries-
Kawahara equation in a bounded domain and some numerical results. Appl.
Math. Comput. 190 (1), 912–936.

Dehghan, M., Abbaszadeh, M.A., 2017. local meshless method for solving multi-
dimensional Vlasov-Poisson and Vlasov-Poisson-Fokker-Planck systems arising
in plasma physics. Eng. Comput. 33 (4), 961–981.

Dehghan, M., Mohammadi, V.A., 2017. numerical scheme based on radial basis
function finite difference (RBF-FD) technique for solving the high-dimensional
nonlinear Schrödinger equations using an explicit time discretization: Runge-
Kutta method. Comput. Phys. Commun. 217, 23–34.
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