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We present a fast evolution numerical algorithm for solving the Allen-Cahn (AC) equations. One of effi-
cient computational techniques for the AC equation is the operator splitting method. We split the AC
equation into the linear heat and nonlinear equations; and then solve the linear part using the Fourier
spectral method and the nonlinear part using an analytic closed-form solution. These steps are uncondi-

tionally stable. However, if a large time step is used, then the nonlinear part dominates the evolution and
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results in a sharp interfacial transition layer. To overcome these problems, we propose a time rescaling

method to the nonlinear part of the AC equation. Computational tests verify the performance of the pro-

posed method which makes the evolution fast and interfacial transition layer be uniform.

© 2022 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open access
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Objectives

We consider a fast and stable computational scheme for the
Allen-Cahn (AC) equation:

p(x.t) _ Frg(x1))
a €2 +Ap(X,1) )
3
,M+A¢(x7t).‘ X e Q’t > 0.‘

n-Vo(x,t) =0, x € 9Q,t > 0,

where Q c RY (d=1,2,3) is a bounded domain and AQ is the
domain boundary (Allen and Cahn, 1979). ¢(x,t) is a phase-field

function, F(¢) = 0.25(¢* — 1)2, and e is the interfacial thickness.
The AC equation has been applied to many important scientific
problems such as dendritic growth, tumor growth, image inpaint-
ing, motion by mean curvature, image segmentation, volume
repairing, drop evaporation, phase transitions, multiphase fluid
flow, image smoothing, and shape transformation (Mohammadi
et al., 2019; Bousquet et al., 2021; Kim et al., 2020; Wang et al.,
2020; Schweigler et al.,, 2017; Feng and Li, 2015; Yang et al,,
2020). However, except for very limited cases (Inan et al., 2020),
the analytic solutions for the AC equation are not available. There-
fore, we need to use numerical approximations for the AC equation.
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To numerically solve the AC equation, various computational
schemes have been developed: finite difference method (FDM)
(He and Pan, 2019; Li et al., 2021; Wang et al., 2020; Hou et al.,
2017; Hou et al., 2020; Zhai et al., 2014; Li et al., 2010; Aderogba
and Chapwanya, 2015; Lee and Kim, 2020; Lee et al., 2020; Lee
et al., 2020), finite element method (FEM) (Li et al., 2019; Xiao
et al., 2020; Xiao et al., 2017; Huang et al., 2019; Wang et al,,
2020; Shah et al., 2018; Abboud et al., 2019), Fourier spectral
method (Lee and Lee, 2014; Lee and Lee, 2015), Exp-function
method (Parand and Rad, 2012), fractional reduced differential
transform method (Abuasad et al., 2019). The efficient and uncon-
ditionally stable time stepping methods have been introduced:
scalar auxiliary variable approach (Yao et al., 2022), second order
BDF scheme (Liao et al., 2020) and the invariant energy quadratiza-
tion approach (Yang and Zhang, 2020). In (Mohammadi et al.,
2019), the authors developed and analyzed a computational algo-
rithm based on radial basis functions for solving the AC equation.
Recently, various extensions of the AC equation have received
increased research attention such as the time-fractional AC equa-
tion with volume constraint (Ji et al., 2020). In addition, various
numerical studies for other phase-field mathematical models have
been researched (Rasoulizadeh and Rashidinia, 2020; Mohammadi
et al, 2021; Mohammadi et al, 2022; Yadav et al, 2021;
Mohammadi and Dehghan, 2015; Mohammadi and Dehghan,
2020; Mohammadi and Dehghan, 2021; Ghassabzadeh et al,,
2021; Dehghan and Taleei, 2010).

One of efficient numerical methods for the AC equation is the
operator splitting method (OSM) (Li et al., 2010; Xiao et al,,
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2017; Huang et al., 2019; Lee and Lee, 2015; Weng and Tang, 2016;
Li et al., 2020; Sun et al., 2019; Ayub et al., 2019). In the splitting
method, we split the AC equation into the linear diffusion and non-
linear equations; and then solve the diffusion part using a numer-
ical method and the nonlinear part using an analytic closed-form
solution. These steps are unconditionally stable. However, if a large
time step is used, then the nonlinear part dominates the evolution
and results in a sharp interfacial transition layer. To overcome
these problems, we propose a time rescaling method to the nonlin-
ear part of the AC equation.

In Section 2, we present the proposed computational scheme. In
Section 3, we conduct computational experiments to validate the
performance of the proposed algorithm which makes the evolution
fast and interfacial transition layer be uniform.

2. Methods

We use the OSM to solve Eq. (1). Let Q =
solve

9p(x,y,t)
ot

and we solve

9px,y.t) _  Fr(o(x,y,0)) 3)
ot e? '
Let Q= {(X =L+ ({—-05)hy =L, +(—05h)1<i<Ns,
1 <j<N,}, where h= (R, —Ly)/Nx= (R, — L,)/N, is the uniform
step size. Let ¢ = ¢(xi,y;,nAt). To solve Eq. (2), we use the

Fourier-spectral method (Lee et al., 2014): Let

N Ny Ny -_1 -1 2i 1 1
o = By Y o} cos 2)1(51 )T o5& 2)1(\1(1 )n7 @

i=1 j=1

Neand g=1,.--,N,,

(LX7RX) X (L)HR,V)' We

=Ad(x,y,t) (2)

p:l7"'a

where

| V1/Ny, p=1 _
op = { 3N, 2<p gNXand By =
Let
Xi = Ly + (21 = 1)(Re — Lx)/(2Nx),y; = Ly + (2 = 1)(Ry — Ly)/(2Ny),
&=@—-1)/(Ry —Ly), and Ny = (q—1)/(Ry —Ly). Then, Eq. (4)
becomes

i, — oSS cos(ym) costyy, ).

i=1 j=1
The inverse discrete cosine transform is

Ny NY R
B =D > _pBaPp, COS(EpXiT) COS(1,YTr). (5)
p=1g=1
Let
Ny NY

=3 iy, COS(&,x) cos (11, my). (6)

p=1g=1

o(x,y,nAt)

Then, we have

Ny Ny

*ZZ(QVI)”)

p=1 =1

29 (x,y,nAt) =

o zocp/fq&gq €0S(&,T0X) €S (1], ),

Ny Ny
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p=1 =1

24 (x,y,nAt) =

Therefore, we have
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( q”) Z]Ofpﬂq ¢, cos(&,Tx)

Ny Ny
Ap(x,y,nAt) = ZZ
p: :

0s(11,y). (7)
From Eqgs. (2), (6), and (7), we have

a(}, L2 2) .

21— { G+ (nm) Yo ®)
Therefore, we obtain the following solution

~ N L o\2 2

i = g Ao )}, ©)
Then, we obtain the intermediate numerical solution:

Ny Ny .
b5 =D > 0pByby, COS(E,XiTT) COS(1,Y;T0). (10)

p=1q=1

Finally, we get

B
n+1 ¢lj

nl . 11
-6 () "

ij
One- and three-dimensional solutions can be defined similarly.
These steps are unconditionally stable. However, if a large time step
is used, then the solution (11) of the nonlinear part dominates the
evolution, results in a sharp interfacial transition layer, and yields
a pinning effect of the evolution of the solution. In this study, we pro-
pose a time rescaling parameter (0 < r < 1) sothatEq.(11) becomes
E_H _ ¢l] , (12)
\/[] _ e At/ | (d);‘j)z

where the value of r and how to define it will be described in next
Section.

The main advantages of using such a relaxation parameter are
that we can safely use arbitrary large time steps without generat-
ing a sharp interfacial transition layer and obtain a fast evolution
using a large time step.

3. Results and conclusions

To describe the proposed algorithm for finding the time rescal-
ing parameter r, let us consider the following equilibrium solution

for the AC equation on Q = (—o0, 00):
Vi(x )7tanh< ) (13)
V2e
Let € be defined as (Choi et al., 2009)
P | — (14)

2v2tanh ' (0.9)

3.1. Effect of large time steps without rescaling parameter

We consider an evolution of initially circular shape on
Q=(-2,2) x(-2,2):

1.6 — /x} +y?
¢j = tanh ('}),i_1,...,Nx,j_l7...7Ny.

V2e

We use Ny=N,=100,e=¢€s,h =4/N,, and the final time
T = 576h. Fig. 1 show the filled contours at levels —0.9 and 0.9
at time t =0 and t =T with At =3h? At =6h% and At = 12I°,
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Fig. 1. Filled contours of ¢ at levels —0.9 and 0.9 with respect to At. The green and blue colors are the initial conditions and final results, respectively. Each At is written below
each figure.

Fig. 2. Initial profile (¢°), the first step (¢*), and the second step (¢') solutions with different r values: (a) r = 1, (b) r = 0.07, (c) r = 0.3, and (d) r = 0.2.

respectively. When a large time step is used, the thickness of filled tion as time evolves because it is an equilibrium solution, i.e., for
contour between ¢ = —0.9 and ¢ = 0.9 at the final time becomes t>0,
narrow rapidly, compared to the initial condition. X

If we take Eq. (13) as an initial condition, then the continuous ¢(x,t) = tanh (—) (15)
solution for the AC equation must be the same as the initial condi- Ve
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Fig. 3. ||¢' — ¢°||, on(a) 0 <r<1,(b)0.15<r<0.17, and (c) 0.1626 < r < 0.163. (d) is the plot of r* against k.

If we plug Eq. (15) into the AC Eq. (1), then the left hand side of
the AC equation is zero. The right hand side of the equation
becomes

PO G0 g () = [tanh3 (ﬁ) — tanh (ﬁ)]

—J tanh (ﬁ) sech (ﬁ) =0,

which is also zero. Therefore, we require the numerical solution
with an equilibrium solution to have the same property: If we start
from an equilibrium numerical initial condition, then we should
have the same initial profile as time evolves. However, if we use a
relatively large time step in the OSM, then we can see the violation
of this property as shown in Fig. 2(a). The circled line denotes the
initial profile, Eq. (15). The stared line is the numerical solution after
the first step in the OSM, i.e., the solution of the diffusion equation.
The squared line is the numerical solution from the nonlinear part
in the AC equation. Here, we used Q = (-2,2),N, = 100, h = 0.04,
At = 25h?, and € = €5. The nonlinear part dominates the evolution
and shows very stiff solution across the interfacial transition layer.
Fig. 2 display the results with different time rescaling parameter
values of r=0.07,0.3, and 0.2, respectively. The result with
r = 0.2 shows the best among them. The numerical solution shows
a similar behavior to that observed in the continuous solution.

3.2. Effects of optimal time rescaling parameter

Next, we describe the proposed algorithm for computing an
optimal r value which makes ¢' = (¢1, ¢5.....¢y,) be as close as
possible to ¢° = (47, ¢3. ..., ¢y, ), Where

0 Xi .
-:tanh(—>71:17...,N 16
(bl \/je )y LYX ( )
and ¢! is the solution after the first time step. Here, we used
Q= (-2,2),N, = 100, h = 0.04, At = 25h?, and € = ;. Let us define
the discrete maximum norm.

0 . . . i i

0 50 100 150 200 1 250

Fig. 4. Optimal time rescaling parameter r° for various m values.

n _ n
1471l = max |- (17)

Fig. 3(a) shows |¢' — ¢°||. against the discrete r parameter
domain R? = {r;=0.01(i— 1)[i=1,...,101}. Let
r! = argmin|j¢' — ¢°|.. (18)

reR?

where we use the maximum norm for the criterion because we
want to minimize the pointwise difference between the analytic
and numerical solutions across the transition layer. Then, then
% = 0.2 in this specific example. Next, consider the subinterval
[r® —0.01,r° + 0.01] and partition it into 100 smaller subintervals,
R' = {r; =1°—0.01+0.002(i — 1)|i = 1,...,101}. Fig. 3(b) and (c)
show ||¢! — ¢°||.. against the discrete r parameter domains R! and
R?, respectively. In general, for k > 1, we define

ré =argmin|j¢' - ¢°|, (19)

reR’r‘

R ={r; =1 - 0.5(0.02)" +0.01(0.02) (i — 1)[i=1,...,101}.  (20)
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107 Fig. 3(d) shows the optimal time rescaling parameter r* values
e+ At= Aty against k. We can confirm these values quickly converge to an opti-
;'\ A N mal value.
——————————@ = . .
t=2" Atres We summarize the step by step guide for the proposed algo-
6 . o At =2"At,s rithm as follows:
107 ¢ ‘ E
o= s iLAT = 275At7»ef . .
5 \ Step by step guide for the proposed algorithm
= f ° o At =27" Aty Preprocessing. We compute r = r¥ for some k from Eq. (19).
) _5 . . . .
8 o o At =27Atyy Using ¢", we compute the next time numerical solution ¢"*! by
107k _ o« Al—92°AL taking the following two steps:
: ref Step 1. We solve Eq. (2) and the solution is given as Eq. (10).
f ° o At =2 Aty Step 2. We solve Eq. (3) using the closed-form analytic solution
e o At =2"%At,y (12) with the rescaling parameter r = rk,
= A * L ] = 79 - . .
108t At =27 Atrey Let At = mAt,s, where a reference time step is defined as
‘ N, =200 ‘ Aty = 0.25h°. Fig. 4 shows the optimal time rescaling parameter
102 103 N, values r!° for various m values. We can observe the optimal time
rescaling parameter values decreases as we increase m values,
Fig. 5. l,-errors of the numerical solution for various Ny. i.e., time step sizes. Here, we used € = €.
Table 1
L-errors and convergence rates in time.
At 8.00e-4 Rate 4.00e-4 Rate 2.0e-4 Rate 1.0e-4
L,-error 5.2664e-3 0.95 2.7323e-3 0.97 1.3939¢-3 0.98 7.0434e-04
2 2
Y Y
1.5 1.5+
1 1r
0.5 05¢
0 0r
-0.5 -0.5¢
-1 -1r
1.5 -1.5¢
2" 2"
2 -1 0 1 T2 -2 1 0 1 T2
(a) (b)
2 i 2 i
Y Y
1.5 1.5+
1 1r
0.5 05¢
0 0r
-0.5 -0.5
-1 AT
1.5 -1.5¢
2" 2"
2 -1 0 1 T2 -2 1 0 1 T2

(d)

Fig. 6. Temporal evolutions of the contours of ¢ at zero level with (a) r = 1 and (b) r = r'° = 0.075373489593684. Contours at levels ¢ = —0.9 and 0.9 with (c) r = 1 and (b)

r=rlo
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The optimal time scaling parameter also depends on € values.
We use At = 16At,s and m =4,6,8,10,12, 14, which is defined
in Eq. (14). We have (m,r!% = (4,0.26896),(6,0.42828),
(8,0.55089), (10,0.64399), (12,0.71625), and (14,0.77181) for
the optimal time rescaling parameter r!° for various m values.
We can observe that the optimal time scaling parameter values
increase as we increase m values, i.e., €.

3.3. Convergence test

We consider traveling wave solutions of Eq. (1) (Choi et al.,
2009):

n_l _ M i —
¢,~—2<1 tanh( WP ))71—1,---,1\&, (21)

on Q = (-2, 2). Here, we fix € = 0.05 and use the uniform space step
h = 4/N,. The initial condition is in the case of n =0 in Eq. (21).
First, we demonstrate the spatial accuracy of the proposed algo-
rithm. We set At =2.0 e-5 and T = 2.0 e-4 with varying N,, i.e,,
N, = 50,100, ...,800. The L,-norm error when h and At are used is

defined as e}t = \/Zf’;](¢,f‘—¢(x, nAt))’/N,. The AC equation is
solved by using the Fourier spectral method in space, therefore,

Fig. 5 shows the relationship between N, and the l,-error according
to different At.

o

o

o 0 2 2 0 2

(a) (b)
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Let T = 0.004 and we set N, = 200 with varying At. We define
the rate of convergence as log, (eﬁ‘ / eﬁt/ 2). Table 1 shows that the
proposed scheme is first-order accurate in time.

3.4. Comparison between previous and proposed methods

Let us consider an evolution of initially square shape on
Q=(-2,2) x(=2,2):

¢0_ 1, if 12 <i<89,12 <j<89,
P71 -1, otherwise

Here, we use Ny =N, =100,€ = €4,h =4/N,, At = 25h2, and
T = 30At. Fig. 6(a) and (b) display the evolution of the contours
of ¢ at zero level with r=1 and r =r!° = 0.075373489593684,
respectively. Fig. 6(c) and (d) show the contours at levels
¢ =—0.9 and 0.9 with r =1 and r = r1°, respectively. In the case
of r =1, the result using the standard OSM (Li et al., 2010), we
can observe the interfacial transition is not smooth and mosaic,
see Fig. 6(a) and (c). However, if we apply the proposed optimal
time rescaling parameter r = r!° to the nonlinear step, then we
have smooth interface profile and uniform transition layer as
shown in Fig. 6(b) and (d).

Next, let us consider more complex initial profile, which is
shown in the first column in Fig. 7(a). Fig. 7(b)-(d) are evolutions
of the filled contours of ¢ at zero level with r=1,r=r1"=

2
2
7 3
£ 0 T2 2 0 T2
(c) (d)

Fig. 7. Temporal evolutions of the filled contours of ¢ at zero level withr = 1,r = r!° = 0.250257522258017, and r = 0.04 for the top, middle, and bottom rows, respectively.

The times are (a) t =0, (b) t = 10A¢t, (c) t = 80At, and (d) t = 250At.
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0.250257522258017, and r = 0.04 for the top, middle, and bottom
rows, respectively. Here, we use N, =N, =100,€ = €3,h = 4/N,,
and At = 2.5h%.

In the case of r = 1, the result using the standard OSM, we can
observe the evolution is delayed because of the domination of the
nonlinear effect, see the first row in Fig. 7. However, if we apply the
proposed optimal time rescaling parameter r = r!° to the nonlinear
step, then we have smooth and fast evolutions as shown in the sec-
ond row in Fig. 7. To confirm r = r1° is optimal parameter value, let
us consider a small value of r. The third row in Fig. 7 displays the
evolution which is dominated by the diffusion and is far from the
motion by mean curvature dynamics.

3.5. Motion by mean curvature

In two-dimensional space, the normal velocity of circular inter-
face satisfies the following geometric law (Jeong and Kim, 2018)

1

V=—k=—z, (22)

where V is the velocity, k is the curvature, and R is the radius. Let Ry
be the initial radius, then the analytic solution can be expressed as
R(t) = /R — 2t. To compare the numerical and analytic solutions,
we consider

- Ro — /X% +y?
¢(x,y,0) = tanh («/fe )

The domain is Q=(-2,2)x(-2,2). Here, we use
Ro=15h=4/N,,e =€ and three different time steps
At = 0.25h* ,2h* 4h*. The final time T = 600h° is fixed. We con-

Journal of King Saud University — Science 35 (2023) 102430

sider r=1,r=rl°=0.945814153207948,0.698082018155315,
and 0.550896003327188 with respect to At = 0.25h% 2h% and

4h?, respectively. Fig. 8 shows the computational results with dif-
ferent time steps. It can be confirmed that the analytic and numer-
ical solutions are in good agreement with each other when fine
time step is used. However, if we increase the time step, then the
difference between the analytic results and numerical results with
r =1 becomes larger and larger. The results indicate that r = r1°
has good performance.

3.6. Application of the proposed method on adaptive mesh

It is not practical to apply phase-field methods using a uniform
mesh to real-world problems because of the computational cost.
Therefore, it is better to use a non-uniform mesh that is adaptively
refined near interfaces. Let us apply the proposed method with an
adaptive meshing technique (Jeong et al., 2021), which was
recently developed for the AC equation. Let

1.2+ 0.3 cos(50) — /2 +y2)

\f2€4

be the initial condition on Q = (—2,2) x (-2,2) as shown in Fig. 9
(a). Fig. 9 shows the snapshots of the interface with adaptive mesh
at t=0,100At,700At, and 1700At from left to right. We can
observe the interface evolution according to the motion by mean
curvature. € = €4,h = 0.04, and At = 0.25h* are used. In the case
of adaptive mesh computation, we use finite difference method,
however, for simplicity of exposition, we use the optimal time
rescaling parameter r = r!% = 0.804251680921130 for m = 1 value
computed from the Fourier spectral method.

¢(x,y,0) = tanh (

1.5
R(t)
1251
1 L
0.75 Analytic result
——r=1
—o—7r =10 =0.945814153207948 b
05 . . . .
0 0.2 0.4 0.6 0.8 t

Analytic result
—%—r=1
—e—r =0 =0.698082018155315

0 0.2 0.4 0.6 0.8 t

(b)

(a)

1.5
R(t)
1251
1 L
0.757 Analytic result
——r=1
—o—r =r!% = 0.550896003327188
05 . . . .
0 0.2 0.4 0.6 0.8 t

()

Fig. 8. Motion by mean curvature with (a) At = 0.25h%, (b) At = 2h?, and (c) At = 4h?.
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-2
-2 -1 0 1

T 2

Fig. 9. (a), (b), (c), and (d) are the snapshots of the interface with adaptive mesh at t = 0, 100At, 700At, and 1700At, respectively.

We presented a fast evolution numerical algorithm for the AC
equation. One of efficient numerical methods for the AC equation
is the OSM. However, if a large time step is used, then the nonlinear
part in the OSM dominates the evolution and results in a sharp
interfacial transition layer. The evolutions are either mosaic or
pinned if a large time step is used. To overcome these problems,
a time rescaling method to the nonlinear part of the AC equation
was proposed. Computational tests confirmed the performance of
the proposed algorithm which makes the evolution fast and inter-
facial transition layer be uniform. The proposed time step rescaling
method can be applied to the other OSM with different spatial dis-
cretizations such as FDM and FEM.
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