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1. Introduction and auxiliary results

The g-calculus also known as “quantum calculus” began to arise
with the interest grown explosively in physic as well as in mathe-
matics both due to the large number of its applications. For
instance, some g-analogues of Fourier analysis (see Koornwinder
and Swarttouw, 1992), g-harmonic analysis to study g-wavelets
and q -wavelets packets (see Bettaibi et al., 2010; Fitouhi and
Bettaibi, 2006). The g-calculus plays very important role in the
development of approximation process and has led in finding more
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appropriate generalizations of several classical operators. The g-
operators have better rate of convergence than classical ones (see
Lupas, 1987; Phillips, 1997). In the recent years, more development
of Szdsz operators based on Dunkl generalization have been
obtained by several mathematicians.

In 1950, the classical Szasz (Szasz, 1950) operators were defined
by

00 k
Sy(h;y) = e"”’Z%h(E),h € C[0, ). (1.1)
k=0 :

There are many important research papers on the study of
approximation of Szasz type operators via Dunkl generalization
in g-calculus and in (p,q)-calculus, for instance we refer to
Alotaibi (2019), Alotaibi and Mursaleen (2020), icéz and Cekim
(2015), Nasiruzzaman and Mursaleen (2020) and Sucu (2014) etc.
Sucu (2014) gave the Dunkl form of classical Szasz-operators with
an exponential function (see Rosenblum, 1994) and the g-Hermite
type polynomials studied by Cheikh et al. (2014).

The basic definition of g-integer and g-factorial is given by:

1018-3647/© 2021 The Author(s). Published by Elsevier B.V. on behalf of King Saud University.
This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


http://crossmark.crossref.org/dialog/?doi=10.1016/j.jksus.2021.101413&domain=pdf
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.jksus.2021.101413
http://creativecommons.org/licenses/by/4.0/
mailto:mursaleenm@gmail.com
https://doi.org/10.1016/j.jksus.2021.101413
http://www.sciencedirect.com/science/journal/10183647
http://www.sciencedirect.com

A. Alotaibi, Md. Nasiruzzaman and M. Mursaleen

¢ g#1, peN

1-q
[p]q: 1, q:1
0, p=0
1, p:o
1= £ 1.2
[plq H[k]q peN. (1.2)
k=1

Recalling some basic definitions of the exponential functions
and their recursion formulas in structure of g-Dunkl, we have

s(s—1

00 S 00 ). s
y azy
€y, = ) € 07 ) EK. = ) € 07
q(}/) SZ:‘;,))K:q(s) y [ OO) q(y) SZ:; ,yK'q(S) y [ OO)
(13)
1-— q2K0H1+S+1
eals + 1) = (F4 g ). sEN. (1.4)
95:{0 %fSGZN, (15)
1 ifse2N+1.
where
(@, @)y (%, 4%
’yrc‘q(s) = = : y;\'.q(s)v seN, (16)

(1-qy

and some basic calculations for s = 0,1, 2, 3,4, the Dunkl g-integers
form are

1-— q21c+1

’yrc‘q(o) =1, %c_q(l) = ﬁa

- l_q2k+l 1_q2
y"‘q(z)*( 1-q )(1—61)’

_ -l_q2;<+l -l_qz 1_q2K+3
y"“’(3)_< 1-q )(1—q>< 1-¢ )

B ]7q21c+1 ]7q2 1*(]2’”3 ‘17q4
y”m)_( 1-q )(Pq)( 1-q )(Pq)'

By using the definition based on g-integrs and their exponential
Dunkl generalization the Szdsz operators obtained by Ic6z and ¢
ekim (2015) such as

_ q2K1)5+S>

1 = ([ply) h(l
xq([P1Y) S5 Vieq(S) 1-g¢qr

Dpq(h;y) = (1.7)
forany k >1,y >0, 0<q<1andh e ([0,c0).

In recent investigation (Nasiruzzaman and Rao, 2018), authors
have introduced a new extended form of Phillips operators by
implement the new parameter k¥ > 0,

- pz 00 (py)s /oo efptpsﬂx()rltsﬂh‘es
2: (hyy) =
V) = g o 2 o vz

t)dt,

for each h € C[0,00) and y € [0,00), where, e,(y) = Z;’;O% and
S5 = Vi(s) and 6 is defined by (5.1).

In this context, we construct the Phillips operators in a newly
modified form via g-calculus generated by exponential function
and study the approximation properties and its related results.
Moreover, we want to calculate the convergence results by apply-
ing the modulus of continuity and investigate their order of
approximation in Lipschitz space and give some direct theorems.
In Nasiruzzaman and Rao (2018), authors have studied a general-
ized Dunkl type modifications of Phillips operators. The approxi-
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mation results in the present article enable to give a modified
version and have more general results than (Nasiruzzaman and
Rao, 2018). Approximation properties of different types of opera-
tors are obtained by several authors in Alotaibi and Mursaleen
(2020), Kilicman et al. (2020), Milovanovic et al. (2018),
Mohiuddine and Ozger (2020), Mursaleen et al. (2020),
Nasiruzzaman and Mursaleen (2020), Rao et al. (2019) and
Srivastava et al. (2019).

Let {u,, (y)}p> , be the class of sequence of continuous functions

on semi axis R™ = [0, c0) such that

1
u‘(y)(y——> , PEN, (1.8)
& 219, ),
with the notations
4 if 2= 0,
Ao = . 1.9
¢ {0 if 2<0. (19)

Now for every h € C;[0,00) = {h € C[0,00) : h(t) = O(t"), } when
t—oo,andy € [0,00),{ > p,p € NU{0},k > —1 we define

[0l = ([plgtty )P

z, ,(hy) =
pal ) = Wl 25 Teal®)
(p+zwp)(§+21\-up+1>Q;q (h <qp+2KUp l’)) , (1 10)
where 1 = ﬁ and
ey [ exallpl Ol e
y p+2K0p £ = 4 q q P+2K0,
Qiq(h(a pf))—/o FESTOAN h(gP 2" ) d,t.

Lemma 1.1. For every h € C;[0,00) = {h € C[0, ) : h(t) = O(t*)} as
t—oo,andy € [0,00),{>p, pe NU{0}, K > —1 we have

0/1=0 1209 (p1200p +1)
qg  z
0

€iq(— [p]qt) [p]ZﬂKep (P2
[p + 2K0p],!
1 [p+2k0, +ul! 1

= —__ 1.11
[l [P+ 2KGp] L gt .

In order to get the basic estimates we use the appropriate gen-
eralized definition of gamma function in g-calculus.

( qp+2x()p t) u dqt

Definition 1.2. The generalized definition of gamma function in g-
calculus given by

1/1-q
Ly(t) = /O V' 'Eq(—qy)dgy, t >0, (1.12)

E oo/F(1-q) -
V() = /0 Y ley(—y)dgy, £>0, (1.13)

where we use the formulas Ty(t)=K(F;t)yf(t) and

K(F;t) = 2:F (1 + %);(1 + F);’l. Moreover, in particular for any pos-
pp=1) plp-1)

itive integer p, we have K(F; p) =q 2z and I'y(p) = q z y§(p), with
the following gamma mathematical expression

T for u >0
rq(ﬂ+]):{[lﬂ}q () foliu:O.

(1.14)
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oo/F yt 1
B, (t,m) = K(F,t) / —L _—dy
o (1+y),

+Yy
-1,
= (t—1,m+1), t>1,m>0,
[m],
with
K(F,t+1) = ¢'K(F,1),
K(F,)=q" 7, K(F,0) =1,

and the improper integral of function h for g-integers is calculated
as:

/Ox/Fh(y Zh( ) FeR—{0}.

PeN
For more details we propose to see De Sole and Kac (2005).

In 1954, an inversion formula on the semigroups of positive lin-
ear operators was obtained in May (1977), while recently the
approximation properties of Phillips operators were studied by
applying the Dunkl generalization of an exponential form in
Nasiruzzaman and Rao (2018). Most recently, the approximation
results of Phillips operators by introducing the Dunkl generaliza-
tion of q -exponential form were studied in Nasiruzzaman et al.
(2019), which include the better generalized approximation prop-
erties of Phillips operators for y € [0,00) and function f € C[0, co)
rather than (May, 1977; Nasiruzzaman and Rao, 2018). In this
paper, our results are primarily concerned with the problem on
the domain0 < y < 2 and < ¥y < oofor determining the better

generalized approx1mat10n results of Phillips operator. Our gener-
alization of Phillips operators gives more appropriate and modified
convergence properties in quantum calculus rather than the pub-
lished article (May, 1977; Nasiruzzaman and Rao, 2018;
Nasiruzzaman et al., 2019).

2. Basic Estimates and their moments

2,3,4.Then forall p € N and
(3 +) have %}, ,(60;y) =1,

Lemma 2.1. Suppose s; = ¢/ forj = 0,1,
y = 2[17](,’ 0< q, <1 the operators 4}/;@

and the following properties:

p]q (2,-4).
7 {1205+ 21,0 + (<2 + 21,01 + 26, )2 Jy
([ o~ 1270 — 12,6 + (1 - 21,11 +2x],)¢*)

(1) @1:y) = Y+
@) vzz;qasz;ym Vol

B) )g359) < ¥+ by {1280+ 22,6 + (=34 3120,1 + 24, )¢* }?

s {205+ 20+ 25 (12,01 + 26, + 2) 2
+[2]q(2[2]q[1 +25], - 2) ¢

+(3 —3[2),[1 + 2], + 221 + 2;c];)qs }y

+ g { e -

+2(2], (~[2];[1 + 2K, + 1)g°

20502 + 1213 (=2 = [21,[1 + 26], )¢

+(3[2]q[1 + 2], — 2021 + 2] -

1))
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@) ,,(vay) < (q+[2] +3020,° + (12, + 1))
g (1 +4120,0 + 402 + 12120,6° + (4(2), +5)°

2], +2q+7(2),¢ +2¢° +3(2[2], + 1)) 11 + 2],

q10

9p

(

(2]q+q+32] P +q)[1+2;<]q+q9[1+2x]3}
v ~a)
+ {[2] q-+42 +7(2),¢° +2¢* + (6[2); + 3)a°
(121,0* +° + 3(21,0° + @) [1 + 2], + 71 + 2K2° |

(=)
(

{[2] ¢ +q* +3120,6°) + ¢° + 6[1+ 21,07 }

4
) ( [2]q[ﬂ]q) ’

Proof. We take into account Lemma 1.1 and the generalized defi-
nition of gamma function in g-integers 1.2. Take h(t) = ©o, 61, U3,
then easily get that

Wﬂq(UO’Y) T el qupq(y pZ; f’ilzq(y)) w[ﬁ;‘t{]’p]
= 1
For h(t) = vy, hence
Upo(O13Y) = o ;}{;];i/)q(v pzo 352!’0’ +2[:j;::;l]
= q[f)1qehq<[})1q;tp_qcv>>pz:;([p]yl:',fq [p+2K0, + 1],
_ 1 i (Plgttpg0)?
qlplgerq([plgitpq¥)) = Vieq(P)
.
+ s D = ]C,'fzq(y [P+ 2K0,],

Il
o

p:

= W)+

For h(t) = v, we have

0”:)_q (UZ .y) =

1
T Blplgecallplgttyq)

o0

[Plg Z /)q#pq(yﬂ Lv+2h0p+2] _

exq((Plghtpq(v)) 2 Tea®) @3 [plglp+2K0p],!
p:

(lp. qupq(y

Mx

[p+2K0, +2],[p+2K0, + 1],

o0
_ Z [ﬂ,,upq(y
PBlpf2engl ﬂ]quﬂ ) Viq(P.

x{R2]g+q(1+ Q)[P+2K9p}q +@°[p+2K0,]7}

T
o

_ (=g 1  (Plyit )P
aBlpl; oy )+[m§e,c.q<[p1qu,,qm>; Vicq(P)
2
[p+2K9p]q‘

2 K
44800 (0 +

Similarly, if h(t) = v3 and h(t) = v4, then we have
1 = ([PlgHyq )"

q4[p]zeh',q([p}q:u“p‘q(y)) p=0 qu(p)
[p + 20, + 3], [p + 20, + 2] [p + 2K0, + 1],

Uy q(03;y) =

and
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> p]q:u“pq
U, ,(64;y) =
& Q‘O[P]Senq([ Pl q¥)) pzo Viq(P )
x[p + 2K0, + 4] [p + 2K0, + 3], [p + 2K0p + 2],
[p+2K0, + 1],
Hence for h(t) = u3 and h(t) = v, we use results by (1.7) (see icéz
and Cekim, 2015), and the recent results obtained in
Nasiruzzaman et al. (2019) we get the required other proofs.

Lemma 2.2. For u; =
O<y<2

t for j=0,1,2
, 0 <q, <1 then we get

,3,4. Then for all p € N and

(2*) U”p‘q(ul;y) = %7
(37) U, 4(62:y)
(4*) %/)q(U:‘}vy) < ]

)

N

"4 <q+ 2], +3[2]qq2 + (121, +1)a).

408Y) < PP

Lemma 2.3. For any i = 1,2, we suppose ¢; = %, ,((t1 —y)':y) then

112 _
PR2lglolg {12];

: (1213 - 1250 -

(2],9 + [2],(1 + 2K]qq2}y
21,0 + (1= 121311 + 2, )P,

1
0 = e 213(p)

fori=2
o (~a+12),), fori=1
q(2]41plq qa)’

3. Korovkin type theorems in weighted spaces

In mathematics and other branches of sciences the Korovkin’s
type approximation theory has many applications see Altomare
(2010) (see also Alotaibi et al., 2021; Alotaibi and Mursaleen,
2011, 2016; Braha, 2018, 2020, 2021; Mursaleen and Karakaya,
2012). In the present section, we approximate the sequence of

our new operators {%,, ,(-; ')},»1 by (1.10) by make use of Korov-

kin's and weighted Korovkin’s theorem. We take
q=4,(0<gq,<1) with lim,_...q,=1 and lim,_..q) = nwhere
0 < 11 < 1. In this context, we suppose R" = [0, o) and let we sym-
bolize the set of all bounded and continuous functions by Cz(R"),
and equipped the norm function h on Cz(R*) by

Ihllc, = suplh(y)|-
y>0

Theorem 3.1. Let q = q,, be the sequences positive numbers satisfy-

ing 0<gq,<1. Then, for
as y — oo} N ([0, 00), we have

lim 2, (:y) = h(y).

every he{¢: +y2 is convergent

Proof. Clearly, as p — oo, -- — 0. By using Lemma 2.1 and Korov-

kin’s theorem, for all j = O, 1,2, we have

lima;
p—oo P

0, Y) =Y
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is uniformly for every he {¢: 1+§/2 is convergent as y — oo}N

C[0, 00). Thus we follows immediately the proof.

Moreover, we recall the following well-known results in
weighted spaces:

S¢(RY) = {h:|hy)| < Mya(y)},
To(®) = {h:he %(R)NCI0,00)},
TP(R) = {h :he 7,(R") and 11m 1’1%2 = Mh}

where M, depending on h and positive constant. Additionally, we
notice here 7 ,(R*) is a normed space equipped with

Hh”(: =Supy-o 13;!

Theorem 3.2. For all he 7%(RY)
q=4,, 0<q, <1 wehave

h”a =0.

1 .
and y > 15 with

Sy

lim [, (hiy) -

Proof. To prove this theorem we let h(t) = v, for all t=0,1,2.
Then for all h(t) e 77(R*), the Korovkin's theorem give us

Uy, (€5y) —y* as p—oo. From the Lemma 2.1, we have
U4, (o;y) = 1, then clearly
lim ||}, (o;) -1 _=o. 3.1)
For h(t) = v
* W:v.q/, (61 W)*}"
j'pAq,,(Ul;y) _yHa = SU]1) Ty
YZW
— 1
T 4R, P, (mqﬂ - qp)ysup o
>,
lim, .. ;- = 0 implies that
p—oo @/;qp(UHY) _yHO_ =0. (32)
Similarly, for h(t) = v,
U q, (62:Y) -y
H]/pq UZ?)’)*yZHJ: SU}]) ﬂ]ﬂ/z )
Vo1
= mﬂz]% 21,95
( 2+ (2], [1+2x], >qﬂ} sup %
y> [pq/,
2
+qp[21 L ([2] - 215,90, - 21,9
+(1- 121, 11+ 201, )@3) sup s
y= zwq
which implies that
* . ol

p—co 02/!’ 4, (Uz,y) =Yy . 0. (33)

Hence the result.

Corollary 3.3. Forall0 <y < 2
h”a‘ =0.

and he 72(RY)

lim |, (h:y) -
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In order to investigate the maximum oscillation of ¢, the notion
of modulus of smoothness of ¢ in classical order given by

o(P;6) = sup lp(©1) —@); 1 €[0,00),6>0, vy =t (34)
|51 —y|<o
for all y € [0,00) and ¢ € Cg(R"), and one has
U —
o0 - 0w < (252 1) rgio) (35)

Theorem 34. Let q=q, such that 0<q, <1. Then for every
heCp(R") andy > 5 Uy g, (h;.) satisfy

hy)| < {1 +1/0pq )} h;% ,

ap

[, (h:)

where

Opa, ) = {1205, — 25,9, +

pl%lay

(1215, - 128 a4, — 121,62 + (1 - 21, [1 + 21, ) 43).

[2],, 1 +2K], @2}y

_A'_%

a2 ]q,, (Plq,

Proof. We use (3.4), (3.5) and apply Cauchy-Schwarz inequality.

,, (i)~ hy)|
[p]q/’ Zx: ([p]qp Hya, ”Y (p—Zl\‘Up)(;ZHZKUPJrl)
= ewap (1Plg, Hog, ) p Viqp (P) p

Qi (h(a5 01~ h)))

[p]qp 00 ([p]qp up.qp (y))p (p+2KUp)(§+ZI\’()p+])
S Gay (g Hipay O ,,; gy ® 0P
1) o(h;9)

P (p+2K0p)(p+2K0p+1)
)P 22y i)

[o] S ([6lg,
_1 ap apHpap
—(s(e,f.qpup]qpupqpcy»p; Doy 0

X(Q; (o) + (;qu ‘qp+21c()k0

hq |qP+2n0kO |)CU(h7 d) + w(h,é)
N qp”/)qp g M
<{1+1 exqp (1 ‘U)H/H?p p; gy
272
Qq, (qmzm}ku y) }
3
X[%;,qﬂ(“o’ )] } a(h; )

1
{1+(3(]/;)q ( 7y)2;y)2}w(h§5)7
where clearly, if we take 6 = 6, 4,(y) = /ﬁ, then we get the result.
p

Corollary 3.5. Let ¢, by Lemma 2.3 and suppose 3,q,(¥) = /P2,
then

4, (153) = hY)| < 200(h3 05, ))-
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4. Rate of convergence

In this part of section our purpose is to present the rate of con-
vergence in terms of Lipschitz function for the our newly operators
U, q4(h;y) (1.10). We suppose the class of Lipschitz functions is
defined by

Lipy (o {h h(By) — h(B2)| < M|By — Bal*; (B1. B2 €10, 00))}
(4.1)

for all h € C[0,00),M >0and 0 < < 1.

Theorem 4.1. Suppose there is a numbers L > 0 and 0 < o < 1. Then

the sequence q =q, for every h e Lip;(x) and y > have the

inequality

)0, (15y) = B < L(Vq, )+ Apg, )

where

Yoy ) = g (122 210, + 21, [1 + 2], 02)

pa,\V) = qz[z]q[p]q " qpqp 9 qpqp Y,
1
Apay =577 (120, ~ 12130, ~ 121, a2+ (1- 2], [1+ 2], )az, ),

a2 F,

and V4, (¥) + Apg, = @, by Lemma 2.3.

Proof. We demonstrate the proof of this theorem by (4.1) and
well-known H odlder’s inequality.

05, () —hy)|

\”?!* ,(h(©1) = h(y);y)]
(\h(Ul hy)l;y)
< Ld/p,q,,(‘wl -y1%y)
[P, i (Plg, Hpq, )P E2pIEr20p 1)
exap (Pla, Koq, 0)) Viap (P) p

p=0

2.3
(p+2x0p)(p+2k0p+1)\ "7
2
X rcq,(‘Ul

o) N (((Plg, Mg, 9P
o q, q, PdAp
< L P I3 P
V) < Loy o pZO ey 0
N (["]q/y“ﬁﬂ/: »)yP (p+2h’l7p”g+zh’”p+l) (lU y‘x)
Vicqy P) , Q. q,; 1

271
)P (B2 (200 +1)
<L 1Plg, Z pqﬂnpqﬁ #QA (%)
= exap (1Pla, Kog, 0)) Viegy (P Kdp

(p+2K6) +2K0p+1
« 1Plg, Z (1Plg, Hpq, W) qiﬁ Mp)p2tp 1)
exap (1Plg, Hpq, W) gy (P) 4

p=0

o

xQueq, (101 = YD)
=L, ((61 —y)z;y)j.
This completes the proof.

Further more we write

Cy(R") = {p € Co(R") : ¢/, " € Cy(R")}, 42)
with the defined norm by

H(PHcg(nm = [@lle,we) + 19 ey + 19"y (4.3)
also

l@llcyme :ySELDIQQIQD(Y)L (4.4)
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Theorem 4.2. Let h € C3(R*) and q = q,, such that q,, € (0,
fory = z; the operators %y, (; -) defined by (1.10) satisfy

P 1 \ /,(y)
v, q,,(h y)—h(y) < (m <[2]q/, - Qp) I ) [l ez -

1). Then

Proof. Use the Taylor series formula, we go through the expression

2h(v1) = 2h(y) + 20 (y) (51 —y) + H" () (61 - ¥)*,

Linearity of Uy,

L EW,01).

implies that

Wpa, (5Y) = hY) =K )W} 0, (01 =3):y) + " éX)

), (01 -9)y).
Therefore,

qu/,(hd’) - h(}/)‘

1
< (qpm% o1, (2,

By (4.3),

, I ey
qp)> I ey + (Vpa, () 5

(LU RIS

ar* . l
“le,q/,(hJ) —h(y)| < ((MZ]%M% ([Z]qp - %)) Hhucﬁ(n‘w)

Il
+ (Y, ) —5

th‘c;(mﬂ and Hh”HCB(W) < ”h”(‘g(wy Hence

Which completes the proof.

5. Some direct approximation

In 1968, Jaak Peetre introduced K-functional K,(h;d) (Peetre,
1968) as

Ka(:8) = inf { (119 = gy ey + X)) £ £ € GRD . (5.1)
for a given 6 > 0 and ¢ € [0, ).

For an absolute positive real
Ky (¢,9) < sz((p;é%), where w, indicates modulus of continuity
of the function ¢ by order two such that

2(;0) = sup Sup|@(y +21) —2¢(y + W) + @y)|- (52)

0<pu<dyeR*

constant C one has

Theorem 5.1. Let q =q, such that 0<q, <
heCp(RY)andy >

I%‘q,,(h;y) ~ h(y)|

Voo )
{“’2< \/2qm 7y ([Z]qp—qp>+ K )

. v 0
min (1t (2, =) + 242 Mgy -

< 1. Then for every

there exits a positive constant 2 such that

Proof. Using Theorem 4.2, we have
[y, (05Y) = W) < |0 (W= 2:9)| + |} 0, (23Y) = 2 (V)] + [R(Y)

V )
10 <210~ Hayer,+ (st (B, — 90) + 252 Il

1 Vpap¥)
T, g <[2]qﬂ ’qﬂ>+ L
=2 <|h - X”cg(nv) + 2 H/CHC,ZZ(]W) .
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By implement the infimum property over all of y € C3(R*) and use
(5.1), we get

. - Vpap )
01205, 17Ty, (p]qp qp) +—=
2

)4, (h:y) = h(y)| < 2Ks | h;

From Ciupa (1995) for an absolute and positive real &, one has
introduced the connection with Peetre’s K-functional K; by

Ko(h; 8) < 2{w,(h; V) +min(1,6)|h||}.
Which is enable to give the complete prove.

For an arbitrary he 77(R"), the recent investigation on
weighted modulus of continuity established by Atakut (2002)

[P + 1) — )|
Q(p;0) = sup —1—1 =2, 53
()= S AT @A +y?) 63)
In addition, we have the results lim;_.,Q(¢; ) = 0 and
ot - ol <2(1+ a4 sy
+ (1 = ¥)")Qe3 9), (5.4)

where 61,y € R'.

Theorem 5.2. For every he J2(R") and y > T there exits a

positive " such that 4 =1+ 4" + 4414, where 41,43 >0

such that

W, (h:y)—h(y)|
1+y?

sup
Yelapg, tixa, (P))

< %f(l +‘P,c_qp(p))9(h; \/mp‘))»

and
P, () = ma{ s (120 - 21,9, + 21,1+ 240, )

g (12, - 20,8, - 2,03 + (1- 2], [1 + 26, )3 }.

p dp

Proof. Using (5.3), (5.4) and then apply the inequality of Cauchy-
Schwarz, we get that

g (1Y) = h(y)| < 201+ 0%)(1 +y)Q(; ) 55)
(1425, (@ —y759) + 0 ((1+ @1 -?) 225y))
and

%* ((-1 +( )\m Y\yy) 56

[N

(o (10 o (52

In the light of Lemma 2.3, if we take
Wi, (p) = max{ oot (12—
Kp a3 [2lg, [plg, ap

2
o (120, — 1215,8, ~ 121,63 + (1~ 121, [1 +26], a3 }

21,4, + (2], 11+ 211, 62),

then easily we see that

(01 =9)3y) < Pag, (D)1 +), (5.7)
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For a constant .#"; > 0 we have
Uy (01 =97y) <A 1(1+Y), (538)

Similarly a small calculation leads us to

Wy (61959 < (e, () + 200 (0100, (017 + (99, ()

< Cig, (P)(1+Y+Y?),
where
pua0) = o (25, = 208, =Rl @ + (12 14261, ) )
pl¢lq, Plg,
1

Vpq,(P) = m([z]sp - [z]q/,qp + [2]%[1 + 2K]q‘,Q§)

gx,q/, (p) = max{p;c,qp (p)v pk,qp (p)ﬂpﬁqp (p)7 /lgpvqp (p)}

Since ﬁH 0as p — oo, forall i = 1,2,3, we have
ap

(), (1+ @ -9*9)) < 224y +92)

for a constant 7, > 0.
Also (5.7) implies that

1
2 2 1
. U1 — 1 b 1
10 (523 ) ) <5 (Feg ) 1402 (59)
Hence, by combining (5.6)-(5.9) and (5.5), and finally if we take
d=,/¥iq,(p) after taking supremum over all y € [ﬁ,‘{-’,{,qﬂ (P),
p

we get the result.

Authors contributions

All the authors contributed equally and significantly in writing
this paper. All authors read and approved the final manuscript.

Declaration of Competing Interest
The authors declare that they have no competing interests.
Acknowledgements

This project was funded by the Deanship of Scientific Research
(DSR) at King Abdulaziz University, Jeddah, under grant no. (RG-
84-130-38). The authors, therefore, acknowledge with thanks
DSR for technical and financial support.

References

Alotaibi, A., 2019. Approximation by a generalized class of Dunkl type Szdsz
operators based on post quantum calculus. J. Inequal. Appl. 2019, 241.

Alotaibi, A., Mursaleen, M.: Statistical summability and approximation by de la
Vallée-Poussin mean, Appl. Math. Letters, 24 320-324 (2011) [Erratum: Appl.
Math. Letters, 25 (2012) 665]..

Journal of King Saud University — Science 33 (2021) 101413

Alotaibi, A., Mursaleen, M., 2016. Korovkin type approximation theorems via
lacunary equistatistical convergence. Filomat 30 (13), 3641-3647.

Alotaibi, A., Mursaleen, M., 2020. Approximation of Jakimovski-Leviatan-Beta type
integral operators via g-calculus. AIMS Mathematics 5 (4), 3019-3034.

Alotaibi, A., Ozger, F., Mohiuddine, S.A., Alghamdi, M.A., 2021. Approximation of
functions by a class of Durrmeyer-Stancu type operators which includes Euler’s
beta function. Adv. Diff. Equ. 2021, 13.

Altomare, F., 2010. Korovkin type theorems and approximation by positive linear
operators. Surv. Approx. Theory 5, 92-164.

Atakut, C., 2002. Ispir, N: Approximation by modified Sza sz-Mirakjan operators on
weighted spaces. Proc. Indian Acad. Sci. Math. Sci. 112, 571-578.

Bettaibi, N., Bettaieb, R.H., Bouaziz, S., 2010. Wavelet transform associated with the
g-Dunkl operator. Tamsui Oxford Journal of Mathematical Sciences 26 (1), 77—
101.

Braha, N.L., 2018. Some properties of new modified Szadsz-Mirakyan operators in
polynomial weight spaces via power summability methods. Bull. Math. Anal.
Appl. 10 (3), 53-65.

Braha, N.L, Loku, V., 2020. Korovkin type theorems and its applications via of-
statistically convergence. ]. Math. Inequal. 14 (4), 951-966.

Braha, N.L., Srivastava, H.M., Et, M., 2021. Some weighted statistical convergence
and associated Korovkin and Voronovskaya type theorems. ]J. Appl. Math.
Comput. 65 (1-2), 429-450.

Cheikh, B., Gaied, Y., Zaghouani, M., 2014. A g-Dunkl-classical g-Hermite type
polynomials. Georgian Math. J. 21, 125-137.

Ciupa, A., 1995. A class of integral Favard-Szasz type operators. Stud. Univ. Babes-
Bolyai, Math. 40, 39-47.

De Sole, A., Kac, V.G., 2005. On integral representation of q -gamma and q-beta
functions. AttiAccad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat.
Appl. 16, 11-29.

Fitouhi, A., Bettaibi, N., 2006. Wavelet Transform in Quantum Calculus. J. Non. Math.
Phys. 13, 492-506.

i¢6z, G., Gekim, B.: Dunkl generalization of Szdsz operators via g-calculus, Jour. Ineq.
Appl., 2015, Article ID 284 (2015)..

Kilicman, A, Mursaleen, M. Ayman, Al-Abied, A.A.H., Stancu type Baskakov-
Durrmeyer operators and approximation properties, Mathematics, 8, Article
No. 1164, (2020); doi:10.3390/math8071164..

Koornwinder, T.H., Swarttouw, R.F., 1992. On g-analogues of the Fourier and Hankel
transforms. Trans. Amer. Math. Soc. 333, 445-461.

Lupas, A., 1987. A g-analogue of the Bernstein operator, Seminar on Numerical and
Statistical Calculus. Univ. Cluj-Napoca 9, 85-92.

May, C.P., 1977. On Phillips operators. ]J. Approx. Theory 20, 315-322.

Milovanovic, G.V., Mursaleen, M., Nasiruzzaman, M., 2018. Modified Stancu type
Dunkl generalization of Szasz-Kantorovich operators. Revista de la Real
Academia de Ciencias Exactas, Fisicas y Naturales, Serie A 112, 135-151.

Mohiuddine, S.A., Ozger, F., 2020. Approximation of functions by Stancu variant of
Bernstein-Kantorovich operators based on shape parameter «. Rev. R. Acad.
Cienc. Exactas Fis. Nat. Ser. A Math. RACSAM 114, 70.

Mursaleen, M., Karakaya, V., 2012. Miizeyyen Ertiirk and Faik Giirsoy, Weighted
statistical convergence and its application to Korovkin type approximation
theorem. Appl. Math. Comput. 218, 9132-9137.

Mursaleen, M., Nasiruzzaman, M., Kilicman, A., Sapar, S.H.: Dunkl generalization of
Phillips operators and approximation in weighted spaces, Adv. Difference
Equ.,2020, 365 (2020)..

Nasiruzzaman, M., Mursaleen, M., 2020. Approximation by Jakimovski-Leviatan-
beta operators in weighted space. Adv. Differ. Equ. 2020, 393.

Nasiruzzaman, M., Rao, N.: A generalized Dunkl type modifications of Phillips-
operators, J. Inequal. Appl., 2018, Article ID 323 (2018)..

Nasiruzzaman, M., Mukheimer, A., Mursaleen, M., 2019. Approximation results on
Dunkl generalization of Phillips operators via q-calculus. Adv. Differ. Equ. 2019,
244.

Peetre, J., 1968. A theory of interpolation of normed spaces, Noteas de mathematica
39, Rio de Janeiro, Instituto de Mathema tica Pura e Applicada. Conselho
Nacional de Pesquidas 39.

Phillips, G.M., 1997. Bernstein polynomials based on the q -integers, The heritage of
P.L.Chebyshev. Ann. Numer. Math. 4, 511-518.

Rao, N., Wafi, A, Acu, AM., 2019. q -Szdsz-Durrmeyer type operators based on
Dunkl analogue. Complex Anal. Oper. Theory 13 (3), 915-934.

Rosenblum, M., 1994. Generalized Hermite polynomials and the Bose-like oscillator
calculus. Oper. Theory, Adv. Appl. 73, 369-396.

Srivastava, H.M., Mursaleen, M., Nasiruzzaman, M., 2019. Approximation by a class
of g-Beta operators of the second kind via the Dunkl-type generalization on
weighted spaces. Complex Anal. Oper. Theory 13 (3), 1537-1556.

Sucu, S., 2014. Dunkl analogue of Szasz operators. Appl. Math. Comput. 244, 42-48.

Szész, O.: Generalization of S. Bernstein’s polynomials to the infinite interval, J. Res.
Natl. Bur. Stand., 45, 239-245 (1950).


http://refhub.elsevier.com/S1018-3647(21)00074-4/h0005
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0005
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0015
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0015
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0020
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0020
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0025
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0025
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0025
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0030
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0030
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0035
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0035
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0040
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0040
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0040
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0045
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0045
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0045
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0050
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0050
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0055
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0055
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0055
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0060
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0060
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0065
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0065
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0065
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0070
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0070
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0070
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0075
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0075
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0090
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0090
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0095
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0095
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0095
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0100
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0105
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0105
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0105
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0110
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0110
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0110
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0115
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0115
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0115
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0125
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0125
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0135
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0135
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0135
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0145
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0145
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0145
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0150
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0150
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0155
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0155
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0160
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0160
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0165
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0165
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0165
http://refhub.elsevier.com/S1018-3647(21)00074-4/h0175

	Approximation by Phillips operators via q-Dunkl generalization based on a new parameter
	1 Introduction and auxiliary results
	2 Basic Estimates and their moments
	3 Korovkin type theorems in weighted spaces
	4 Rate of convergence
	5 Some direct approximation
	Authors contributions
	Declaration of Competing Interest
	Acknowledgements
	References


