
Journal of King Saud University – Science 31 (2019) 1499–1504
Contents lists available at ScienceDirect

Journal of King Saud University – Science

journal homepage: www.sciencedirect .com
Optimal fourth- and eighth-order of convergence derivative-free
modifications of King’s method
https://doi.org/10.1016/j.jksus.2018.12.001
1018-3647/� 2018 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

⇑ Corresponding author.
E-mail addresses: obadahmass@kfu.edu.sa (O. Said Solaiman), samsul_ariffi-

n@utp.edu.my (S.A. Abdul Karim), ishak_h@ukm.edu.my (I. Hashim).

Peer review under responsibility of King Saud University.

Production and hosting by Elsevier
Obadah Said Solaiman a,⇑, Samsul Ariffin Abdul Karim b, Ishak Hashim c

a Preparatory Year Deanship, King Faisal University, 31982 Hofuf, Ahsaa, Saudi Arabia
b Fundamental and Applied Sciences Department, Center for Smart Grid Energy Research (CSMER), Institute of Autonomous System, Universiti Teknologi PETRONAS, Bandar
Seri Iskandar, 32610 Seri Iskandar, Perak DR, Malaysia
c School of Mathematical Sciences, Faculty of Science & Technology, Universiti Kebangsaan Malaysia, 43600 Bangi, Selangor, Malaysia
a r t i c l e i n f o

Article history:
Received 28 October 2018
Accepted 4 December 2018
Available online 5 December 2018

Mathematics Subject Classification:
41-xx
65-xx

Keywords:
Root finding method
Iterative method
Order of convergence
King’s method
Nonlinear equations
a b s t r a c t

Starting by King’s method, we propose a modified families of fourth- and eighth-order of convergence
iterative methods for nonlinear equations. The fourth-order method requires at each iteration three func-
tion evaluations, while the eighth-order methods both need four function evaluations. The proposed
methods are derivative-free. Based on the conjecture of Kung and Traub, the newmethods attain the opti-
mality with efficiency index 1.587 for the fourth-order method and 1.68 for the eighth-order methods.
The convergence analyses of the methods are given, and comparisons with some well-known schemes
having identical order of convergence demonstrate the efficiency of the present techniques.
� 2018 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Searching out a solution of the equation f ðxÞ ¼ 0, where f ðxÞ is
nonlinear is highly significant in mathematics. The second-order
well-known Newton’s iterative technique for solving nonlinear
equations defined as Traub (1964)

xnþ1 ¼ xn � f ðxnÞ
f 0ðxnÞ

: ð1Þ

Many researchers have improved Newton’s method in order to get
more accurate results and higher order of convergence, see for
example Behl et al. (2017), Chun (2008), Cordero et al. (2016),
Pandey and Jaiswal (2017), Said Solaiman and Hashim (2019),
Sharma and Goyal (2007), Waseem et al. (2018) and the references
therein.

Recently, Kogan et al. (2017) proved that methods of order
p ¼ 3 are the most efficient methods among all one-point iterative
methods without memory of order p. Besides, the efficiency index
is a common method to compare the performance of different iter-
ative methods. This index is defined as p1=m, where p represents the
convergence order and m is the number of functional evaluations
needed at each iteration. Based on the conjecture of Kung and
Traub (1974), the iterative scheme with m functional evaluations
is optimal if its order of convergence equals 2m�1. Many authors
have constructed the optimal iterative methods of different con-
vergence orders. The standard way for constructing optimal
method is the composition technique together with the usage of
some interpolations and approximations to minimize the needed
functional evaluations at each iteration. Different optimal fourth-
order iterative methods were constructed, see for example
Argyros and Magreñán (2015), Behl et al. (2015a), Chun et al.
(2012), Cordero et al. (2010), Sharma and Bahl (2015), Soleymani
et al. (2012). Optimal eighth-order of convergence was also
reached by many authors also, for instance Behl et al. (2016),
Behl et al. (2018), Cordero et al. (2015), Geum et al. (2018),
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Sharma and Arora (2016), Singh and Jaiswal (2016). Neta and Chun
(2014) and Chun and Neta (2016) presented a comparison of sev-
eral families of optimal iterative methods which are of fourth-
and eighth-order of convergence based on their basins of attrac-
tion. Chun and Neta (2017) presented a quantitative comparison
of many optimal iterative techniques of order eight beside the
visual comparison of the methods by graphing their dynamics.

Since, to find the derivative value is not always an easy task, as
well as requires more computation time, many authors have pro-
posed and implemented various derivative-free optimal methods,
see Cordero et al. (2013), Lee and Kim (2012), Sharma and Goyal
(2007), Yasmin et al. (2016), Zafar et al. (2015). One of the most
famous optimal fourth-order iterative techniques is the method
proposed by King (1973). But the main weakness is that finding
the first derivative is needed at each iteration. Many authors have
modified King’s method. For example, Chun (2007) implemented
some King’s like methods of order four, but computing the first
derivative within the iteration is needed also. Behl et al. (2015b)
proposed a fourth-order derivative-free modification of King’s
method. Sharifi et al. (2014) implemented an optimal derivative-
free fourth- and eighth-order modifications of King’s method.

In this work, by modifying King’s method, we propose a family
of optimal fourth-order derivative-free iterative method for non-
linear equations. With the use of some approximations and the
composition technique, we extend the new method to two new
optimal schemes of order eight. The convergence analysis of all
three methods are derived. The proposed optimal methods were
tested on six different examples to show the efficiency of the meth-
ods with numerical comparison to other established methods of
the same order.

The work of this paper is divided as follows. The new schemes
are described below in Section 2. To show the order of convergence
of the new schemes, thee convergence analysis is implemented in
Section 3. The numerical examples with the comparisons with
other techniques of identical orders are summarized in Section 4.
Eventually, in Section 5 the conclusion is given.

2. The new methods

2.1. Derivative-free optimal fourth-order iterative method

We propose a modified family of optimal fourth-order
derivative-free schemes. We start by Newton’s two steps method
of order four:

yn ¼ xn � f ðxnÞ
f 0 ðxnÞ ;

xnþ1 ¼ yn � f ðynÞ
f 0ðynÞ :

8<
: ð2Þ

This two steps method is not optimal as it needs the evaluation of
two functions and two first derivatives. In order to reduce the num-
ber of functional evaluations, King (1973) replaced f 0ðynÞ by the fol-
lowing approximation:

f 0ðynÞ ¼ f 0ðxnÞ f ðxnÞ þ ðb� 2Þf ðynÞ
f ðxnÞ þ bf ðynÞ

: ð3Þ

Substituting (3) into (2) produces the famous optimal King’s
method of order four:

yn ¼ xn � f ðxnÞ
f 0 ðxnÞ ;

xnþ1 ¼ yn � f ðynÞ
f 0ðxnÞ

f ðxnÞþbf ðynÞ
f ðxnÞþðb�2Þf ðynÞ :

8<
: ð4Þ

King’s method needs the computation of two functions and one first
derivative. Based on the conjecture of Kung and Traub (1974), King’s
method reached the optimality with efficiency index equals

4ð Þ13 � 1:587.
However, the computation of the first derivative is not always
easy, in addition to that it costs extra time. To implement a
derivative-free technique from King’s method (4), the next approx-
imations for f 0ðxnÞ in both steps will be considered

f 0ðxnÞ� f ½wn;xn�; ð5Þ
f 0ðxnÞ� gðxnÞ¼ f ½wn;xn�þ2ðwn�xnÞf ½wn;xn;yn�� f ½yn;wn�þ f ½xn;yn�: ð6Þ

Here wn ¼ xnþ f ðxnÞ; f ½xn;yn� ¼ f ðxnÞ�f ðynÞ
xn�yn

, and f ½wn;xn;yn� ¼ f ½wn ;xn ��f ½xn ;yn �
wn�yn

.

The first approximation (5) was firstly used by Steffensen (1933),
and the second one (6) is obtained with the help of divided differ-
ences approximation. After substituting (5) and (6) into (4) one
can obtain the first essential finding of this work:

Algorithm 1. Given x0, the approximate solution xnþ1 of f ðxÞ ¼ 0
can be found by the following iterative scheme
yn ¼ xn � f ðxnÞ
f ½wn ;xn � ;

xnþ1 ¼ yn � f ðynÞ
gðxnÞ

f ðxnÞþbf ðynÞ
f ðxnÞþðb�2Þf ðynÞ :

8<
: ð7Þ

We call this family, modified King’s method MK4. The order of con-
vergence of this family is four. In each iteration, MK4 requires only
three evaluations of functions and no derivative evaluation is
needed. Based on the conjecture of Kung and Traub (1974), MK4

reached the optimality with efficiency index equals 4ð Þ13 � 1:587.
2.2. Derivative-free optimal eighth-order iterative method

In order to extend MK4 method given by Algorithm 1 to the
eighth-order of convergence, we will use the composition tech-
nique. The additional step of Algorithm 1 is produced using the
idea of Zafar et al. (2015) based on rational interpolation. Consider
the following Algorithm, which is the second main finding of this
work:

Algorithm 2. Given x0, the approximate solution xnþ1 of f ðxÞ ¼ 0
can be found by the following iterative scheme
yn ¼ xn � f ðxnÞ
f ½wn ;xn � ;

zn ¼ yn � f ðynÞ
gðxnÞ

f ðxnÞþbf ðynÞ
f ðxnÞþðb�2Þf ðynÞ ;

xnþ1 ¼ xn � f ðxnÞðm1þm2þm3Þ
m1 f ½wn ;xn �þm2 f ½yn ;xn �þm3 f ½zn ;xn � ;

8>>><
>>>:

ð8Þ

where

m1 ¼ f ðynÞf ðznÞðzn � ynÞ;
m2 ¼ f ðwnÞf ðznÞðwn � znÞ;
m3 ¼ f ðwnÞf ðynÞðyn �wnÞ:
We call this family, modified King’s method MK8a. The conver-
gence order of this family is eight. In each iteration MK8a

requires only four evaluations of functions and no derivative
evaluation is needed. Based on the conjecture of Kung and
Traub (1974), MK8a reached the optimality with efficiency index

equals 8ð Þ14 � 1:68.
2.3. Another derivative-free optimal eighth-order iterative method

Another extension of MK4 method can be achieved by adding
Newton’s technique as a third step of MK4 method, and then
using the derivative of the second degree Padé approximation
for f 0ðznÞ. This approximation was firstly proposed by Cordero
et al. (2013). The following algorithm is the third essential finding
of this work:
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Algorithm 3. Given x0, the approximate solution xnþ1 of f ðxÞ ¼ 0
can be found by the following iterative scheme

yn ¼ xn � f ðxnÞ
f ½wn ;xn � ;

zn ¼ yn � f ðynÞ
gðxnÞ

f ðxnÞþbf ðynÞ
f ðxnÞþðb�2Þf ðynÞ ;

xnþ1 ¼ zn � f ðznÞ
c2�c1c4

;

8>>><
>>>:

ð9Þ

where

c1 ¼ f ðznÞ;
c2 ¼ f ½yn; zn� � c3ðyn � znÞ þ c4f ðynÞ;
c3 ¼ f ½yn; zn;wn� þ c4f ½yn;wn�;
c4 ¼ f ½yn ;zn ;xn ��f ½yn ;zn ;wn �

f ½yn ;wn ��f ½yn ;xn � :

We call this family, modified King’s method MK8b. The order of con-
vergence of this family is eight. Each iteration of MK8b requires only
four evaluations of functions and there is no derivative evaluation
needed. Based on the conjecture of Kung and Traub (1974), MK8b

reached the optimality with efficiency index equals 8ð Þ14 � 1:68.
3. Convergence analysis

The convergence analysis of the proposed methods will be dis-
cussed in the following theorems.

Theorem 4. Consider that a is a root of a sufficiently differentiable
function f : I#R ! R in an open interval I, and let x0 be sufficiently
close to a. Also let en ¼ xn � a be the error at the nth iteration. The
method defined in Algorithm 1 is of fourth-order of convergence.
Proof. By the Taylor series expansion of f ðxÞ about x ¼ a one
obtains

f ðxnÞ ¼ ½c1en þ c2e2n þ c3e3n þ c4e4n þ � � ��; ð10Þ

where ck ¼ f ðkÞ ðaÞ
k! , k ¼ 1;2;3; . . .. Furthermore,

wn ¼ xn þ f ðxnÞ;
¼ aþ en þ c1en þ c2e2n þ c3e3n þ c4e4n þ � � � : ð11Þ

Expanding f ðwnÞ about a, one obtains

f ðwnÞ ¼ ðc1 þ c21Þen þ ðc2 þ 3c1c2 þ c21c2Þe2n þ � � � : ð12Þ
Hence, from Eqs. (10)–(12) we obtain

f ½wn;xn� ¼ f ðwnÞ�f ðxnÞ
wn�xn

¼ f ðwnÞ�f ðxnÞ
f ðxnÞ ;

¼ c1þð2c2þc1c2Þenþðc22þ3c3þ3c1c3þc21c3Þe2nþ�� � :
ð13Þ

Now, substituting Eqs. (10) and (13) into the first step of scheme
(7), we have

yn ¼ xn � f ðxnÞ
f ½wn ;xn � ;

¼ aþ ðc1c2þc2Þe2n
c2

� ð2c22þ2c1c22þc21c
2
2�2c1c3�3c21c3�c31c3Þe3n

c21
þ � � � :

ð14Þ

Expanding f ðynÞ about a, with the use of Eq. (14) one obtains

f ðynÞ¼ ðc2þc1c2Þe2nþ
ð�2c22�2c1c22�c21c

2
2þ2c1c3þ3c21c3Þe3n
c31

þ��� :

ð15Þ
Also, we have

gðxnÞ¼ f ½wn;xn�þ2ðwn�xnÞf ½wn;xn;yn�� f ½yn;wn�þ f ½xn;yn�;
¼ c1þ2ðc2þc1c2Þenþð2c22þ3c3þ5c1c3þ2c21c3Þe2nþ��� : ð16Þ

After substituting Eqs. (10), (15) and (16) into the second step of
scheme (7), we obtain

xnþ1 ¼ aþ ð1þ c1Þ2c2ðð1þ 2bþ 2ð�1þ bÞc1Þc22 � c1c3Þe4n
c31

þ � � � :

ð17Þ
This implies that

enþ1 ¼ ð1þ c1Þ2c2ðð1þ 2bþ 2ð�1þ bÞc1Þc22 � c1c3Þe4n
c31

þ Oðe5nÞ:

Hence, MK4 method proposed in Algorithm 1 has fourth-order of
convergence. h
Theorem 5. Consider the same assumptions in Theorem 4, then the
method defined by Algorithm 2 is of eighth-order of convergence.
Proof. From Theorem 4, we have

zn ¼ aþ ð1þ c1Þ2c2ðð1þ 2bþ 2ð�1þ bÞc1Þc22 � c1c3Þe4n
c31

: ð18Þ

Expanding f ðznÞ about a, with the use of Eq. (18), we have

f ðznÞ ¼ ½c32 þ 2bc32 þ 6bc1c32 þ ð6b� 3Þc21c32 þ 2ðb� 1Þc31c32
� c1c2c3 � 2c21c2c3 � c31c2c3�e4nc�2

1 þ � � � : ð19Þ

From Eqs. (11), (12), (14), (15), (18), and (19) we have

m1 ¼� ð1þ c1Þ4c32ðc22 þ 2bc22 � 2c1c22 þ 2bc1c22 � c1c3Þe8n
c31

þ � � � ; ð20Þ

m2 ¼ð1þ c1Þ4ðc32 þ 2bc32 � 2c1c32 þ 2bc1c32 � c1c2c3Þe6n
c1

þ � � � ; ð21Þ
m3 ¼� ð1þ c1Þðc1 þ c21Þðc2 þ c1c2Þe4n þ � � � : ð22Þ

Using Eqs. (10), (15), and (19), one obtains

f ½yn; xn� ¼c1 þ c2en þ ðc22 þ c1c22 þ c1c3Þe2n
c1

þ � � � ; ð23Þ
f ½zn; xn� ¼c1 þ c2en þ c3e2n þ � � � : ð24Þ

Substituting Eqs. (10), (13), and (20)–(24) in the third step of
scheme (8), we get

xnþ1 ¼aþð1þc1Þ4c22ðð1þ2bþ2ð�1þbÞc1Þc22� c1c3Þðc32�2c1c2c3þ c21c4Þe8n
c71

þ��� ;

which implies that

enþ1 ¼ ð1þ c1Þ4c22ðð1þ 2bþ 2ð�1þ bÞc1Þc22 � c1c3Þðc32 � 2c1c2c3 þ c21c4Þe8n
c71

þ Oðe9nÞ:

This shows that MK8b method proposed in Algorithm 2 has eighth-
order of convergence. h
Theorem 6. Consider the same assumptions of Theorem 4, then the
method defined by Algorithm 3 is of eighth-order of convergence.



Table 1
Comparisons between different methods.

Method n xn xn � xn�1j j f ðxnÞ COC

f 1ðxÞ; x0 ¼ 0
MK4 4 0.73908513321516064 1.63E�52 �1:75E�209 4
K4 4 0.73908513321516064 5.30E�18 �9:03E�71 4

YZA4 4 0.73908513321516064 1.71E�32 1.60E�128 4
CHMT4 4 0.73908513321516064 4.82E�52 �1:49E�207 4
ZYAJ4 4 0.73908513321516064 2.69E�56 �1:02E�224 4

MK8a 3 0.73908513321516064 3.12E�55 �4:94E�441 8
MK8b 3 0.73908513321516064 2.75E�58 5.03E�466 8
YZA8 3 0.73908513321516064 3.15E�28 9.51E�223 8

CHMT8 3 0.73908513321516064 4.13E�58 5.73E�465 8
ZYAJ8 3 0.73908513321516064 5.79E�57 �5:41E�455 8

f 2ðxÞ; x0 ¼ 1
MK4 4 1.4044916482153412 1.76E�44 2.69E�176 4
K4 5 1.4044916482153412 7.84E�18 �2:19E�68 4

YZA4 4 1.4044916482153412 2.18E�23 1.90E�90 4
CHMT4 4 1.4044916482153412 1.76E�27 �4:63E�107 4
ZYAJ4 4 1.4044916482153412 2.45E�35 �8:16E�139 4

MK8a 3 1.4044916482153412 3.29E�42 1.44E�333 8
MK8b 3 1.4044916482153412 2.01E�45 �2:42E�359 8
YZA8 3 1.4044916482153412 8.99E�31 4.00E�240 8

CHMT8 3 1.4044916482153412 4.21E�30 �6:26E�235 8
ZYAJ8 3 1.4044916482153412 5.62E�39 �8:38E�307 8

f 3ðxÞ; x0 ¼ 1:5
MK4 3 1 9.64E�16 �4:80E�62 4
K4 4 1 9.53E�41 5.73E�162 4

YZA4 4 3.5302670187568383 1.53E�37 �2:30E�147 4
CHMT4 4 1 1.44E�49 4.75E�197 4
ZYAJ4 4 1 1.55E�53 3.22E�213 4

MK8a 3 1 4.29E�54 �3:75E�430 8
MK8b 3 1 7.57E�57 �3:14E�452 8
YZA8 3 1 8.02E�53 �1:75E�419 8

CHMT8 3 1 6.44E�49 2.04E�388 8
ZYAJ8 3 1 1.28E�49 2.39E�394 8

f 4ðxÞ; x0 ¼ 1
MK4 3 0.97416230520054071 2.71E�32 8.46E�128 4
K4 3 0.97416230520054071 7.45E�31 �1:34E�121 4

YZA4 3 0.97416230520054071 3.46E�26 4.16E�102 4
CHMT4 3 0.97416230520054071 8.90E�28 �9:65E�109 4
ZYAJ4 3 0.97416230520054071 1.78E�28 �1:11E�111 4

MK8a 3 0.97416230520054071 3.81E�118 1.93E�941 8
MK8b 2 0.97416230520054071 3.81E�16 2.58E�126 8
YZA8 3 0.97416230520054071 5.03E�107 2.18E�851 8

CHMT8 3 0.97416230520054071 3.78E�112 �1:06E�892 8
ZYAJ8 3 0.97416230520054071 2.32E�111 �2:54E�886 8

f 5ðxÞ; x0 ¼1.5
MK4 3 1.3961536566409308 6.61E�23 �2:18E�90 4
K4 3 1.3961536566409308 2.01E�18 �2:16E�71 4

YZA4 4 1.3961536566409308 1.31E�58 8.75E�232 4
CHMT4 3 1.3961536566409308 1.18E�17 �2:25E�68 4
ZYAJ4 3 1.3961536566409308 4.49E�19 �2:48E�74 4

MK8a 3 1.3961536566409308 3.50E�82 �3:52E�654 8
MK8b 3 1.3961536566409308 9.22E�89 �1:65E�707 8
YZA8 3 1.3961536566409308 2.76E�64 3.19E�509 8

CHMT8 3 1.3961536566409308 1.28E�70 �1:89E�560 8
ZYAJ8 3 1.3961536566409308 3.01E�75 �5:71E�598 8

f 6ðxÞ; x0 ¼ 0:6
MK4 4 1 3.53E�36 �3:09E�142 4
K4 9 1 3.10E�27 �9:19E�106 4

YZA4 4 1 5.01E�30 3.79E�117 4
CHMT4 4 1 2.36E�34 �1:25E�134 4
ZYAJ4 4 1 1.69E�42 �1:64E�167 4

MK8a 3 1 2.13E�39 �8:52E�310 8
MK8b 3 1 2.90E�36 �1:01E�284 8
YZA8 3 1 1.62E�24 6.67E�190 8

CHMT8 3 1 2.41E�35 �9:18E�277 8
ZYAJ8 3 1 1.56E�42 �7:19E�335 8

1502 O. Said Solaiman et al. / Journal of King Saud University – Science 31 (2019) 1499–1504



Table 2
Comparisons of number of iterations needed for different methods with xn � xn�1j j < 10�200.

f 1ðxÞ f 2ðxÞ f 3ðxÞ f 4ðxÞ f 5ðxÞ f 6ðxÞ
x0 ¼ 0 x0 ¼ 0 x0 ¼ 1:5 x0 ¼ 1 x0 ¼ 1:5 x0 ¼ 0:6

MK4 5 6 5 5 5 6
K4 6 7 6 5 5 11

YZA4 6 6 6 5 5 6
CHMT4 5 6 6 5 5 6
ZYAJ4 5 6 5 5 5 6

MK8a 4 4 4 4 4 4
MK8b 4 4 4 4 4 4
YZA8 4 4 4 4 4 5

CHMT8 4 4 4 4 4 4
ZYAJ8 4 4 4 4 4 4
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Proof. Based on the definitions of c1; c2; c3, and c4 given in the
scheme (9), and as the series expansion is too large and can’t be
expressed in a few lines, we used Mathematica 9 to do the required
computations. After some simplification we obtain
xnþ1 ¼ aþ ð1þ c1Þ4c2ðð1þ 2bþ 2ð�1þ bÞc1Þc22 � c1c3Þðð1þ 2bþ 2ð�1þ bÞc1Þc42 � c1c22c3 � c21c
2
3 þ c21c2c4Þe8n

c71
þ � � � :
This leads to
enþ1 ¼ ð1þ c1Þ4c2ðð1þ 2bþ 2ð�1þ bÞc1Þc22 � c1c3Þðð1þ 2bþ 2ð�1þ bÞc1Þc42 � c1c22c3 � c21c
2
3 þ c21c2c4Þe8n

c71
þ Oðe9nÞ;
which proves that MK8b method proposed in Algorithm 3 is of
eighth-order of convergence h
4. Numerical examples

To show the efficiency of the new optimal schemes MK4, MK8a

and MK8b, several examples will be tested. We compare the new
schemes with the optimal fourth-order technique K4 presented
by King (1973), and with the derivative-free fourth- and eighth-
order methods presented by Yasmin et al. (2016), Cordero et al.
(2013); and Zafar et al. (2015) denoted respectively as: YZA4,
YZA8, CHMT4, CHMT8, and ZYAJ4, ZYAJ8. In all examples, we con-
sider that a ¼ 1 wheneverwn ¼ xn þ af ðxnÞ, and that b ¼ 2 in King’s
method and our proposed methods.

Six test examples are considered below:

f 1ðxÞ ¼ cosðxÞ � x; f 2ðxÞ ¼ sin2ðxÞ � x2 þ 1;

f 3ðxÞ ¼ lnðx2 � xþ 1Þ � 4 sinðx� 1Þ; f 4ðxÞ ¼ e�x2 þ cosðxÞ � x2;

f 5ðxÞ ¼ arctanðxÞ � x2 þ 1;

f 6ðxÞ ¼
xðxþ 1Þ; ifx < 0
�2xðx� 1Þ; ifx P 0

�
:

We take xn � xn�1j j < 10�15 as a stopping criterion of the
computer programs. The computations here have been carried
out using Mathematica version 9 with 10,000 significant
digits.

Table 1 shows the number of iterations n needed so that the
stopping criterion is satisfied, the approximate zero xn, the distance
between two successive approximations with xn � xn�1j j < 10�15,
the value of f ðxÞ at the approximate zero, and the computational
order of convergence (COC) defined by Weerakoon and Fernando
(2000), which can be estimated as follows

COC � ln ðxnþ1 � xnÞ=ðxn � xn�1Þj j
ln ðxn � xn�1Þ=ðxn�1 � xn�2Þj j :

The second column in Table 1 shows the number of iterations n
needed to reach the stopping criterion. It is clear that the new
methods need less iterations than the other methods to reach the
stopping criterion, or the same number of iterations in some cases.
Therefore, the approximate solutions obtained by the proposed
techniques are as good as of those obtained by other existing
methods of the same order.

Note that, even though the new proposed methods need the
same number of iterations to satisfy the stopping criterion as with
the other methods, but still they are superior to the other methods
as xn � xn�1j j and f ðxnÞ are less for the new schemes than the other
schemes of the same order.

Table 2 illustrates the number of iterations needed to achieve
approximate solution using the stopping criterion
xn � xn�1j j < 10�200. Setting the same convergence criterion for all
methods, the required number of iterations for the new methods
is either less than or equal the needed iterations by the other tech-
niques with identical order.



1504 O. Said Solaiman et al. / Journal of King Saud University – Science 31 (2019) 1499–1504
5. Conclusion

In this work we proposed new optimal three derivative-free
root finding schemes for nonlinear equations. These methods are
implemented via efficient algorithms. The first method has order
four, and derived using King’s method with finite difference
approximations. The second and the third optimal methods were
of order eight. We implement the methods by using the composi-
tion technique combined with rational interpolation, and the idea
of Padé approximation. The convergence analysis of the proposed
optimal methods has been proved, with the convergence order
has been established to be of the optimal fourth- and eighth-
order, respectively. Six examples were tested, showing the capabil-
ity of the new techniques. Overall, the new methods are compara-
ble to other well-known schemes with same order of convergence.
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