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1. Introduction

Nonlinear evolution equations (NEEs) have been studied in last
few decades. A verity of NEEs are integrated with the help of var-
ious interesting computational techniques. To understand the
physical structure, described by nonlinear partial differential equa-
tions (PDEs), exact solutions to the nonlinear PDEs play a crucial
role in the study of the nonlinear models appearing in diverse dis-
ciplines; for instance, electromagnetic theory, geochemistry, astro-
physics, fluid dynamics, elastic media, nuclear physics, optical
fibers, high-energy physics, gravitation and in statistical and con-
densed matter physics, biology, solid state physics, chemical kine-
matics, chemical physics, electrochemistry, fluid dynamics,
acoustics, cosmology and plasma physics etc, see (Seadawy and
El-Rashidy, 2013; Gardner et al., 1967; Su and Gardner, 1969; Ito,
1980; Zhibin and Mingliang, 1993; Liang, 2014; Seadawy, 2012a,
b; Seadawy, 2016a,b).
In recent few decades, growing interest have been drawn to find
the analytical solutions for nonlinear wave equations, such as the
traveling wave solution (Xu and Li, 2005), Cole-Hopf transforma-
tion, Painlevé method, Bäcklund transformation, amplitude ansatz
method (Seadawy and Lu, 2017), sine-cosine method, Darboux
transformation, Hirota method, function transformation method,
Lie group analysis, extended simple equation method (Lu et al.,
2017), homogeneous balance method (Chen et al., 2003), similarity
reduced method, tanh method, fractional direct algebraic function
method (Seadawy, 2016), inverse scattering method (Ablowitz
and Clarkson, 1991), Hirota’s bilinear method (Hirota, 1971), the
homogeneous balance method (Wang, 1995), variational method
(Khater et al., 2003), algebraic method (Khater et al., 2000), sine-
cosine method, Jacobi elliptic function method (Liu et al., 2001),
the F-expansion method (Zhou et al., 2003), extended Fan Sub-
Equation method (Kalim and Younis, 2017), the ðG0=GÞ expansion
method (Abazari, 2010; Kutluay et al., 2010), the tanh and extended
tanh method, extended direct algebraic method (Seadawy et al.,
2016), the auxiliary equation method (Kalim and Seadawy, 2017)
and many more (Yan et al., 2012; Grey and Tom, 2014;
Mohapatra et al., 2015; Kalim and Seadawy, 2019; Abu Arqub
et al., 2015; El-Ajou et al., 2015a,b; Abu Arqub, 2017a,b).

In this paper, the auxiliary equation method (AEM) is applied to
construct the traveling wave solutions to the modified Benjamin-
Bona-Mahony (m-BBM) and coupled Drinfel’d-Sokolov-Wilson
(c-DSW) equations. The aim of the study is to deal with the explicit
solutions of NPDEs and to explore the configuration of the physical
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phenomena depending upon various parameters. As a result, some
new and more general exact traveling wave solutions are obtained.

The Benjamin-Bona-Mahony equation (BBM) describes the uni-
directional propagation of long waves in certain nonlinear disper-
sive media, as discussed in Seadawy (2018, 2017). The BBM
equation is known as the modified BBM equation (mBBM) for
n ¼ 2. The governing equation is as follows:

ut þ ux þ #1unux þ #2uxxt ¼ 0 ð1Þ
where the coefficients #i for i ¼ 1;2; are real constants.

The coupled Drinfel’d-Sokolov-Wilson system (cDSW) reads

ut þ 11vvx ¼ 0;
v t þ 12vxxx þ 13uvx þ 14uxv ¼ 0

�
ð2Þ

where the coefficients 1i for i ¼ 1;2;3;4; are real constants, for
details see Seadawy (2017), Seadawy et al. (2017), Wena et al.
(2009), Seadawy and Alamri (2018), Khater et al. (2006).

This article has been devised as follows: in Section 2, the auxil-
iary equation method is introduced, while in Section 3, the solu-
tions of the NPDEs have been presented. In last Section 4, the
conclusions have been drawn.

2. The description of the auxiliary equation method

We will briefly present the AEM in the following steps:

Step 1. Let us have a general form of nonlinear PDE
Fðu;ut ;ux;uxx;uxxx; . . .Þ ¼ 0: ð3Þ
where F is a polynomial function with respect to the indi-
cated variables.
Step 2. The following wave variable is presented to solve (3)
uðx; tÞ ¼ FðnÞ; ð4Þ
The transformations (4) convert the PDE (3) to an ODE

OiðF; Fn; Fnn; Fnnn; . . .Þ; ð5Þ
where F ¼ FðnÞ is unknown function.
Step 3. The main idea of the auxiliary equation method based on
expanding the traveling wave solution FðnÞ of Eqs. (5) as
a finite series
FðnÞ ¼
Xn
j¼0

ajw
jðnÞ; ð6Þ

w satisfies

dw
dn

¼ C0 þ C1wðnÞ þ C2w
2ðnÞ þ C3w

3ðnÞ þ C4w
4ðnÞ; ð7Þ

n ¼ ax�xt ð8Þ
where Ciði ¼ 0;1;2;3;4Þ and a are constants.
Step 4. Applying the homogenous balance to (3), the parameters n
in (6) can be obtained.

Step 5. Substituting (6), (7) and (8) in (3) and collecting the coef-
ficients of w jwðkÞ, then solving the system for x and Ci.

Step 6. Substituting x; Ci and wðnÞ obtained in step 5 into (6), to
obtain the solutions for (1) and (2).

3. Soliton extraction

3.1. Modified Benjamin-Bona-Mahony equation

Consider the transformation

uðx; tÞ ¼ uðnÞ; n ¼ ax�xt; ð9Þ
using (9) into (1),

ða�xÞu0 þ a#1u2u0 � a2x#2u000 ¼ 0 ð10Þ
integrating

ða�xÞuþ 1
3
a#1u3 � a2x#2u00 ¼ 0 ð11Þ

Consider the homogeneous balance between u3 and u00, gives n ¼ 3.
Suppose the solution of (11), is of the form

u ¼ a0 þ a1wðnÞ þ a2wðnÞ2 þ a3wðnÞ3 ð12Þ
Substituting (6), (7) and (12) in (11) and collecting the coefficients
of w jwðkÞ

Case I. C4 ¼ 0
(a).
w1ðnÞ ¼
ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

p
tan h1nð Þffiffiffi

a
p

a1
ffiffiffiffiffi
#1

p þ
ffiffiffi
6

p ffiffiffi
a

p
k1

ffiffiffiffiffi
#2

p ffiffiffiffiffi
x

p

2a1
ffiffiffiffiffi
#1

p ; ð13Þ
where
h1 ¼ 1
2

ffiffiffi
2

p ffiffiffiffiffi
x

p

a
ffiffiffiffiffi
#2

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

p �
ffiffiffi
2

p
ffiffiffiffiffi
#2

p ffiffiffiffiffi
x

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

p
 !

:

The parameters Ci and aj become

C0 ¼ �2
ffiffi
6

p
a�
ffiffi
6

p
a2c21#2xþ2

ffiffi
6

p
x

4a3=2a1
ffiffiffiffi
#1

p ffiffiffiffi
#2

p ffiffiffi
x

p , C1 ¼ k1, C2 ¼ � a1
ffiffiffiffi
#1

pffiffi
6

p ffiffi
a

p ffiffiffiffi
#2

p ffiffiffi
x

p , C3 ¼ 0,

a0 ¼
ffiffi
6

p ffiffi
a

p
c1
ffiffiffiffi
#1

p ffiffiffiffi
#2

p
x3=2�

ffiffi
6

p
a3=2c1

ffiffiffiffi
#1

p ffiffiffiffi
#2

p ffiffiffi
x

p

2ða#1�#1xÞ a1 ¼ k2, a2 ¼ a3 ¼ 0, where

k1 and k2 are arbitrary constants, hence the solution of (1) will be

u1ðx; tÞ ¼ g1g2sech
2 g1nð Þ �2a2g2

1#2x cosh 2g1nð Þ � 2ð Þsech2 g1nð Þ
�

þag2
2#1tanh

2 g1nð Þ þ a�x
�
; ð14Þ

where

g1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

pffiffiffi
2

p
a
ffiffiffiffiffi
#2

p ffiffiffiffiffi
x

p ;

g2 ¼�
ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

pffiffiffi
a

p ffiffiffiffiffi
#1

p :

(b).
w2ðnÞ ¼
ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

p
tan h1nð Þffiffiffi

a
p

a1
ffiffiffiffiffi
#1

p �
ffiffiffi
6

p ffiffiffi
a

p
k1

ffiffiffiffiffi
#2

p ffiffiffiffiffi
x

p

2a1
ffiffiffiffiffi
#1

p ð15Þ
where
h1 ¼ 1
2

ffiffiffi
2

p
ffiffiffiffiffi
#2

p ffiffiffiffiffi
x

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

p �
ffiffiffi
2

p ffiffiffiffiffi
x

p

a
ffiffiffiffiffi
#2

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

p
 !

: ð16Þ

The parameters Ci and aj become

C0 ¼ 2
ffiffi
6

p
aþ
ffiffi
6

p
a2c21#2x�2

ffiffi
6

p
x

4a3=2a1
ffiffiffiffi
#1

p ffiffiffiffi
#2

p ffiffiffi
x

p , C1 ¼ k1, C2 ¼ a1
ffiffiffiffi
#1

pffiffi
6

p ffiffi
a

p ffiffiffiffi
#2

p ffiffiffi
x

p ,

C3 ¼ 0; a0 ¼
ffiffi
6

p
a3=2c1

ffiffiffiffi
#1

p ffiffiffiffi
#2

p ffiffiffi
x

p �
ffiffi
6

p ffiffi
a

p
c1
ffiffiffiffi
#1

p ffiffiffiffi
#2

p
x3=2

2ða#1�#1xÞ , a1 ¼ k2, a2 ¼ a3 ¼ 0,

where k1 and k2 are arbitrary constants, hence the solution of (1)
will be

u2ðx; tÞ ¼ g1g2sech
2 g1nð Þ �2a2g2

1#2x cosh 2g1nð Þ � 2ð Þsech2 g1nð Þ
�

þag2
2#1tanh

2 g1nð Þ þ a�x
�
; ð17Þ
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where

g1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

pffiffiffi
2

p
a
ffiffiffiffiffi
#2

p ffiffiffiffiffi
x

p ;

g2 ¼
ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

pffiffiffi
a

p ffiffiffiffiffi
#1

p :

Case II. C3 ¼ 0;C4 ¼ 0
(a).
w3ðnÞ ¼
ffiffiffi
6

p ffiffiffi
a

p
k1

ffiffiffiffiffi
#2

p ffiffiffiffiffi
x

p

2a1
ffiffiffiffiffi
#1

p �
ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

p
tan h1nð Þffiffiffi

a
p

a1
ffiffiffiffiffi
#1

p ; ð18Þ
where
h1 ¼ 1
2

ffiffiffi
2

p
nffiffiffiffiffi

#2
p ffiffiffiffiffi

x
p ffiffiffiffiffiffiffiffiffiffiffiffiffi

a�x
p �

ffiffiffi
2

p
n
ffiffiffiffiffi
x

p

a
ffiffiffiffiffi
#2

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

p
 !

: ð19Þ

The parameters Ci and aj become

C0 ¼ �
ffiffi
3
2

p
ð2aþa2c21#2x�2xÞ

2a3=2a1
ffiffiffiffi
#1

p ffiffiffiffi
#2

p ffiffiffi
x

p , C1 ¼ k1, C2 ¼ � a1
ffiffiffiffi
#1

pffiffi
6

p ffiffi
a

p ffiffiffiffi
#2

p ffiffiffi
x

p ,

a0 ¼ �
ffiffi
3
2

p ffiffi
a

p
c1
ffiffiffiffi
#2

p ffiffiffi
x

pffiffiffiffi
#1

p , a1 ¼ k2, a2 ¼ 0, a3 ¼ 0, where k1 and k2 are

arbitrary constants, hence the solution of (1) will be

u3ðx; tÞ ¼ g1g2sech
2 g1nð Þ �2a2g2

1#2x cosh 2g1nð Þ � 2ð Þsech2 g1nð Þ
�

þag2
2#1tanh

2 g1nð Þ þ a�x
�

ð20Þ

where

g1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

pffiffiffi
2

p
a
ffiffiffiffiffi
#2

p ffiffiffiffiffi
x

p ;

g2 ¼�
ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

pffiffiffi
a

p ffiffiffiffiffi
#1

p :

(b).
w4ðnÞ ¼
1
2

2
ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

p
tan h1ð Þffiffiffi

a
p

a1
ffiffiffiffiffi
#1

p �
ffiffiffi
6

p ffiffiffi
a

p
k1

ffiffiffiffiffi
#2

p ffiffiffiffiffi
x

p

a1
ffiffiffiffiffi
#1

p
 !

: ð21Þ
where
h1 ¼ 1
2

ffiffiffi
2

p
nffiffiffiffiffi

#2
p ffiffiffiffiffi

x
p ffiffiffiffiffiffiffiffiffiffiffiffiffi

a�x
p �

ffiffiffi
2

p ffiffiffiffiffi
x

p

a
ffiffiffiffiffi
#2

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

p
 !

: ð22Þ

The parameters Ci and aj become

C0 ¼
ffiffi
3
2

p
2aþa2c21#2x�2xð Þ

2a3=2a1
ffiffiffiffi
#1

p ffiffiffiffi
#2

p ffiffiffi
x

p , C1 ¼ k1, C2 ¼ a1
ffiffiffiffi
#1

pffiffi
6

p ffiffi
a

p ffiffiffiffi
#2

p ffiffiffi
x

p , a0 ¼
ffiffi
3
2

p ffiffi
a

p
c1
ffiffiffiffi
#2

p ffiffiffi
x

pffiffiffiffi
#1

p ,

a1 ¼ k2, a2 ¼ 0, a3 ¼ 0 where k1 and k2 are arbitrary constants,
hence the solution of (1) will be

u4ðx; tÞ ¼ g1g2 � sec2 g1nð Þ� � �2a2g2
1#2x cos 2g1nð Þ � 2ð Þ sec2 g1nð Þ�

�ag2
2#1 tan2 g1nð Þ � aþx

� ð23Þ
where

g1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

pffiffiffi
2

p
a
ffiffiffiffiffi
#2

p ffiffiffiffiffi
x

p ;

g2 ¼
ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

pffiffiffi
a

p ffiffiffiffiffi
#1

p :
(c).

w5ðnÞ ¼ �
ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

p
tan h1nð Þffiffiffi

a
p

a1
ffiffiffiffiffi
#1

p ; ð24Þ

where
h1 ¼ 1
2

ffiffiffi
2

p
nffiffiffiffiffi

#2
p ffiffiffiffiffi

x
p ffiffiffiffiffiffiffiffiffiffiffiffiffi

a�x
p �

ffiffiffi
2

p ffiffiffiffiffi
x

p

a
ffiffiffiffiffi
#2

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

p
 !

: ð25Þ

The parameters Ci and aj become

C0 ¼ �
ffiffi
3
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2�2axþx2

p
a3=2a1

ffiffiffiffi
#1

p ffiffiffiffi
#2

p ffiffiffi
x

p , C1 ¼ 0, C2 ¼ a1
ffiffiffiffi
#1

p ffiffiffiffiffiffiffiffiffiffiffiffi
ða�xÞ2

pffiffi
6

p ffiffi
a

p ffiffiffiffi
#2

p ffiffiffi
x

p ðx�aÞ, a0 ¼ 0,

a1 ¼ k1, a2 ¼ 0, a3 ¼ 0 where k1 is arbitrary constant, hence the
solution of (1) will be

u5ðx; tÞ ¼ g1g2 � sec2 g1nð Þ� � �2a2g2
1#2x cos 2g1nð Þ � 2ð Þ sec2 g1nð Þ�

�ag2
2#1 tan2 g1nð Þ � aþx

�
; ð26Þ

where

g1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

pffiffiffi
2

p
a
ffiffiffiffiffi
#2

p ffiffiffiffiffi
x

p ;

g2 ¼�
ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða�xÞ2

q
ffiffiffi
a

p ffiffiffiffiffi
#1

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�x

p :

Case III. C0 ¼ 0;C4 ¼ 0
(a).
w6ðnÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�6

ffiffiffi
3

p ffiffiffi
a

p
a2

ffiffiffiffiffi
#1

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
x� a

p
e2h1n � 6

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x� a

p
eh1n

1� 3aa22#1e2h1n

s
; ð27Þ
where
h1 ¼
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
x� a

p

a
ffiffiffiffiffi
#2

p ffiffiffiffiffi
x

p : ð28Þ

The parameters Ci and aj become

C1 ¼
ffiffiffiffiffiffiffi
x�apffiffi

2
p

a
ffiffiffiffi
#2

p ffiffiffi
x

p , C2 ¼ 0, C3 ¼ � a2
ffiffiffiffi
#1

p
2
ffiffi
6

p ffiffi
a

p ffiffiffiffi
#2

p ffiffiffi
x

p , a0 ¼
ffiffi
3

p ffiffiffiffiffiffiffi
x�apffiffi

a
p ffiffiffiffi

#1
p , a1 ¼ 0,

a2 ¼ k1, a3 ¼ 0, where k1 is arbitrary constant, hence the solution
of (1) will be

u6ðx; tÞ ¼ 6h1k1
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x� a

p
eh1n

1� 3ak21#1e2h1n
� �4
9a2k41#

2
1e

4h1n 23a2h21#2xþ 94ða�xÞ� ��
þ 3ak21#1e2h1n 23a2h21#2xþ 26ðx� aÞ� �
þ 8

ffiffiffi
3

p ffiffiffi
a

p
k1

ffiffiffiffiffi
#1

p
eh1n a2h21#2x� aþx
� �þ a2h21#2x

þ 48
ffiffiffi
3

p
a3=2k31#

3=2
1 e3h1n 2a2g2

1#2xþ a�x
� �

þ 72
ffiffiffi
3

p
a5=2k51#

5=2
1 e5h1n a2g2

1#2xþ 11ða�xÞ� �
þ27a3k61#

3
1e

6h1n a2h21#2xþ 26ða�xÞ� �þ 2a� 2x
�
: ð29Þ

(b).
w7ðnÞ ¼
6
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x� a

p
eh1nffiffiffi

3
p ffiffiffi

a
p

a1
ffiffiffiffiffi
#1

p
eh1n � 1

; ð30Þ
where
h1 ¼
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
x� a

p

a
ffiffiffiffiffi
#2

p ffiffiffiffiffi
x

p : ð31Þ
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The parameters Ci and aj become

C1 ¼
ffiffi
2

p ffiffiffiffiffiffiffi
x�ap

a
ffiffiffiffi
#2

p ffiffiffi
x

p , C2 ¼ � a1
ffiffiffiffi
#1

pffiffi
6

p ffiffi
a

p ffiffiffiffi
#2

p ffiffiffi
x

p , C3 ¼ 0, a0 ¼ �
ffiffi
3

p ffiffiffiffiffiffiffi
x�apffiffi

a
p ffiffiffiffi

#1

p , a1 ¼ k1,

a2 ¼ a3 ¼ 0, where k1 is arbitrary constant, hence the solution of
(1) will be

u7ðx; tÞ ¼ � 1

ð
ffiffiffi
3

p ffiffiffi
a

p
k1

ffiffiffiffiffi
#1

p
eh1n � 1Þ4

6h1k1
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x� a

p
eh1n

�
ð3ak21#1e2h1nða2h1#2x� 2aþ 2xÞ þ a2h1#2ð�xÞ
�8

ffiffiffi
3

p ffiffiffi
a

p
k1

ffiffiffiffiffi
#1

p
ða�xÞeh1n � 2aþ 2xÞ

�
: ð32Þ
3.2. Coupled Drinfel’d-Sokolov-Wilson equation

Consider the transformation

uðx; tÞ ¼ uðnÞ; vðx; tÞ ¼ vðnÞ; n ¼ ax�xt; ð33Þ
using (33) into (2),

�xu0 þ a11vv 0 ¼ 0 ð34aÞ

a14u0v þxv 0 þ a13uv 0 þ a312v 000 ¼ 0 ð34bÞ
integrating (34a)

u ¼ a11v2

x
ð35Þ

and substituting in (34b)

a211 13 þ 214ð Þv2v 0 þ a312v ð3Þx�x2v 0 ¼ 0 ð36Þ
integrating (36)

1
3
a211 13 þ 214ð Þv3 þ a312xv 00 �x2v ¼ 0 ð37Þ

Consider the homogeneous balance between v3 and v 00, gives n ¼ 3.
Suppose the solution of (37), is of the form

u ¼ a0 þ a1wðnÞ þ a2wðnÞ2 þ a3wðnÞ3 ð38Þ
Substituting (6), (7) and (38) in (37) and collecting the coefficients
of w jwðkÞ

Case I. C4 ¼ 0
(a).
w1ðnÞ ¼
ffiffiffi
3

p
x tanh n

ffiffiffi
x

pffiffi
2

p
a3=2

ffiffiffiffi12p
� �

aa1
ffiffiffiffiffi11p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

13 þ 214
p : ð39Þ
The parameters Ci and aj become

C0 ¼
ffiffi
3
2

p ffiffiffiffi11p ffiffiffiffiffiffiffiffiffiffiffi
13þ214

p
x3=2ffiffi

a
p ffiffiffiffi12p

a1a21113þ2a1a21114ð Þ, C1 ¼ 0, C2 ¼ � a1
ffiffiffiffi11p ffiffiffiffiffiffiffiffiffiffiffi

13þ214
pffiffi

6
p ffiffi

a
p ffiffiffiffi12p ffiffiffi

x
p , C3 ¼ 0,

a0 ¼ 0, a1 ¼ k1, a2 ¼ a3 ¼ 0, where k1 is arbitrary constant, hence
the solution of (2) will be

v1ðx; tÞ ¼
ffiffiffi
6

p
x7=2 cosh

ffiffi
2

p
n
ffiffiffi
x

p
a3=2

ffiffiffiffi12p
� �

� 2
� �

sech4 n
ffiffiffi
x

pffiffi
2

p
a3=2

ffiffiffiffi12p
� �

a5=2 ffiffiffiffiffi11p ffiffiffiffiffi12p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
13 þ 214

p : ð40Þ

(b).
w2ðnÞ ¼ �
ffiffiffi
3

p
x tanh n

ffiffiffi
x

pffiffi
2

p
a3=2

ffiffiffiffi12p
� �

aa1
ffiffiffiffiffi11p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

13 þ 214
p : ð41Þ
The parameters Ci and aj become
C0 ¼ �
ffiffi
3
2

p ffiffiffiffi11p ffiffiffiffiffiffiffiffiffiffiffi
13þ214

p
x3=2ffiffi

a
p ffiffiffiffi12p

a1a21113þ2a1a21114ð Þ, C1 ¼ 0, C2 ¼ a1
ffiffiffiffi11p ffiffiffiffiffiffiffiffiffiffiffi

13þ214
pffiffi

6
p ffiffi

a
p ffiffiffiffi12p ffiffiffi

x
p , C3 ¼ 0,

a0 ¼ 0, a1 ¼ k1, a2 ¼ a3 ¼ 0, where k1 is arbitrary constant, hence
the solution of (2) will be

v2ðx; tÞ ¼ �
ffiffiffi
6

p
x7=2 cosh

ffiffi
2

p
n
ffiffiffi
x

p
a3=2

ffiffiffiffi12p
� �

� 2
� �

sech4 n
ffiffiffi
x

pffiffi
2

p
a3=2

ffiffiffiffi12p
� �

a5=2 ffiffiffiffiffi11p ffiffiffiffiffi12p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
13 þ 214

p : ð42Þ

Case II. C0 ¼ 0;C4 ¼ 0
(a).
w3ðnÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a211 13 þ 214ð Þp �eh1nð Þ

ffiffiffi
3

p
a2a211 13 þ 214ð Þeh1n þ 1

� �r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a4a22121 13 þ 214ð Þ2e2h1n � 1

q
ð43Þ
where
h1 ¼
ffiffiffi
2

p ffiffiffiffiffi
x

p
a3=2 ffiffiffiffiffi12p : ð44Þ

The parameters Ci and aj become

C1 ¼
ffiffiffi
x

pffiffi
2

p
a3=2

ffiffiffiffi12p , C2 ¼ 0, C3 ¼ a2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a211 13þ214ð Þ

p
2
ffiffi
6

p
a3=2

ffiffiffiffi12p ffiffiffi
x

p , a0 ¼
ffiffi
3

p
xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a21113þ2a21114
p ,

a1 ¼ 0, a2 ¼ k1, a3 ¼ 0, where k1 is arbitrary constant, hence the
solution of (1) will be

v3ðx;tÞ¼ 24
ffiffiffi
2

p
k1x7=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a211 13þ214ð Þp

e

ffiffi
2

p
n
ffiffiffi
x

p

a3=2
ffiffiffiffi
12

p

a3=2 ffiffiffiffiffi12p ffiffiffi
3

p
a2k111 13þ214ð Þe

ffiffi
2

p
n
ffiffiffi
x

p

a3=2
ffiffiffiffi
12

p �1
� 	4

a2k111 13þ214ð Þe
ffiffi
2

p
n
ffiffiffi
x

p

a3=2
ffiffiffiffi
12

p
3a2k111 13þ214ð Þe

ffiffi
2

p
n
ffiffiffi
x

p

a3=2
ffiffiffiffi
12

p þ4
ffiffiffi
3

p� 	
þ1

� 	
ð45Þ

(b).
w4ðnÞ ¼ � 6x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a211 13 þ 214ð Þ

p
eh1nffiffiffi

3
p

a1a21113eh1n þ 2
ffiffiffi
3

p
a1a21114eh1n � 1

; ð46Þ
where
h1 ¼
ffiffiffi
2

p ffiffiffiffiffi
x

p
a3=2 ffiffiffiffiffi12p : ð47Þ

The parameters Ci and aj become

C1 ¼
ffiffi
2

p ffiffiffi
x

p
a3=2

ffiffiffiffi12p , C2 ¼ a1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a211 13þ214ð Þ

pffiffi
6

p
a3=2

ffiffiffiffi12p ffiffiffi
x

p , C3 ¼ 0, a0 ¼
ffiffi
3

p
xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a21113þ2a21114
p ,

a1 ¼ �k1, a2 ¼ a3 ¼ 0 where k1 is arbitrary constant, hence the
solution of (1) will be

v4ðx;tÞ¼� 24
ffiffiffi
2

p
k1x7=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a211 13þ214ð Þ

p
e

ffiffi
2

p
n
ffiffiffi
x

p

a3=2
ffiffiffiffi
12

p

a3=2 ffiffiffiffiffi12p ffiffiffi
3

p
a2k111 13þ214ð Þe

ffiffi
2

p
n
ffiffiffi
x

p

a3=2
ffiffiffiffi
12

p þ1
� 	4

a2k111 13þ214ð Þe
ffiffi
2

p
n
ffiffiffi
x

p

a3=2
ffiffiffiffi
12

p
3a2k111 13þ214ð Þe

ffiffi
2

p
n
ffiffiffi
x

p

a3=2
ffiffiffiffi
12

p �4
ffiffiffi
3

p� 	
þ1

� 	
ð48Þ

Case III. C3 ¼ 0;C4 ¼ 0
(a).
w5ðnÞ ¼
6x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a211 13 þ 214ð Þ

p
eh1nffiffiffi

3
p

a1a21113eh1n þ 2
ffiffiffi
3

p
a1a21114eh1n � 1

ð49Þ
where
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g1 ¼
ffiffiffi
2

p ffiffiffiffiffi
x

p
a3=2 ffiffiffiffiffi12p : ð50Þ

The parameters Ci and aj become

C0 ¼ 0, C1 ¼
ffiffi
2

p ffiffiffi
x

p
a3=2

ffiffiffiffi12p , C2 ¼ � a1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a211 13þ214ð Þ

pffiffi
6

p
a3=2

ffiffiffiffi12p ffiffiffi
x

p , a0 ¼ �
ffiffi
3

p
xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a21113þ2a21114
p ,

a1 ¼ k1, a2 ¼ a3 ¼ 0 where k1 is arbitrary constant, hence the solu-
tion of (2) will be

v5ðx; tÞ ¼ 24
ffiffiffi
2

p
k1x7=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a211 13 þ 214ð Þ

p
e

ffiffi
2

p
n
ffiffiffi
x

p

a3=2
ffiffiffi
12

p

a3=2 ffiffiffiffiffi12p ffiffiffi
3

p
a2k111 13 þ 214ð Þe

ffiffi
2

p
n
ffiffiffi
x

p

a3=2
ffiffiffi
12

p � 1
� 	4

a2k111ð13 þ 214Þe
ffiffi
2

p
n
ffiffiffi
x

p

a3=2
ffiffiffi
12

p ð3a2k111ð13 þ 214Þe
ffiffi
2

p
n
ffiffiffi
x

p

a3=2
ffiffiffi
12

p
�

ð3
ffiffiffi
3

p
a2k111ð13 þ 214Þe

ffiffi
2

p
n
ffiffiffi
x

p

a3=2
ffiffiffi
12

p þ 2Þ � 4
ffiffiffi
3

p
Þ � 1

	
; ð51Þ

(b).
w6ðnÞ ¼
ffiffiffi
3

p
x tanh n

ffiffiffi
x

pffiffi
2

p
a3=2

ffiffiffiffi12p
� �

aa1
ffiffiffiffiffi11p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

13 þ 214
p � a0

a1
ð52Þ
The parameters Ci and aj become

C0 ¼ 3x2�a2a2011 13þ214ð Þffiffi
6

p
a5=2a1

ffiffiffiffi11p ffiffiffiffi12p ffiffiffiffiffiffiffiffiffiffiffi
13þ214

p ffiffiffi
x

p , C1 ¼ �
ffiffi
2
3

p
a0
ffiffiffiffi11p ffiffiffiffiffiffiffiffiffiffiffi

13þ214
pffiffi

a
p ffiffiffiffi12p ffiffiffi

x
p ,

C2 ¼ � a1
ffiffiffiffi11p ffiffiffiffiffiffiffiffiffiffiffi

13þ214
pffiffi

6
p ffiffi

a
p ffiffiffiffi12p ffiffiffi

x
p , a0 ¼ k1, a1 ¼ k2, a2 ¼ a3 ¼ 0 where k1 and k2

are arbitrary constants, hence the solution of (2) will be
Fig. 1. mBBM equation (Case I).

Fig. 2. mBBM equa
v6ðx; tÞ ¼
ffiffiffi
6

p
x7=2 cosh

ffiffi
2

p
n
ffiffiffi
x

p
a3=2

ffiffiffiffi12p
� �

� 2
� �

sech4 n
ffiffiffi
x

pffiffi
2

p
a3=2

ffiffiffiffi12p
� �

a5=2 ffiffiffiffiffi11p ffiffiffiffiffi12p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
13 þ 214

p ; ð53Þ

therefore, for j ¼ 1;2; . . .6

ujðx; tÞ ¼
a11v2

j ðx; tÞ
x

ð54Þ
4. Discussions and results

The graphical representation of solitons have been illustrated in
the following figures, for various values of the parameters. Mathe-
matica 10.4 is used to carried out simulations and to visualize the
behavior of nonlinear waves. In Case I, the solution for the Eq. (1),
is shown in Fig. 1 obtained from the Eq. (14) with #1 ¼ 1, #2 ¼ 2,
a ¼ 4, x ¼ 2, and Eq. (17) with #1 ¼ 1, #2 ¼ 2, a ¼ 4, x ¼ 2, while
in Case II, the solution for the Eq. (1), is shown in Fig. 2 obtained
from the Eq. (20) with #1 ¼ 3, #2 ¼ �1, a ¼ 4,x ¼ �2, Eq. (23) with
#1 ¼ 1, #2 ¼ �1, a ¼ 2, x ¼ �3 and Eq. (26) with #1 ¼ 1, #2 ¼ �1,
a ¼ 1, x ¼ �1. Moreover, in Case III, the solution for the Eq. (1),
is shown in Fig. 3 obtained from the Eq. (29) with #1 ¼ 3, #2 ¼ 2,
k1 ¼ 1, a ¼ 1, x ¼ 2 and Eq. (32) with #1 ¼ 1, #2 ¼ 1, k1 ¼ 2,
a ¼ 1, x ¼ 2.

Similarly, the solution to the Eq. (2) for Case I, is shown in Fig. 4
obtained from the Eq. (40) with 11 ¼ 1, 12 ¼ 1, 13 ¼ 1, 14 ¼ 1, a ¼ 2,
x ¼ 3 and Eq. (42) with 11 ¼ 1, 12 ¼ 2, 13 ¼ 3, 14 ¼ 4, a ¼ 2,x ¼ 3,
while In Case II, the solution for the Eq. (2), is shown in Fig. 5
obtained from the Eqs. (45) with 11 ¼ 1, 12 ¼ 1, 13 ¼ 1, 14 ¼ 1,
k1 ¼ 1, a ¼ 1, x ¼ 1 and Eq. (48) with 11 ¼ 1, 12 ¼ �1, 13 ¼ 2,
14 ¼ 3, k1 ¼ 1, a ¼ �1, x ¼ 2. Moreover, in Case III, the solution
for the Eq. (2), is shown in Fig. 6 obtained from the Eq. (51) with
11 ¼ 1, 12 ¼ 1, 13 ¼ 1, 14 ¼ 1, k1 ¼ 1, a ¼ 1,x ¼ 1 and Eq. (53) with
11 ¼ 1, 12 ¼ �5, 13 ¼ 4, 14 ¼ 3, a ¼ 5, x ¼ �2.
tion (Case II).

Fig. 3. mBBM equation (Case III).



Fig. 4. cDSW system (Case I).

Fig. 5. cDSW system (Case II).

Fig. 6. cDSW system (Case III).
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5. Conclusion

The aim of the study is to find some new traveling-wave solu-
tions for modified Benjamin-Bona-Mahony and Drinfel’d-Sokolov-
Wilson equations. It is observed that the auxiliary equationmethod
is one of the most powerful tools to find a variety of analytical solu-
tions for more complex problems. Depending on the real parame-
ters, a collection of new exact solutions are obtained, for details
see Figs. 1–6 These results are very auspicious for further investiga-
tion and stances on a strong basis for the solution of NPDEs.
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