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It is well known that the mixed variational inequalities involving the nonlinear term are
equivalent to the fixed-point problems. In this paper, we use this alternative equivalent formulation
to suggest and analyze a new resolvent-type method for solving mixed variational inequalities. Our
results can be viewed as significant extensions of the previously known results for mixed variational
inequalities. An example is given to illustrate the efficiency and implementation of the proposed
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1. Introduction

Variational inequalities introduced in the early sixties have
played a fundamental and significant part in the study of
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several unrelated problems arising in finance, economics,
network analysis, transportation, elasticity and optimization
(see Baiocchi and Capelo, 1984; Bnouhachem, 2005; Bnouha-
chem et al., 2006; Brezis, 1973; Fukushima, 1992; Fu, 2008;
Giannessi et al., 2001; Glowinski et al., 1981; Han and Lo,
2002; He and Liao, 2002; He et al., 2004; Kinderlehrer and
Stampacchia, 2000; Lions and Stampacchia, 1967; Noor,
1997, 1998, 2000, 2002, 2003a,b, 2004a,b; Noor and Bnouha-
chem, 2005; Peng and Fukushima, 1999; Solodov and Svaiter,
2000; Stampacchia, 1964; Yang and Bell, 1997) and the refer-
ences therein. In recent years variational inequalities have been
extended in various directions using novel and innovative tech-
niques. A useful and important generation of variational
inequalities is the mixed variational inequality containing a
nonlinear term. Due to the presence of the nonlinear bifunc-
tion, the projection method and its variant forms including
the Wiener—Hopf equations technique can not be extended
to suggest iterative methods for solving mixed variational
inequalities. To overcome these drawbacks, some iterative
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methods have been suggested for a special cases of the mixed
variational inequalities. For example, if the nonlinear term is
a proper, convex and lower-semicontinuous function, then
one can show that the mixed variational inequalities are equiv-
alent to the fixed point and the resolvent equations. This alter-
native formulation has played a significant part in the
developing various resolvent-type methods for solving mixed
variational inequalities. This equivalent formulation has been
used to suggest and analyze some iterative methods, the con-
vergence of these methods requires that the operator is both
strongly monotone and Lipschitz continuous. Secondly, it is
very difficult to evaluate the resolvent of the operator except
for very simple cases. Noor (2004b) has used the technique
of updating the solution to suggest and analyze some three-
step iterative methods for solving some classes of variational
inequalities and related optimization problems. It has been
shown that three-step iterative methods (Bnouhachem et al.,
2006; Fu, 2008) are more efficient than two-step and one-step
iterative methods. Inspired and motivated by the research
going in this direction. We suggest and analyze a new self-
adaptive method for solving mixed variational inequalities by
using the resolvent operator and a new step size. We prove
the convergence of the proposed method under certain condi-
tions. In numerical experiment, we take a special case of the
proposed method and an example is given to illustrate the effi-
ciency of the proposed method.

2. Preliminaries

Let H be a real Hilbert finite-dimensional space, whose inner
product and norm are denoted by (-,-) and | -||. Let
T:H— H be nonlinear operators. Let O¢ denote the
subdifferential of a proper, convex and lower-semicontinuous
function ¢ : H — RU{+oc}. It is well known that the sub-
differential O¢ is a maximal monotone operator. We consider
the problem of finding u* € H such that

(T )yu—u*) + ou) — o) =0, VYueH, (2.1)

which is called the mixed variational inequality (see Noor,
2003b).

If K is a closed and convex set in H and ¢(u) = Ix(u) is the
indicator function of K defined by

0, if uek;
~+o00, otherwise,

Q@:{

then the problem (2.1) is equivalent to finding u* € K such
that

(T(u"),u—u") 20, Vuek, (2.2)

which is known as the classical variational inequality intro-
duced and studied by Stampacchia (1964). For the applica-
tions, numerical methods and other aspects of the mixed
variational inequalities (see Baiocchi and Capelo, 1984;
Bnouhachem, 2005; Bnouhachem et al., 2006; Brezis, 1973;
Fukushima, 1992; Fu, 2008; Giannessi et al., 2001; Glowinski
et al., 1981; Han and Lo, 2002; He and Liao, 2002; He et al.,
2004; Kinderlehrer and Stampacchia, 2000; Lions and Stam-
pacchia, 1967; Noor, 1997, 1998, 2000, 2002, 2003a,b,
2004a,b; Noor and Bnouhachem, 2005; Peng and Fukushima,
1999; Solodov and Svaiter, 2000; Stampacchia, 1964; Yang
and Bell, 1997) and the references therein.

Definition 2.1. (Brezis, 1973) For any maximal operator 7, the
resolvent operator associated with 7, for any p > 0, is defined
as

Jr() = (I+ pT)"'(4), Yue H. (2.3)

It is well known that the subdifferential O¢(-) of a proper, con-
vex and lower-semicontinuous function ¢(-) is a maximal
monotone operator. Thus, we have

Jo(u) = (I+ p0o(-)™" (u),

We also have the following characterization of the resolvent
operator J,, which plays the crucial part in the analysis of
our results.

Yue H.

Lemma 2.1. [Brezis, 1973] For a given w € H and p > 0, the
inequality

w—=z,z=v)+ po(») —po(z) =20, YWweH

holds if and only if z = J,(w), where J, = (I+ pdp)~" is the
resolvent operator. It follows from Lemma 2.1 that

(= Ty (9), Jo () = ¥) + po (1) — po(Jy ()
=0, VvweH. (2.4)

If @ is the indicator function of a closed convex set Q in H,
then the resolvent operator J,(-) reduces to the projection oper-
ator Pgl-] (see Noor, 1997). It is well known that J,, is nonex-
pansive i.e.,

[ () = o) < llu =V, Vu,v e H. (2.5)
Lemma 2.2. [Noor, 1998] u* € H is solution of the mixed vari-
ational inequality (2.1) if and only if u* € H satisfies the
relation:

u =J,u = pT(u)], (2.6)

where J, = (I + ,06(/))7l is the resolvent operator. From Lemma
2.2, it is clear that u € H is solution of (2.1) if and only if u is a
zero point of the residue vector

i, p) = 1 — Tl — pT(w)].
Throughout this paper, we make following assumptions.

Assumptions:

e T is continuous and pseudomonotone operator on H, that
is

(T(w) — T(v),u—v) =0, VuveH.

e The solution set of problem (2.1), denoted by S%, is
nonempty.

3. Basic results

In this section, we prove some basic properties, which will be
used to establish the sufficient and necessary conditions for
the convergence of the proposed method. The following
lemmas summarize some basic inequalities with respect
to the resolvent operator. We refer to (see, for example,
Bnouhachem, 2005) for the complete proof.
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Lemma 3.1 Bnouhachem (2005). For all u€ H and
o = p>0,it holds that
llrQu, )N = (I, p) | (3.1)
and

" /

)

Lemma 3.2. [Bnouhachem (2005)] If u is not a solution of prob-
lem (2.1), then there exist 6 € (0,1) and € > 0, such that for all
p € (0,€],

PIT(u) = T(Jo[u = pT(w)])[| < 8[lr(u, p)|- (3.3)

Lemma 3.3. Vu € H,u* € S* and p > 0 we have

(g(u) —g(u),d(u, p)) = $(u, p), (3.4)
where
d(u,p) = r(u,p) + pT(J,lu — pT(w)))
and
b, p) = |Ir(w, p)II* = p(r(u, p), T(u) — T(Jo[ue — pT(w)])).
Proof. For any u* € S* solution of problem (2.1), we have
(pT(W"),v—u") + po(v) — po(u’) =0, VveHp>0.
(3.5)

Taking v = J,[u — pT(u)] in (3.5) and using the monotonicity
of T, we obtain
(pT(Jy[u— pT(u)]), Jplu = pT(u)] — u’)

+ pp(Jylu— pT(w)]) — po(u’) > 0. (3.6)

Substituting w = u — pT(u) and v = u* into (2.4), and using the
definition of r(u, p), we get

(r(u, p) = pT(u), Jolu — pT(u)] — ")

+po(’) — p(p(Jm[u —pT(u)]) = 0. (3.7)
Adding (3.6) and (3.7), we have
(r(u,p) = p[T(u) = T(Jy[u — pT(W))])], Jolu — pT(u)] —u") = 0,

which can be rewritten as

(r(u, p) — p[T(u) = T(Jplu — pT(w)])],u —u" — r(u, p)) = 0,
then

(=, r(u, p) + pT(Jp[u — pT(w))) > [|r(u, p)|°

= p(r(u, p), T(u) — T(Jplu — pT(w)])) + (u — ", pT(w)).

Using the monotonicity of 7, the last term in the right side of
the above inequality is positive, we obtain

(u—u' d(u, p)) = r(u, p)|* = p(r(u, p), T(u) = T, u — pT(w)])),

and the conclusion of Lemma 3.3 is proved. O

From Lemmas 3.2 and 3.3 we have

(u—udu,p)) = ¢u,p) = (1=0)|r(u.p)| (3-8)

Taking the above inequality into consideration, we suggest and
consider a new method for solving the mixed variational
inequality (2.1).

Algorithm 3.1. For a given «* € H, find the approximate
solution by the following iterative schemes involving the two-
steps.

Step 1.

i =J, " — p T(W")], (3.9)

where p, satisfies

loe (T(u) — T(@)) || < S|ju* — ||, 0<s<1. (3.10)
Step 2. The new iterate «**! is defined by
=, [u" - akd(uk,pk)],
where
d<uk7pk) _ukiak+pl T(ﬁk)v (311)
& = p(T(") = T(")), (3.12)
D(u*, p) == u" — il + &, (3.13)
¢(U 7pk) . < ( 7:0/())7 (314)
and
2
D(ul;’p*) + uk _ [{k

oy = . (3.15
C D@ py) k| :
Remark 3.1. (3.10) implies that

| — i e < ol —d|]°, 0<d<I. (3.16)

For the convergence analysis of the proposed method, we
need the following results.

Lemma 3.4. For given u* € R" and p, > 0, let ii* and & satisfy
(3.9) and (3.12), then

o @ p) = (1= 6)|u — i|? (3.17)
and

1
Oy = z (3]8)

Proof. It follows from (3.13) and (3.16) that

¢(uk7pk) = <uk - aka D(ukvpk)>
=l = | + (=)
> (1-0)llu — |

Otherwise from (3.10), we have

W — ' D)) = b — P+ (o — i)
k

=1
/21/1

1
= 5 HD(uk7 pk) ”2

i _ 1,y
@\ o+ (=i )+ S [P
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Using Cauchy—Schwartz inequality, we get
.~ 1 .
[ = = EIID(u’,pk)H-

From the above inequality, we obtain

2
_ DG, p)I
4

+ [l — |

1 {w(uk,mnz

2 2

+uf =i +<uk—ﬁk,D(uk,p,\.)>

D(uk7 pk)
2

+ 20k — i, D", py))

= )+ o — )}

1[G, p)II o
>2{” WO o i, DGt )

— i+

D(u*, 2
i X mn}

2

1 : ¢~
= SIDGH py) + bt = P,

which implies that
1
2 bl

we obtain the required result. [

o =

4. Convergence analysis

In this section, we begin to investigate convergence of the pro-
posed method.

Theorem 4.1. Let u* be a solution of problem (2.1) and let 1"+
be the sequence obtained from Algorithm 3.1. Then u* is bounded
and

2_“/(1—5)

ot = < o = P =B o )

Proof. Let u* be a solution of problem (2.1). Then, from
(3.11), we have

! — P < |l — ut — youd(, py)
=l = | = 2y (= w, d () )
+ 7% (s pi) |1,

[
(4.1)
(4.2)

where the inequality follows from the nonexpansive of the
resolvent operator. Let

¢(ak) = 2?°‘k<uk - u*7 d(uk7 pk)> - yzdi”d(uk, pk) Hz

Note that @(a) is a quadratic function of « and it reaches its
maximum at

of = <uk - u*vd(ukvpk»
k .
Plld(, py)II*

and
(D(O‘Z) = '}/OCZ <uk - 14*, d(uk7 pk))

From (3.8) and (4.2), we obtain

* K * 2 *
Wt =P < = |7 — ()
< b = |F = e (1= 8)llr (i, pi) I
K * 2 ’y(l _5) K 2
<ot =P = ==l ) I,

where the last inequality follows from (3.18). Since y > 0 and
0 € (0,1) we have

[ = < o = <<l =]
This shows that the sequence u* is bounded. O
The following result can be proved by similar arguments as
in Bnouhachem et al. (2006). Hence the proof is omitted.
Theorem 4.2. The sequence {u*} generated by the proposed
method converges to a solution point of problem (2.1).
We now describe the new algorithm as follows.
Algorithm 4.1.
Step 0. Let py =1,0:=095< 1,7y =195, >0,k =0 and
u’ e H.

Step 1. If |||r(u, p;)|l.. < €, then stop. Otherwise, go to Step
2

Step 2.

W =Jout — pT(Wh)], & = p(T(@) — T(u")),
41

"= =

While (r > 0)

¢ = p(T(@) = T(w)), =il
end While

Step 3. Set
D@k, py) == uk — ik + &,

d(uk7pk) = uk - ak + ka(Z}k)’

- ’ D(“’;-I’k)+uk7ak|’2

T ID@k )k =it [P

ukﬂ = ‘]lﬂ [Mk - V“kd(uk’ pk)}’

pr *0.7 . .
Step 4. ppy = { ‘ if r <0.5;

O otherwise.
Step 5. k:= k + 1; go to Step 1.

Ol

5. Computational results

In this section, we apply the new method to a traffic equilib-
rium problem, which is a classical and important problem in
transportation science (see, for example, He et al., 2004; Yang
and Bell, 1997). The numerical results show that the new meth-
od is attractive in practice.

Consider a network [N, L] of nodes N and directed links L,
which consists of a finite sequence of connecting links with a
certain orientation. Let a, b, etc., denote the links; p, ¢, etc., de-
note the paths; o denote an origin/destination (O/D) pair of
nodes of the network; P, denotes the set of all paths connect-
ing O/D pair w; u, represent the traffic flow on path p; d,, de-
note the traffic demand between O/D pair w, which must
satisfy

dw: E Up,

peby
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where u, > 0,Vp; and f, denote the link load on link a, which
must satisfy the following conservation of flow equation

f;l = § 54111“117
peEP

where

=1,
ap — 0’

Let 4 be the path-arc incidence matrix of the given problem
and f= {f,,a € L} be the vector of the link load. Since u is the
path-flow, f'is given by
f=ATu.

In addition, let 1 = {t,,a € L} be the row vector of link

costs, with ¢, denoting the user cost of traveling link ¢ which
is given by

4
(fa) = zg[l +0“5(é_:>

where ¢ is the free-flow travel cost on link @ and C, is designed
capacity of link a. Then ¢ is a mapping of the path-flow u and
its mathematical form is

t(u) := t(f) = t(Au).

Note that the travel cost on the path p denoted by 0, is

Op = Z 5nptn(f;1)~

acl

if a is contained in path p;
otherwise.

: (5.1)

Let P denote the set of all the paths concerned. Let
0 ={0,,p € P} be the vector of (path) travel cost. For given
link travel cost vector ¢, 0 is a mapping of the path-flow u,
which is given by

0(u) = At(u) = At(ATu).

Associated with every O/D pair w, there is a travel disutility
Zw(d), which is defined as following:

Jo(d) = —my, log(d,) + q,,- (5.2)

Note that both the path costs and the travel disutilities are
functions of the flow pattern u. The traffic network equilibrium
problem is to seek the path-flow pattern «*, which induces a
demand pattern d° = d(u*), for every O/D pair w and each
path p € P,,

The network used for the numerical test.

Figure 1

T(u) = T, (u) = 0p(u) — Ao (d(u)).

The problem can be reduced to a variational inequality in
the space of path-flow pattern u € R’ such that
(u—uw,T(w)) =20, VYueR], (5.3)

which is a special case of the mixed variational inequality (2.1),
by taking

Table 1
in (5.1).

Link Free-flow
travel time 79

The free-flow cost and the designed capacity of links

Capacity C, Link Free-flow
travel time 70

Capacity C,

1 6 200 7 5 150
2 5 200 8§ 10 150
3 6 200 9 11 200
4 16 200 10 11 200
5 6 100 1115 200
6 1 100 = = =

Table 2 The O/D pairs and the coefficient m and ¢ in (5.2).

No. of the pair O/D pair My, q,

1 (1,7) 25 25log 600
2 2,7) 33 3310g 500
3 3,7) 20 20log 500
4 6,7) 20 20log400

Table 3 Numerical results for different &.

Different ¢  Algorithm 4.1 The method in
Bnouhachem et al. (2006)
k 1 CPU (Sec.) k 1 CPU (Sec.)
1074 31 71 0.031 85 185 0.04
1073 35 79 0.047 103 221 0.06
10°¢ 42 96 0.51 120 255 0.07
1077 48 109 0.6 138 291 0.08
1078 54 122 0.72 155 325  0.09

Table 4 The optimal path-flow.

O/D pair Path No. Link of path  Optimal path-flow
O/D pair (1,7) 1 (1,3) 165.3145
2 2,4) 0
3 (11) 138.5735
4 (5,1,3) 82.5281
5 (5,2,4) 0
O/D pair (2,7) 6 (5,11) 55.7871
7 (8,6,4) 0
8 (8,9) 87.0260
O/D pair (3,7) 9 (7,3) 19.7549
10 (10) 229.9747
O/D pair (6,7) 11 ©) 178.5600
12 (6,4) 0
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Table 5 The optimal link flow.

Link No. Link flow Link No. Link flow Link No. Link flow Link No. Link flow
1 247.8426 4 0 7 19.7549 10 229.9747
2 0 5 138.3152 8 87.0260 11 194.3606
3 267.5974 6 0 9 265.5860 - -
0, if ue R; Fukushima, M., 1992. Equivalent differentiable optimization problems
o(u) = +o0. otherwise. and descent methods for asymmetric variational inequality prob-

For the comparison sake, we consider the same example
studied in He et al. (2004) and Yang and Bell (1997). The net-
work is depicted in Fig. 1. The free-flow travel cost and the de-
signed capacity of links (5.1) are given in Table 1, the O/D
pairs and the coefficient m and ¢ in the disutility function
(5.2) are given in Table 2. For this example, there are together
12 paths for the 4 given O/D pairs listed in Table 4.

In all tests we take 6 = 0.95 and y = 1.95. All iterations
start with «® = (1,..., l)T and p, = 1, and stopped whenever
lr(u, p)||, < & All codes are written in Matlab and run on a
P4-2.00G note book computer. The test results of Algorithm
4.1 and the method in Bnouhachem et al. (2006) for different
¢ are reported in Table 3. k is the number of iterations and 1
denotes the number of evaluations of mapping 7. For the case
¢=10"%, the optimal path-flow and link flow are given in
Tables 4 and 5, respectively. The numerical experiments show
that the new method is more flexible and efficient to solve the
traffic equilibrium problem.
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