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1. Introduction because data for a real life complicated problems are sometimes
After Zadeh (1965) has established the fundamental concept of
fuzzy sets, numerous generalizations of fuzzy sets are discussed,
for instance, interval valued fuzzy sets, intuitionistic fuzzy sets,
hesitant fuzzy sets and fuzzy multisets, etc. In 1994, Zhang
(1994) generalized the idea of fuzzy sets and gave the notion of
bipolar fuzzy sets on a given set X as a map which associates each
element of X to a real number in the interval [�1, 1]. In many prob-
lems, bipolar information are used, for instance, cooperation and
competition, common interests and conflict of interests, friendship
and hostility are the two-sided knowledge. In 2014, Chen et al.
(2014) extended the concept of bipolar fuzzy sets to obtain the
notion of m-polar fuzzy sets and showed that bipolar fuzzy sets
and 2-polar fuzzy sets are cryptomorphic mathematical tools.
The idea behind this is that multipolar information (not just bipo-
lar information which corresponds to two valued logic) arise
come from n factors n P 2ð Þ. For example, Malaysia is a good coun-
try. The truth value of this statement may not be a real number in
[0, 1]. Being a good country may have several components: good in
tourism, good in public transport system, good in political aware-
ness, etc. Each component may be a real number in [0, 1]. If n is the
number of such components under consideration, then the truth
value of the fuzzy statement is a n-tuple of real numbers in [0,
1], that is, an element of [0, 1]n.

The notion of logical algebras: BCK-algebras was introduced by
Imai and Iséki (1966) as a generalization of both classical and non-
classical propositional calculi. In the same year, Iséki (1966) intro-
duced BCI-algebras as a super class of the class of BCK-algebras.
Meng (1991) introduced the concept of commutative ideals in
BCK-algebras, and investigated some important results. Xi (1991)
applied the concept of fuzzy sets to BCK-algebras. Jun and Roh
(1994) studied fuzzy commutative ideals in BCK-algebras. Since
then, the concepts and results of BCK/BCI-algebras have been
developed to the fuzzy and fuzzy soft setting frames (Al-
Masarwah and Ahmad, 2018a,b,c; Jun et al., 2013, 2014, 2017a,b,
2018a,b; Kim et al., 2018; Lee, 2009; Lee et al., 2012; Muhiuddin
et al., 2017, 2018; Song et al., 2017; Zhang et al., 2017).

Recently, the notion of m-polar fuzzy set theory was applied to
graph theory (Akram and Sarwar, 2018), matroid theory (Sarwar
and Akram, 2017), and some algebraic structures such as groups
(Farooq et al., 2016), Lie subalgebras (Akram et al., 2016) and Lie
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ideals (Akram and Farooq, 2016). In this paper, we discuss the
notion of m-polar fuzzy sets with an application to BCK/BCI-
algebras. We introduce the notions of m-polar fuzzy subalgebras
and m-polar fuzzy (closed, commutative) ideals, and then we
investigate several properties. We give characterizations of m-
polar fuzzy subalgebras and m-polar fuzzy (commutative) ideals.
We discuss relations between m-polar fuzzy subalgebras, m-polar
fuzzy ideals and m-polar fuzzy commutative ideals.

2. Preliminaries

We first recall some elementary aspects which are used to pre-
sent the paper. Throughout this paper, X always denotes a BCK/BCI-
algebra without any specifications.

Definition 2.1. Imai and Iséki (1966), Iséki (1966) An algebra
X; �;0ð Þ of type (2, 0) is called a BCI-algebra if it satisfies the
following axioms:
(I) x � yð Þ � x � zð Þð Þ � z � yð Þ ¼ 0,
(II) x � x � yð Þð Þ � y ¼ 0,
(III) x � x ¼ 0,
(IV) x � y ¼ 0 and y � x ¼ 0 imply x ¼ y.

for all x; y; z 2 X. If a BCI-algebra X satisfies 0 � x ¼ 0 for all x 2 X,
then X is called a BCK-algebra. We can define a partial ordering 6
by

8x 2 Xð Þ x 6 y () x � y ¼ 0ð Þ:
In a BCK/BCI-algebra X, the following hold:

8x 2 Xð Þ x � 0 ¼ xð Þ; ð1Þ
8x; y; z 2 Xð Þ x � yð Þ � z ¼ x � zð Þ � yð Þ: ð2Þ
A BCK-algebra X is said to be commutative if it satisfies the follow-
ing equality:

8x; y 2 Xð Þ x!̂y ¼ y!̂x
� �

; ð3Þ

where x!̂y ¼ x � x � yð Þ.

Definition 2.2. Xi (1991) A non-empty subset I of a BCK/BCI-
algebra X is called a subalgebra of X if x � y 2 I for all x; y 2 I.
Definition 2.3. Xi (1991) A non-empty subset S of a BCK/BCI-
algebra X is called an ideal of X if it satisfies the following:

0 2 S; ð4Þ
8x; y 2 Xð Þ x � y 2 S; y 2 S ) x 2 Sð Þ: ð5Þ
Definition 2.4. Meng (1991) A non-empty subset S of a BCK-
algebra X is called a commutative ideal of X if it satisfies (4) and

8x; y; z 2 Xð Þ x � yð Þ � z 2 S; z 2 S ) x � y!̂x
� �

2 S
� �

: ð6Þ
Table 1
Cayley table for the ⁄-operation.

⁄ 0 a b c

0 0 0 0 0
a a 0 0 a
b b a 0 b
c c c c 0
Lemma 2.5. Meng and Jun (1994) An ideal S of a BCK-algebra X is
commutative if and only if the following assertion is valid:

8x; y 2 Xð Þ x � y 2 S ) x � y!̂x
� �

2 S
� �

: ð7Þ

We refer the reader to the books (Huang, 2006; Meng and Jun,
1994) and the paper (Iséki and Tanaka, 1978) for further informa-
tion regarding BCK/BCI-algebras.
Definition 2.6. Chen et al. (2014) Anm-polar fuzzy set bQ on a non-

empty set X is a mapping bQ : X ! 0;1½ �m. The membership value of
every element x 2 X is denoted by

bQ xð Þ ¼ p1 � bQ xð Þ; p2 � bQ xð Þ; . . . ;pm � bQ xð Þ
� �

where pi � bQ : 0;1½ �m ! 0;1½ � is defined the i-th projection mapping.

Note that 0;1½ �m (m-th-power of [0,1]) is considered as a poset
with the pointwise order 6, where m is an arbitrary ordinal num-
ber (we make an appointment that m ¼ njn < mf g when m > 0), 6
is defined by

x 6 y () pi xð Þ 6 pi yð Þ
for each i 2 m x; y 2 0;1½ �m� �

, and pi : 0;1½ �m ! 0;1½ � is the i-th projec-

tionmapping i 2 mð Þ. It is easy to see that b0 ¼ 0;0; . . . ;0ð Þ is thesmall-

est value in 0;1½ �m and b1 ¼ 1;1; . . . ;1ð Þ is the largest value in 0;1½ �m.

3. m-Polar fuzzy subalgebras and (commutative) ideals

In this section, we introduce the notions of m-polar fuzzy sub-
algebras,m-polar fuzzy ideals and m-polar fuzzy commutative ide-
als in BCK/BCI-algebras and investigate some of their related
properties.

Definition 3.1. An m-polar fuzzy set bQ of X is called an m-polar
fuzzy subalgebra if the following assertion is valid:

8x; y 2 Xð Þ bQ x � yð Þ P inf bQ xð Þ; bQ yð Þ
n o� �

: ð8Þ

That is,

8x; y 2 Xð Þ pi � bQ x � yð Þ P inf pi � bQ xð Þ;pi � bQ yð Þ
n o� �

for each i ¼ 1;2; . . . ;m.
Example 3.2. Let X ¼ 0; a; b; cf g be a BCK-algebra with the Cayley
table which is appeared in Table 1.

Define a 4-polar fuzzy set bQ : X ! 0;1½ �4 by:

bQ xð Þ ¼

0:3;0:4;0:5;0:8ð Þ; if x ¼ 0
0:2;0:3;0:4;0:3ð Þ; if x ¼ a

0:1;0:2;0:3;0:2ð Þ; if x ¼ b

0:2;0:3;0:5;0:5ð Þ; if x ¼ c:

8>>><>>>:
It is routine to verify that bQ is a 4-polar fuzzy subalgebra of X.

For any m-polar fuzzy set bQ on X andbr ¼ r1;r2; . . . ;rmð Þ 2 0;1½ �m, the setbQ br� � ¼ x 2 XjbQ xð Þ P brn o
is called the br-level cut set of bQ , and the setbQ sbr� � ¼ x 2 XjbQ xð Þ > brn o
is called the strong br-level cut set of bQ .



Table 2
Cayley table for the ⁄-operation.

⁄ 0 a 1 2 3

0 0 0 3 2 1
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Theorem 3.3. Let bQ be an m-polar fuzzy set of X. Then bQ is an m-

polar fuzzy subalgebra of X if and only if bQ br� � – / is a subalgebra of X

for all br ¼ r1;r2; . . . ;rmð Þ 2 0;1½ �m.

a a 0 3 2 1
1 1 1 0 3 2
2 2 2 1 0 3
3 3 3 2 1 0
Proof. Assume that bQ is an m-polar fuzzy subalgebra of X and letbr 2 0;1½ �m be such that bQ br� � –£. Let x; y 2 bQ br� �. Then bQ xð Þ P br

and bQ yð Þ P br. It follows from (8) that bQ x � yð Þ P
inf bQ xð Þ; bQ yð Þ

n o
P br, so that x � y 2 bQ br� �. Hence, bQ br� � is a subal-

gebra of X.

Conversely, assume that bQ br� � is a subalgebra of X. Suppose that

there exist a; b 2 X such that bQ a � bð Þ < inf bQ að Þ; bQ bð Þ
n o

. Then

there exists ba ¼ a1;a2; . . . ;amð Þ 2 0;1½ �m such thatbQ a � bð Þ < ba 6 inf bQ að Þ; bQ bð Þ
n o

. It follows that a; b 2 bQ ba� �, but

a � b R bQ ba� �. This is a contradiction, and so bQ x � yð Þ P

inf bQ xð Þ; bQ yð Þ
n o

for all x; y 2 X. Therefore bQ is an m-polar fuzzy

subalgebra of X. h
Corollary 3.4. If bQ is an m-polar fuzzy subalgebra of X, thenbQ sbr� � –£ is a subalgebra of X for all br 2 0;1½ �m.
Proof. Straightforward. h
Lemma 3.5. Every m-polar fuzzy subalgebra bQ of X satisfies the fol-
lowing inequality:

8x 2 Xð Þ bQ 0ð Þ P bQ xð Þ
� �

: ð9Þ
Proof. Note that x � x ¼ 0 for all x 2 X. Using (8), we havebQ 0ð Þ ¼ bQ x � xð Þ P inf bQ xð Þ; bQ xð Þ
n o

¼ bQ xð Þ for all x 2 X. h
Proposition 3.6. If every m-polar fuzzy subalgebra bQ of X satisfies
the following inequality:

8x; y 2 Xð Þ bQ x � yð Þ P bQ yð Þ
� �

; ð10Þ

then bQ xð Þ ¼ bQ 0ð Þ.
Proof. Let x 2 X. Using (1) and (10), we havebQ xð Þ ¼ bQ x � 0ð Þ P bQ 0ð Þ. It follows from Lemma 3.5 thatbQ xð Þ ¼ bQ 0ð Þ. h
Definition 3.7. An m-polar fuzzy set bQ of X is called an m-polar
fuzzy ideal if the following assertion is valid:

8x; y 2 Xð Þ bQ 0ð Þ P bQ xð Þ P inf bQ x � yð Þ; bQ yð Þ
n o� �

: ð11Þ

That is,

8x; y 2 Xð Þ pi � bQ 0ð Þ P pi � bQ xð Þ P inf pi � bQ x � yð Þ;pi � bQ yð Þ
n o� �

for each i ¼ 1;2; . . . ;m.
Example 3.8. Let X ¼ 0; a;1;2;3f g be a BCI-algebra with the Cayley
table which is appeared in Table 2.

Define a 4-polar fuzzy set bQ : X ! 0;1½ �4 by:

bQ xð Þ ¼

ð0:5;0:6;0:6;0:7Þ; if x ¼ 0
ð0:4;0:5;0:5;0:7Þ; if x ¼ a
ð0:2;0:3;0:3;0:2Þ; if x ¼ 1;3
ð0:3;0:4;0:4;0:5Þ; if x ¼ 2:

8>>><>>>:
It is routine to verify that bQ is a 4-polar fuzzy ideal of X.
Proposition 3.9. If bQ is an m-polar fuzzy ideal of X, then

8x; y 2 Xð Þ x 6 y ) bQ xð Þ P bQ yð Þ
� �

: ð12Þ
Proof. Let x; y 2 X be such that x 6 y. Then x � y ¼ 0, and sobQ xð Þ P inf bQ x � yð Þ; bQ yð Þ
n o

¼ inf bQ 0ð Þ; bQ yð Þ
n o

¼ bQ yð Þ. This com-

pletes the proof. h
Proposition 3.10. Let bQ be an m-polar fuzzy ideal of X. Then the fol-
lowing are equivalent:

(i) 8x; y 2 Xð Þ bQ x � yð Þ P bQ x � yð Þ � yð Þ
� �

,

(ii) 8x; y; z 2 Xð Þ bQ x � zð Þ � y � zð Þð Þ P bQ x � yð Þ � zð Þ
� �

.

Proof. Assume that (i) is valid and let x; y; z 2 X. Since

x � y � zð Þð Þ � zð Þ � z ¼ x � zð Þ � y � zð Þð Þ � z
6 x � yð Þ � z:

It follows from Proposition 3.9 that bQ x � zð Þ � y � zð Þð Þ � zð Þ PbQ x � yð Þ � zð Þ. Using (2) and (i), we havebQ x � zð Þ � y � zð Þð Þ ¼bQ x � y � zð Þð Þ � zð Þ
PbQ x � y � zð Þð Þ � zð Þ � zð Þ
PbQ x � yð Þ � zð Þ:

Conversely, suppose that (ii) holds. If we use z instead of y in (ii),
thenbQ x � zð Þ ¼bQ x � zð Þ � 0ð Þ

¼bQ x � zð Þ � z � zð Þð Þ
PbQ x � zð Þ � zð Þ

for all x; z 2 X by using (III) and (1). h
Theorem 3.11. Let bQ be an m-polar fuzzy set of X. Then bQ is an m-
polar fuzzy ideal of X if and only if it satisfies

8br 2 0;1½ �m� � bQ br� � –£ ) bQ br� � is an ideal of X
� 	

: ð13Þ
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Proof. Assume that bQ is an m-polar fuzzy ideal of X. Letbr ¼ r1;r2; . . . ;rmð Þ 2 0;1½ �m be such that bQ br� � –£. Obviously,

0 2 bQ br� �. Let x; y 2 X be such that x � y 2 bQ br� � and y 2 bQ br� �. Then
bQ x � yð Þ P br and bQ yð Þ P br. It follows from (11) thatbQ xð Þ P inf bQ x � yð Þ; bQ yð Þ

n o
P br, so that x 2 bQ br� �. Hence, bQ br� � is

an ideal of X.

Conversely, suppose that (13) is valid. If there exists h 2 X such

that bQ 0ð Þ < bQ hð Þ, then bQ 0ð Þ < brh 6 bQ hð Þ for somebrh ¼ rh1 ;rh2 ; . . . ;rhm

� � 2 0;1½ �m. Then 0 R bQ brh

� � which is a con-

tradiction. Hence bQ 0ð Þ P bQ xð Þ for all x 2 X. Now, assume that

there exist h; q 2 X such that bQ hð Þ < inf bQ h � qð Þ; bQ qð Þ
n o

. Then

there exists bb ¼ b1; b2; . . . ; bmð Þ 2 0;1½ �m such thatbQ hð Þ < bb 6 inf bQ h � qð Þ; bQ qð Þ
n o

. It follows that h � q 2 bQ bb� � and

q 2 bQ bb� �, but h R bQ bb� �. This is impossible, and so

bQ xð Þ P inf bQ x � yð Þ; bQ yð Þ
n o

for all x; y 2 X. Therefore, bQ is an m-

polar fuzzy ideal of X. h
Corollary 3.12. If bQ is an m-polar fuzzy ideal of X, then bQ sbr� � –£ is

an ideal of X for all br 2 0;1½ �m.
Proof. Straightforward. h

For any element x of X, we consider the set

Xx ¼ x 2 XjbQ xð Þ P bQ xð Þ
n o

: ð14Þ

Obviously, x 2 Xx, and so Xx is a non-empty subset of X.

Theorem 3.13. Let x be an element of X. If bQ is an m-polar fuzzy
ideal of X, then the set Xx is an ideal of X.
Proof. Obviously, 0 2 Xx by (11). Let x; y 2 X be such that

x � y 2 Xx and y 2 Xx. Then bQ x � yð Þ P bQ xð Þ and bQ yð Þ P bQ xð Þ.
Since bQ is an m-polar fuzzy ideal of X, it follows from (11) thatbQ xð Þ P inf bQ x � yð Þ; bQ yð Þ

n o
P bQ xð Þ, so that x 2 Xx. Hence, Xx is

an ideal of X. h
Proposition 3.14. Let bQ be an m-polar fuzzy ideal of X. If X satisfies
the following assertion:

8x; y; z 2 Xð Þ x � y 6 zð Þ; ð15Þ

then bQ xð Þ P inf bQ yð Þ; bQ zð Þ
n o

for all x; y; z 2 X.
Proof. Assume that (15) is valid in X. ThenbQ x � yð Þ P inf bQ x � yð Þ � zð Þ; bQ zð Þ
n o

¼ inf bQ 0ð Þ; bQ zð Þ
n o

¼ bQ zð Þ for

all x; y; z 2 X. It follows that bQ xð Þ P inf bQ x � yð Þ; bQ yð Þ
n o

P

inf bQ yð Þ; bQ zð Þ
n o

for all x; y; z 2 X. This completes the proof. h
Theorem 3.15. For any BCK-algebra X, every m-polar fuzzy ideal is
an m-polar fuzzy subalgebra.
Proof. Let bQ be an m-polar fuzzy ideal of a BCK-algebra X and let
x; y 2 X. ThenbQ x � yð Þ P inf bQ x � yð Þ � xð Þ; bQ xð Þ

n o
¼ inf bQ x � xð Þ � yð Þ; bQ xð Þ

n o
¼ inf bQ 0 � yð Þ; bQ xð Þ

n o
¼ inf bQ 0ð Þ; bQ xð Þ

n o
P inf bQ xð Þ; bQ yð Þ

n o
:

Therefore, bQ is an m-polar fuzzy subalgebra of X. h

The converse of Theorem 3.15 is not true in general as seen in
the following example.

Example 3.16. Consider a BCK-algebra X ¼ 0; a; b; cf g which is

given in Example 3.2. Define a 3-polar fuzzy set bQ : X ! 0;1½ �3 by:

bQ xð Þ ¼ 0:3;0:7;0:8ð Þ; if x ¼ 0; b
0:1;0:4;0:5ð Þ; if x ¼ a; c:



Then bQ is a 3-polar fuzzy subalgebra of X. But it is not a 3-polar

fuzzy ideal of X, since bQ að Þ ¼ 0:1;0:4;0:5ð Þ < 0:3;0:7;0:8ð Þ ¼
inf bQ a � bð Þ; bQ bð Þ

n o
.

Theorem 3.15 is not valid in a BCI-algebra, that is, if X is a BCI-
algebra, then there is an m-polar fuzzy ideal that is not an m-polar
fuzzy subalgebra, as seen in the following example.

Example 3.17. Consider a BCI-algebra X ¼ Y � Z, where Y; �; 0ð Þ is
a BCI-algebra and Z;�; 0ð Þ is the adjoint BCI-algebra of the additive
group Z;þ;0ð Þ of integers (see Huang, 2006). Let A ¼ Y �N, where
N is the set of nonnegative integers. Define an m-polar fuzzy setbQ : X ! 0;1½ �m as follows:

bQ xð Þ ¼ 0:7;0:7; . . . ;0:7ð Þ; x 2 A

0:2;0:2; . . . ;0:2ð Þ; x R A:



Then bQ is an m-polar fuzzy ideal of X. If we take x ¼ 0;0ð Þ and

y ¼ 0;1ð Þ, then z ¼ x � y ¼ 0;0ð Þ � 0;1ð Þ ¼ 0;�1ð Þ, and so bQ x � yð Þ ¼bQ zð Þ ¼ 0:2; 0:2; . . . ; 0:2ð Þ < 0:7; 0:7; . . . ;0:7ð Þ ¼ inf bQ xð Þ; bQ yð Þ
n o

.

Therefore, bQ is not an m-polar fuzzy subalgebra of X.
Definition 3.18. Let X be a BCI-algebra. Anm-polar fuzzy ideal bQ of
X is said to be closed if it is also an m-polar fuzzy subalgebra of X.
Example 3.19. Consider a BCI-algebra X ¼ 0; a;1;2;3f g which is

given in Example 3.8. Define a 4-polar fuzzy set bQ : X ! 0;1½ �4 by:

bQ xð Þ ¼
0:5;0:6;0:8;0:9ð Þ; if x ¼ 0
0:3;0:4;0:6;0:7ð Þ; if x ¼ a

0:2;0:3;0:5;0:6ð Þ; if x ¼ 1;2;3:

8><>:
Then bQ is a closed 4-polar fuzzy ideal of X.
Theorem 3.20. Let X be a BCI-algebra and let bQ be an m-polar
fuzzy set of X given as follows:

bQ xð Þ ¼
bt ¼ t1; t2; . . . ; tmð Þ; if x 2 Xþbs ¼ s1; s2; . . . ; smð Þ; otherwise

(
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where bt;bs 2 0;1½ �m with bt > bs and Xþ ¼ x 2 Xj0 6 xf g. Then bQ is a
closed m-polar fuzzy ideal of X.
Proof. Since 0 2 Xþ, we have bQ 0ð Þ ¼ bt ¼ t1; t2; . . . ; tmð Þ P bQ xð Þ for
all x 2 X. Let x; y 2 X. If x 2 Xþ, thenbQ xð Þ ¼ bt ¼ t1; t2; . . . ; tmð Þ P inf bQ x � yð Þ; bQ yð Þ

n o
:

Assume that x R Xþ. If x � y 2 Xþ, then y R Xþ; and if y 2 Xþ, then
x � y R Xþ. In either case, we get

bQ xð Þ ¼ bs ¼ s1; s2; . . . ; smð Þ ¼ inf bQ x � yð Þ; bQ yð Þ
n o

:

For any x; y 2 X, if any one of x and y does not belong to Xþ, thenbQ x � yð Þ P bs ¼ s1; s2; . . . ; smð Þ ¼ inf bQ xð Þ; bQ yð Þ
n o

:

If x; y 2 Xþ, then x � y 2 Xþ, and so

bQ x � yð Þ ¼ bt ¼ t1; t2; . . . ; tmð Þ ¼ inf bQ xð Þ; bQ yð Þ
n o

:

Therefore, bQ is a closed m-polar fuzzy ideal of X. h
Proposition 3.21. Every closed m-polar fuzzy ideal bQ of a BCI-
algebra X satisfies the following assertion:

8x 2 Xð Þ bQ 0 � xð Þ P bQ xð Þ
� �

: ð16Þ
Proof. For any x 2 X, we have bQ 0 � xð Þ P inf bQ 0ð Þ; bQ xð Þ
n o

P

inf bQ xð Þ; bQ xð Þ
n o

¼ bQ xð Þ. This completes the proof. h
Proposition 3.22. Let X be a BCI-algebra. If bQ is an m-polar fuzzy

ideal of X that satisfies the condition (16), then bQ is an m-polar fuzzy
subalgebra and hence is a closed m-polar fuzzy ideal of X.
Proof. Note that x � yð Þ � x 6 0 � y for all x; y 2 X. Using Proposition
3.14 and the condition of Eq. (16), we have

bQ x � yð Þ P inf bQ xð Þ; bQ 0 � yð Þ
n o

P inf bQ xð Þ; bQ yð Þ
n o

:

Hence bQ is an m-polar fuzzy subalgebra of X and therefore bQ is a
closed m-polar fuzzy ideal of X. h
Table 3
Cayley table for the ⁄-operation.

⁄ 0 1 2 3 4
Definition 3.23. Let X be a BCK-algebra. An m-polar fuzzy set bQ of
X is called an m-polar fuzzy commutative ideal of X if the following
assertions are valid:

8x 2 Xð Þ bQ 0ð Þ P bQ xð Þ
� �

; ð17Þ

8x; y; z 2 Xð Þ bQ x � y!̂x
� �� �

P inf bQ x � yð Þ � zð Þ; bQ zð Þ
n o� �

: ð18Þ

That is,

8x2Xð Þ pi � bQ 0ð ÞPpi � bQ xð Þ
� �

;

8x;y;z2Xð Þ pi � bQ x� y!̂x
� �� �

P inf pi � bQ x�yð Þ� zð Þ;pi � bQ zð Þ
n o� �

for each i ¼ 1;2; . . . ;m.

0 0 0 0 0 0
1 1 0 1 0 0
2 2 2 0 0 0
3 3 3 3 0 0
4 4 4 4 3 0
Example 3.24. Consider a BCK-algebra X ¼ 0; a; b; cf g which is

given in Example 3.2. Define an m-polar fuzzy set bQ : X ! 0;1½ �m
by:
bQ xð Þ ¼
ba ¼ a1;a2; . . . ;amð Þ; if x ¼ 0bb ¼ b1;b2; . . . ; bmð Þ; if x ¼ abc ¼ c1; c2; . . . ; cmð Þ; if x ¼ b; c;

8><>:
where ba; bb; bc 2 0;1½ �m and ba > bb > bc. It is routine to verify that bQ is
an m-polar fuzzy commutative ideal of X.
Theorem 3.25. Every m-polar fuzzy commutative ideal of a BCK-
algebra X is an m-polar fuzzy ideal of X.
Proof. Let bQ be an m-polar fuzzy commutative ideal of a BCK-
algebra X. For any x; z 2 X, we havebQ xð Þ ¼bQ x � 0!̂x

� �� �
P inf bQ x � 0ð Þ � zð Þ; bQ zð Þ

n o
¼ inf bQ x � zð Þ; bQ zð Þ

n o
:

Hence, bQ is an m-polar fuzzy ideal of X. h

The converse of Theorem 3.25 is not true in general as seen in
the following example.

Example 3.26. Let X ¼ 0;1;2;3;4f g be a set with the Cayley table
which is appeared in Table 3.

Then X is a BCK-algebra Meng (1991). Define an m-polar fuzzy

set bQ : X ! 0;1½ �m by:

bQ xð Þ ¼
ba ¼ a1;a2; . . . ;amð Þ; if x ¼ 0bb ¼ b1;b2; . . . ; bmð Þ; if x ¼ 1bc ¼ c1; c2; . . . ; cmð Þ; if x ¼ 2;3;4;

8><>:
where ba; bb; bc 2 0;1½ �m and ba > bb > bc. Then bQ is an m-polar fuzzy
ideal of X. But it is not an m-polar fuzzy commutative ideal of X,

since bQ 2 � 3^!2
� �� �

< inf bQ 2 � 3ð Þ � 0ð Þ; bQ 0ð Þ
n o

.

We consider characterizations of anm-polar fuzzy commutative
ideal of a BCK-algebra X.

Theorem 3.27. Let bQ be an m-polar fuzzy ideal of a BCK-algebra X.

Then bQ is an m-polar fuzzy commutative ideal of X if and only if the
following assertion is valid:

8x; y 2 Xð Þ bQ x � y^! x
� �� �

P bQ x � yð Þ
� �

: ð19Þ
Proof. Assume that bQ is an m-polar fuzzy commutative ideal of a
BCK-algebra X. Then assertion (19) is by taking z ¼ 0 in (18) and
using (1) and (17); then we get (19).

Conversely, suppose that an m-polar fuzzy ideal bQ of a BCK-
algebra X satisfies the condition (19). Then

8x; y; z 2 Xð Þ bQ x � yð Þ P inf bQ x � yð Þ � zð Þ; bQ zð Þ
n o� �

: ð20Þ
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It follows that the condition (18) is induced by (19) and (20). There-

fore, bQ is an m-polar fuzzy commutative ideal of X. h
Theorem 3.28. In a commutative BCK-algebra X, every m-polar fuzzy
ideal is an m-polar fuzzy commutative ideal.

Proof. Let bQ be an m-polar fuzzy ideal of a commutative
BCK-algebra X. Using (I) and (2), we have

x � y!̂x
� �� �

� x � yð Þ � zð Þ
� �

� z ¼ x � y!̂x
� �� �

� z
� �

� x � yð Þ � zð Þ

6 x � y!̂x
� �� �

� x � yð Þ

¼ x!̂y
� �

� y!̂x
� �

¼ 0;

and so x � y!̂x
� �� �

� x � yð Þ � zð Þ
� �

� z ¼ 0, i.e., x � y!̂x
� �� �

�
x � yð Þ � zð Þ 6 z for all x; y; z 2 X. Since bQ is an m-polar fuzzy ideal,

it follows from Proposition 3.14, bQ x � y!̂x
� �� �

P

inf bQ x � yð Þ � zð Þ; bQ zð Þ
n o

. Hence, bQ is an m-polar fuzzy commutative

ideal of X. h
Theorem 3.29. Let bQ be an m-polar fuzzy set of a BCK-algebra X.

Then bQ is an m-polar fuzzy commutative ideal of X if and only if it
satisfies

8br 2 0;1½ �m� � bQ br� � – £ ) bQ br� � is a commutative ideal of X
� 	

:

ð21Þ
Proof. Let bQ be an m-polar fuzzy commutative ideal of X. Then bQ
is an m-polar fuzzy ideal of X, and so every non-empty r-level cut
set bQ br� � of bQ is an ideal of X. Let x; y; z 2 X be such that

x � yð Þ � z 2 bQ br� � and z 2 bQ br� �. Then bQ x � yð Þ � zð Þ P br and

bQ zð Þ P br. It follows from (18) that

bQ x � y^! x
� �� �

P inf bQ x � yð Þ � zð Þ; bQ zð Þ
n o

P br;
so that x � y!̂x

� �
2 bQ br� �. Hence bQ br� � is a commutative ideal of X.

Conversely, suppose that (21) is valid. Obviously, bQ 0ð Þ P bQ xð Þ
for all x 2 X. Let bQ x � yð Þ � zð Þ ¼ ba ¼ a1;a2; . . . ;amð Þ andbQ zð Þ ¼ bb ¼ b1; b2; . . . ; bmð Þ for all x; y; z 2 X. Then x � yð Þ � z 2 bQ ba� �
and z 2 bQ bb� �. Without loss of generality, we may assume that

ba 6 bb. Then bQ bb� �# bQ ba� �, and so z 2 bQ ba� �. Since bQ ba� � is a

commutative ideal of X by hypothesis, we obtain that

x � y!̂x
� �

2 bQ ba� �, and so
bQ x � y^! x
� �� �

P ba ¼ inf ba; bbn o
¼ inf bQ x � yð Þ � zð Þ; bQ zð Þ

n o
:

Therefore, bQ is an m-polar fuzzy commutative ideal of X. h
Corollary 3.30. If bQ is an m-polar fuzzy commutative ideal of a

BCK-algebra X, then bQ sbr� � –£ is a commutative ideal of X for all

br 2 0;1½ �m.
Proof. Straightforward. h
Theorem 3.31. Let X be a BCK-algebra and let f : X ! X be an injec-

tive mapping. Given an m-polar fuzzy set bQ of X, the following are
equivalent:

(1) bQ is an m-polar fuzzy commutative ideal of X, satisfying the
following condition:
8x 2 Xð Þ bQ f xð Þð Þ ¼ bQ xð Þ
� �

: ð22Þ
(2) bQ br� � is a communicative ideal of bQ , satisfying the following

condition:
f bQ br� �� 	
¼ bQ br� �: ð23Þ
Proof. Let bQ be an m-polar fuzzy commutative ideal of X, satisfy-

ing condition (22). Then bQ br� � is a communicative ideal of bQ by

Theorem 3.29. Let br ¼ r1;r2; . . . ;rmð Þ 2 Im bQ� �
and x 2 bQ br� �.

Then bQ f xð Þð Þ ¼ bQ xð Þ P br. Thus f xð Þ 2 bQ br� �, which shows that

f bQ br� �� 	
# bQ br� �. Let y 2 X be such that f yð Þ ¼ x. Then

bQ yð Þ ¼ bQ f yð Þð Þ ¼ bQ xð Þ P br, which implies that y 2 bQ br� �. Thus,

x ¼ f yð Þ 2 f bQ br� �� 	
, and so bQ br� �# f bQ br� �� 	

. Therefore (23) is

valid.

Conversely, assume that bQ br� � is a commutative ideal of bQ ,

satisfying the condition (23). Then bQ is an m-polar fuzzy commu-

tative ideal of X by Theorem 3.29. Let x 2 X be such that bQ xð Þ ¼ br.
Note that
bQ xð Þ ¼ br () x 2 bQ br� � and x R bQ bc� � for all br < bc:
It follows from (23) that f xð Þ 2 bQ br� �. Hence, bQ f xð Þð Þ P br. Let

bc ¼ bQ f xð Þð Þ. If br < bc, then f xð Þ 2 bQ bc� � ¼ f bQ bc� �� 	
which implies

from the injectivity of f that x 2 bQ bc� �, a contradiction. Hence,

bQ f xð Þð Þ ¼ br ¼ bQ xð Þ. This completes the proof. h
Theorem 3.32. Letx be an element of a BCK-algebra X. If bQ is an m-
polar fuzzy commutative ideal of X, the set Xx in Eq. (14) is a commu-
tative ideal of X.
Proof. If bQ is anm-polar fuzzy commutative ideal of a BCK-algebra
X, then it is an m-polar fuzzy ideal of X and so Xx is an ideal of X by

Theorem 3.13. Let x � y 2 Xx for any x; y 2 X. Then bQ x � yð Þ P bQ xð Þ.
It follows from Theorem 3.27 that

bQ x � y^! x
� �� �

P bQ x � yð Þ P bQ xð Þ:

Hence, x � y!̂x
� �

2 Xx, and therefore Xx is a commutative ideal of

X by Lemma 2.5. h
Theorem 3.33. Any commutative ideal of a BCK-algebra X can be
realized as level commutative ideals of some m-polar fuzzy commuta-
tive ideal of X.
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Proof. Suppose C is a commutative ideal of BCK-algebra X and letbQ be an m-polar fuzzy set in X defined by

Q xð Þ ¼
ba ¼ a1;a2; . . . ;amð Þ; if x 2 Cb0 ¼ 0;0; . . . ;0ð Þ; if x R C;

(

where ba 2 0;1ð Þm. Let x; y; z 2 X. We will divide into the following

cases to verify that bQ is an m-polar fuzzy commutative ideal of X.

If x � yð Þ � z 2 C and z 2 C, then x � y!̂x
� �

2 C. Thus

bQ x � yð Þ � zð Þ ¼bQ zð Þ
¼bQ x � y!̂x

� �� �
¼ba ¼ a1;a2; . . . ;amð Þ;

and so (18) is clearly verified.

If x � yð Þ � z R C and z R C, then bQ x � yð Þ � zð Þ ¼ bQ zð Þ ¼ b0 ¼
0;0; . . . ;0ð Þ. Hence,bQ x � y!̂x

� �� �
P inf bQ x � yð Þ � zð Þ; bQ zð Þ

n o
:

If exactly one of x � yð Þ � z and z belongs to C, then exactly one ofbQ x � yð Þ � zð Þ and bQ zð Þ is equal to b0 ¼ 0;0; . . . ; 0ð Þ. SobQ x � y!̂x
� �� �

P inf bQ x � yð Þ � zð Þ; bQ zð Þ
n o

:

The results above showbQ x � y!̂x
� �� �

P inf bQ x � yð Þ � zð Þ; bQ zð Þ
n o

for all x; y; z 2 X. It is clear that bQ 0ð Þ P bQ xð Þ for all x 2 X. Hence, bQ is

an m-polar fuzzy commutative ideal of X and obviously bQ ba� � ¼ C.

This completes the proof. h
4. Conclusions

An m-polar fuzzy model is a generalized form of a bipolar fuzzy
model. The m-polar fuzzy models provide more precision, flexibil-
ity and compatibility to the system when more than one agree-
ments are to be dealt with. In this article, we have discussed the
ideal theory of BCK/BCI-algebras based on m-polar fuzzy sets. We
have introduced the notions of m-polar fuzzy subalgebras and m-
polar fuzzy (closed, commutative) ideals, and investigated several
properties. We have considered characterizations of m-polar fuzzy
subalgebras and m-polar fuzzy (commutative) ideals. We have also
discussed relations between m-polar fuzzy subalgebras, m-polar
fuzzy ideals and m-polar fuzzy commutative ideals. The concepts
proposed in this article may be extended further to various kind
of ideals in BCK/BCI-algebras, for example, a-ideals, (positive)
implicative ideals, n-fold (positive) implicative ideals and n-fold
commutative ideals. Furthermore, the work presented in this paper
may be extended to several algebraic structures, for example, BCH-
algebras, BCC-algebras, B-algebras, BRK-algebras, semigroups,
semirings and lattice implication algebras.
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