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Sediment loss is an indispensable geological phenomenon that determines the reduction of mass in time
interval with the differential influence of controlling factors. In this study, the competence of rocks is con-
sidered as a controlling factor while weathering and erosion are termed as the decaying parameter.
Attributed to the reduction of the total mass in unit time. A mathematical model is [proposed for the
above-mentioned phenomenon and generalized using the Caputo fractional derivatives approach to bet-
ter understand and predict the sediment loss. The model is solved for exact solutions using the Laplace
transform technique. The results obtained for b and �b are in strong agreement with the field images of
selected outcrop sections. The memory effect is also shown with different values of a. The results
revealed that the mathematical model better explains the geological processes.
� 2020 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Sediment loss and their transportation play a nominal role
within the sedimentary basin because of natural hazards and cli-
matic land erosions (Kaffas and Hrissanthou, 2019). To know the
rate of sediment loss and it’s controlling and decaying factors,
quantitative analysis based on the Caputo time the fractional
model has significant importance in the mathematical studies
(Caputo and Carcione, 2013). The mass of sediments can be dis-
cussed from different theories. Garrel and Mackenzie (Garrels
and MacKenzie, 1972) present a theory called a constant mass
model in which the total mass of sediments remains constant
throughout the geological time. This theory postulates that there
exists a balance between the metamorphism of sediments and ero-
sion of igneous rocks, but the total mass of the sediments remains
constant. Another theory is known as the linear accumulation
model which stated that there is a higher rate of erosion of igneous
rocks than the rate of formation of igneous mass. Furthermore, the
sedimentary rocks could also be altered to igneous or metamorphic
rocks.

The quantification of sediment loss by conventional methodolo-
gies are quite expensive and intensive labor activity is involved.
Hence, the application of mathematical modeling is well supported
to efficiently estimate the sediment loss in a sedimentary basin
(Kaffas and Hrissanthou, 2019). Furthermore, the integration of
the controlling factor (erosion rates) and time scale will highlight
a variety of effects on the rate of sediment loss.

Sediment models can be classified into empirical, physical, or
conceptual models. The classic empirical models are computation-
ally swifter while conceptual models fit well for regional studies
and longer temporal scale (DeMars et al., 2018). The loss of sedi-
ments is greatly dependent on its controlling factors, for instance,
the rate of erosion, the mechanics of erosion, and the sediment
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transport processes (Foster and Meyer, 1975). The water in the
form of rainfall not only acts as an agent of erosion but also con-
tributes to the transport of sediments loss from the original rock
mass (Williams, 1975). The controlling factor (erosion) is severely
influenced by the rate of precipitation. Moreover, the erosion and
sediment loss are differentially influenced by surface runoff, rain-
fall patterns, and the intensity of rainfall (Tao et al., 2017). Numer-
ous sources in a sedimentary basin considerably influence the
sediment loss. This process is better enlightened by the sediment
delivery distributed (SEDD) model incorporates the factors of ero-
sion and topography which are responsible for sediment loss
mechanism in a given time frame (Ferro and Porto, 2000).
Sarangi and Bhattacharya (2000, 2005) discussed the sediment loss
with geomorphological constraints by a regression model that
explains the loss of sediment concentration in runoff as a result
of rainfall for the definite time interval. This model is quite useful
in predicting the sediment loss per unit time which has quite pre-
cise data as compared to originally observed sediment yield. Yitian
and Gu (2003) explained the sediment loss model with hydrologi-
cal implications in rivers by using mass conservation transfer func-
tion. Boomer et al. (2008) found that the application of multiple
regression models for estimating the sediment loss significantly
deviates from the original observed data. They recommend the
empirical and simulation models fit more precisely for controlling
factors and sediment loss. Sediment delivery ratios based on the
number of sediments concerning the area are estimated from the
slope gradient, the roughness of the surface, moisture content,
and the proximity of transporting pathways.

The prediction of sediment loss is modeled by regression mod-
els (Sarangi and Bhattacharya, 2000). However, the incorporation
of geomorphological variables (including slope or relief and drai-
nage pattern) significantly supports the prediction of sediment loss
(Sarangi and Bhattacharya, 2005). The results from Boomer et al.
(2008) suggested that to apply the multiple regression model for
controlling factors of sediment yield, certain parameters of
landscape-level should also be incorporated like the complexity
of topographic surface, gradient or slope, and the rate of precipita-
tion. Linear and polynomial regression analysis is a quite useful
technique to calculate the sediment loss on a temporal scale and
express a more realistic expression of sediment loss. The wide
range of time from hourly to year, continuous assessment of con-
trolling factor, and morphological profiling of a sedimentary basin
are the key benefits of applying this mathematical model (Kaffas
and Hrissanthou, 2019).

Fractional calculus has been growing nowadays vastly due to its
versatile and unique properties. The non-integer order derivative is
solved through fractional calculus tools. Fractional calculus is the
extension of classical calculus and it has approximately three
centuries-old histories. Fractional calculus is an important and
fruitful tool for describing many systems including memory. In
the last few years, fractional calculus is used for many purposes
in various fields, such as electrochemistry, transportation of water
in ground level, electromagnetism, elasticity, geology, diffusion,
and in conduction of heat process. The most used fractional deriva-
tives operator is the Caputo fractional derivative operator (Ali et al.,
2017). A one-dimensional memory model for sediment diffusion in
water reservoirs is studied by Caputo and Carcione (2013). They
have used the Caputo fractional derivative operator for their anal-
ysis and concluded that fractional calculus is the best tool to
describe the phenomenon. Chen et al. (2013) proposed a fractional
model for sediment suspension in turbulence. They have described
that the vertical distribution of sediments in the steady flow is well
analyzed by the fractional model. In many complex real-world
problems, fractional derivatives have been used, for instance,
(Kumar et al., 2020a, 2020b, 2020c, 2020d, 2018; Sheikh et al.,
2

2017; Sheikh, 2017; Yang, 2019; Singh, 2020a, 2020b; Singh
et al., 2020, 2019).

Keeping in view the above literature survey and discussion, in
this study the classical model of sediment loss is generalized using
the concept of non-integer order derivatives namely, Caputo time-
fractional derivatives. The generalized model is solved using the
Laplace transformation technique and the solution is presented
in terms of special function.

2. Mathematical modeling

Depending on the controlling factors the sediment loss occurs
within the specified time interval. However, irrespective of the
intensity of sediment loss, the total mass (initial sediments and
newly formed sediments) will remain constant. It means that the
rate of sediment loss is directly related to the deposition of new
sediments. Harbaugh and Bonham-Carter (1970) suggested a
model in which the quantity of material MðtÞ loss by erosion (de-
caying parameter b) or (controlling factor �b is rock competence
or strength) per unit time tis expressed by exponential decay equa-
tion (Ferguson, 1988)

@MðtÞ
@t

¼ �bMðtÞ; ð1Þ

with initial condition

MðtÞ ¼ M0 at t ¼ 0: ð2Þ
To generate a generalized model for the sediment concentra-

tion, Fick’s first law (Caputo and Carcione, 2013) is used and we
arrived at:

C@at MðtÞ ¼ �bMðtÞ; ð3Þ
where C@as :ð Þ is the Caputo time fractional operator (Caputo and
Carcione, 2013; Ali et al., 2017) and is defined by:

C@at fðtÞ ¼ 1
C 1�að Þ

R t
0 f

�
ðsÞðt � sÞ�ads

¼ kaðtÞ � f
�
ðtÞ; 0 < a 6 1;

ð4Þ

here kaðtÞ ¼ t�a
C 1�að Þ is the singular Power law kernel (Sheikh et al.,

2019).
Applying the Laplace transformation to Eq. (3), using the initial

condition from Eq. (2) we get

M
�
ðsÞ ¼ M0sa�1

sa þ b
: ð5Þ

Inverting the Laplace transform of Eq. (5) the final solution is
given by:

MðtÞ ¼ M0Ea �btað Þ; ð6Þ
where Etð#Þ ¼

P1
s¼0

#s

C tsþ1ð Þis the Mittag-Leffler function (Mainardi,

1996).

3. Special case

For a ¼ 1the corresponding solution (Ferguson, 1988) for the
classical model is recovered as

MðtÞ ¼ M0exp �btð Þ: ð7Þ
4. Results and discussion

The study includes the parameters of sediment loss where the
original mass of rock is represented by MðtÞwhile the controlling
factor is mainly focused on rock strength or competence of rock.
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Only sedimentary rocks have been discussed in the work in which
shales or mudstones are relatively incompetent lithology (less
strength and lower value of controlling factor) whereas sandstone
especially the thick to massive sandstones are considered as com-
petent lithology (higher values of controlling parameter).

The relation between the reduction of mass (sediment loss) is a
function of time where time is the independent variable and sedi-
ment loss is the dependent one. Mass reduction is directly related
to time. However, the decaying parameter b. The decaying param-
eter is termed as weathering or erosion in this case. The extent of
erosion adversely affects the mass reduction in unit time. Increas-
ing the rate of erosion and weathering will significantly reduce the
initial original mass in unit time. The values of erosion range from
5 to 20 in this study (Fig. 1) where 5 value of decay parameter (ero-
sion) is least while 20 is the maximum limit of erosion. The rate of
precipitation temperature changes will significantly increase the
phenomenon of erosion. In Table 1 the comparison of exact solu-
tion and Zakian method is presented and a strong agreement
between them is found for a ¼ 1, this agreement is also depicted
from Fig. 1.

The extent and variation of decaying parameter (weathering
and erosion) vary from region to region. In this study, the decay-
ing parameter os considered as an erosion factor. The agents of
erosion (wind, water, and organisms) will determine the value
of the decaying parameter b. Additionally, the climatic condi-
tions and the intensity of erosion also influence the value of
the decaying parameter. Generally, tropical climate conditions
are more susceptible to weathering and erosion than semi-arid
or arid regions (Jamil et al., 2020). It is therefore believed that
the reduction of mass in unit time is primarily determined by
decaying factor (weathering or erosion). From the figure, it is
clear that MðtÞis decreasing with increasing time and decaying
parameter.

Although it is challenging to apply the time parameter as a vari-
able because the time in geological time usually ranges from thou-
sand years to million years. Nevertheless, it is relatively convenient
to see the changes in incompetent rocks (shales) as the weathering
or erosion of shales happened more rapidly owing to low control-
ling factors. For this purpose, the geological fieldwork was planned
in two phases to observe the reduction of mass of incompetent
lithologies. With an increase in values of a, a rapid decaying behav-
ior of MðtÞis noticed from Fig. 2. From this figure, it is noticed that
more than one plots can be drawn for the sediment loss even all
the other physical parameters are kept constant, which is due to
the memory effect of the fractional model. When we increase the
values of bat a fixed time MðtÞis showing a decreasing trend which
means that bis expediting the decaying process.
Fig. 1. Plot ofMðtÞ against time for different values of the Decay parameter (weathering a
unit time. (a. Zakian method for Laplace inverse (Zakian, 1969), b. exact solution).
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The loss of sediments was noticed in geological fieldwork. The
first phase of fieldwork was done during the fresh exposure of
the outcrop section. This Kampung Kawang outcrop is selected
for the study because it mainly comprised of shale (incompetent
lithology) (Jamil et al., 2020) having a high value of sediment loss
(decay parameter). The fresh exposure had a rare amount of mass
reduction phenomenon (Fig. 3) as weathering and erosion has not
influenced the outcrop section. However, in the second phase of
geological fieldwork of the same outcrop reveal the sediment loss
(weathered shale at the toe of outcrop). This weathered and eroded
heap of shale or mud is an indication of rapid sediment loss from
the original total mass. Large heaps of mud or shale are present
at the base of the outcrop (Fig. 4). The comparative analysis of
the Kawang section disclosed the higher fraction of sediment loss
with an increase in the decay parameter.

The relationship of time with sediment loss or decay parameter
is extrapolated by using mathematical modeling. There exists a
relation between the time and the decay parameter (sediment
loss). Normally, the mass is gradually on the verge of reduction
as the time increases. Geological processes eventually reduce the
original mass that was deposited in a sedimentary basin. Neverthe-
less, it also depends on the rate of sediment loss (decay parameter)
where higher sediment loss is attributed to the high reduction of
the initial mass. The different values of rate of decay indicate the
mass reduction concerning time values. There is a steep reduction
of mass in case of high decay parameter (incompetent rocks) than
the rocks having low values of decay parameter. The lower fraction
of sediment loss is linked with the higher controlling factor (Fig. 5).
The sandstone units having a high controlling factor remain intact
with no sediment loss while the shale units (low controlling factor)
eroded with the increase value of sediment loss. In this case, time
is considered as constant both for shales and sandstone units.

Time plays a substantial role in sediment loss and resulted in
the reduction of total original intact mass that was previously
available in the form of outcrop or rock units. Although the mass
with higher controlling factor offer resistant to decay or weather
yet with an increase in the period, the sandstone having high con-
trolling factor will start to disintegrate and contribute to the total
sediment loss. Initially, the shale units (low controlling factor
lithology) loss with the time but in a longer time interval, the resis-
tant sandstone units start to weather and erode from the outcrop
in form of blocks (Fig. 6). With the increase in time value, the sed-
iment loss will definitely takes place even in rocks with high con-
trolling factor.

The increase in time values will not only result in complete loss
of softer rocks (shale) but also influence the harder rocks (with
high controlling factor). The sediment loss is quite visible in the
nd erosion). The different rate of erosion determines the values of mass reduction in



Table 1
Comparison of exact solution and solution obtained through Zakian method (Zakian, 1969).

b 0.5 0.8 1.1 1.4 1.7 2.0 2.3

Exact Solutions 778.801 670.32 576.95 496.585 427.415 367.879 316.637
Zakian Method (Zakian, 1969) 778.803 670.35 576.98 496.59 427.42 367.883 316.641

Fig. 2. Plot of MðtÞ against decay parameter for different values of the fractional parameter. (a. fractional solutions b. classical solution).

Fig. 3. The recent exposure of rocks due to infrastructure development of Pan Borneo highway. The time is considered near to zero. Even the rocks having lower values of
controlling factor (shales) are intact and there is no clear evidence of sediment loss or sediment reduction. The field photograph was taken during the first phase of geological
fieldwork in the Kawang road section, SW Sabah, Malaysia (Jamil et al., 2020, 2019).

Fig. 4. The time flies away, and we can see the loss of sediment. The second phase of the geological field in the same location outlines the effect of time in the real outcrop. The
sediments having low controlling factors (incompetent shales) rapidly lose to decrease the initial value of mass. The reduction of mass with time is quite evident from this
rock section. The field photograph was taken during the second field visit in the Kawang road section, SW Sabah, Malaysia.
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Fig. 5. The effect of controlling factor with sediment loss of initial mass. The empty of void spaces between the sandy intervals (visible as black lines) were previously sites of
mudstones or shales units. These shales are readily lost in time due to low controlling factor while the sandstone units are intact, and no sediment loss occurs for the rocks
having a high controlling factor. Keeping the time constant the effect of sediment loss is evident only on the mass having a low controlling factor. The field snap is taken from
the University Prima Condo road section in Kota Kinabalu Sabah, Malaysia.

Fig. 6. The increase in time values will not only decay the low controlling factor lithologies but also starts to erode the rocks having a high controlling factor. The author in the
picture pointed out the space created due to decay (weathering and erosion) of shale (considered as an incompetent rock with low controlling parameter). Furthermore, the
sand units overlying the eroded shale also weathered or decayed in the form of small blocks. This indicates that as we increase the time factor, both types of lithologies are
differentially reduced in initial mass irrespective of their controlling factor. The field picture was taken from the outcrop section near University Utama outcrop near Telipok,
NW Sabah, Malaysia.
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sandstone outcrop in the form of a large number of blocks and a
highly weathered sandstone section (Fig. 7). As the time values
increase, it will contribute sufficiently to sediment loss both from
shale and sandstone (irrespective of their controlling factor). Nev-
ertheless, the rate of sediment is quite high in low controlling fac-
tor lithologies than the mass with a high controlling factor.

There is a considerable loss of initial mass as the decay param-
eter come into the effect. The varying degree of decay parameter
will determine the amount of sediments to be lost during the unit
time. Higher decay parameter (weathering and erosion) will
rapidly reduce the total mass while the low values of decay param-
eter (�b) will gradual loss of sediments. Fig. 8 is drawn to show the
5

effect of the controlling parameter on MðtÞ. It is clear from this fig-
ure that when we increase the magnitude of �b, a greater value of
MðtÞwill remain at the fixed time.
5. Conclusion

In the present analysis, a mathematical model for sediment loss
is proposed. A Caputo time-fractional derivative approach is used
to generalize the model with the help of Fick’s first law. The exact
solutions are obtained using the Laplace transform technique. The
results are plotted in graphs and discussed in detail with the geo-
logical field images. The key points are as follow:



Fig.7. Represent the effect of time on high controlling parameter. The competent lithology (sandstone units) having high controlling factors are weathered or eroded with the
increase in time values. In a longer time span, the reduction in sediments will significantly influence the rock with high controlling factors. The higher values of time are
responsible for sediment loss even with high controlling factors. The field photograph was taken from Benoni Quarry in Sabah, Malaysia.

Fig. 8. Plot of MðtÞagainst controlling parameter for different values of the fractional parameter. (a. fractional solutions b. classical solution).
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1. With varying time, the incompetent rocks (shales) readily decay
within a brief span of time.

2. Keeping the time value constant, only incompetent rocks hav-
ing a high decaying parameter will erode while competent
rocks have less effect of the decaying parameter.

3. The significant time values, both the competent and incompe-
tent lithologies tend to decay. However, the decay process is
considerably more effective in the case of incompetent rocks.

4. For a single parameter, different plots can be drawn with sev-
eral values of a, showing the memory effects which helps to
inline the mathematical model with the geological processes.

The application of fractional calculus on a geoscientific phe-
nomenon is discussed in this study in detail, which may provide
a base for future studies. The model can be more generalized using
the other definitions of fractional derivatives, like Caputo Fabrizio
fractional derivatives and Atangana-Baleanu fractional derivatives.
The idea of fractal-fractional calculus may also be considered in the
future to predict the sedimentary processes more efficiently.
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