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This paper considers the improved tan(‘¥'({)/2)-expansion method to retrieve the traveling wave solu-
tions of the time-fractional Klien-Fock-Gordon equation. The quadratic case has been discussed for the
proposed model. The conformable derivative has been applied on the proposed model for investigating
the fractional effects. As a result, abundant traveling wave solutions are found. The method contributes
four kinds of solutions which are exponential, hyperbolic, trigonometric and rational function solutions
for the aforementioned model. The obtained results are also explained graphically for some particular
choices of fractional order «,0 < « < 1. The fractional effects on solutions have been illustrated through
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1. Introduction

The Klien-Fock-Gordon equation (KFG) models various physical
phenomena in quantum field theory, condensed matter physics,
nonlinear equations, correlation of solitons, collisionless plasma
and theory of relativity etc. It was established by Osker Klien, Vila-
dimir Fock and Walter Gordon for determining relativistic elec-
trons. This equation is calibrated version of the relativistic
energy-momentum correspondence. It is associated with
Schrodinger equation and also referred to as relativistic wave
equation.

In recent times, various research scholars of science and
telecommunication have taken fractional order mathematical
models under consideration. Fractional calculus has become a pre-
eminent tool to analyze and characterize the nonlinear complex
phenomena. Many partial differential equations (PDEs) that exhibit
different physical phenomena are remodeled in terms of fractional
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derivative and their behavior is observed along with their solutions
by developed methods (Akgiil, 2018; Mamun et al., 2021). Frac-
tional differential equations are widely studied in engineering
mathematics and their fractional effects are observed for particular
choices of fractional order parameters (Shahen et al., 2020; Shahen
et al.,, 2021; Mamun et al., 2021; Hosseini et al., 2020).

This study considers the conformable time-fractional form of
the Klein-Fock-Gordon equation (Alam et al., 2021)

Qe (X, 1) + 1y (X, 1) + 02q(X, 1) + 03q" (X, £) = 0 (1.1)

is investigated for its quadratic state r = 2. Many efforts have been
made to extract closed form and approximate solutions of KFG
equation by employing different mathematical techniques till
now. The homotopy analysis method is applied to obtain approxi-
mate analytical solutions in Khan and Rasheed (2015), the differen-
tial transform method is implemented in Kanth and Aruna (2009)
for special cases of KFG model (w,=0,w;3#0 and
w, # 0,3 =0). Many true invariant solutions are found in
Alvarez et al. (2012) by Lie-symmetry method. Similarly, many
other techniques are used for solving KFG equation, such as q-
homotopy analysis transform method (q-HATM), modified (G'/G)-
expansion method, Kudryashov-expansion method, He’s variational
iteration method and Nikiforov-Uvarov method etc. Veeresha et al.
(2020), Aero et al. (2013), Aruna and Kanth (2014), Kragh (1984)
and Asaduzzaman et al. (2020).
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Keeping in view the importance of fractional effects, the con-
formable time-fractional Klien-Fock-Gordon equation is solved to
construct solitary wave solutions by tan(¥({)/2) method for quad-
ratic state. The conformable fractional derivative is an extension of
Caputo derivative and provides a new designated memory length.
It coincides with classic definition of first derivative for o = 1. Fur-
thermore, the conformable derivative satisfies the property of pro-
duct rule, chain rule and quotient rule of two functions which is
not usually satisfied by all the fractional derivative (Zheng et al.,
2019). The real applications of the conformable time-fractional
form of the Klein-Fock-Gordon equation include the study of dif-
ferent varieties of matter, spread of deviation in crystals, properties
of fundamental particles and the effects and preservation of inher-
ited memory.

Various mathematical techniques have been developed to con-
struct the traveling wave solutions of nonlinear evolution equa-
tions (NLEEs). Some recently proposed methods include
exp-(¢(¢))-expansion method (Elboree, 2020), generalized
projective Riccati equations method (Akram et al., 2021), modified
auxiliary equation mapping method (Sajid and Akram, 2021),
Legendre-homotopy analysis method (Sadaf and Akram, 2020),
first integral method (Lu, 2012), extended rational sine-cosine
method (Mahak and Akram, 2019), ¢°-expansion method (Sajid
and Akram, 2020), modified extended tanh-function method
(Mamun et al., 2020; Alam et al., 2021) and several others. Various
nonlinear partial differential equations have been solved to extract
traveling wave solutions for studying real world phenomena
(Hosseini et al., 2021; Hosseini et al., 2021; Mamun et al., 2018).
From the past few decades, a variety of NLDEs have been consid-
ered for modeling complex nonlinear physical problems and their
solutions have diverse applications in different fields of nonlinear
sciences (Mamun et al, 2021; Ananna and Mamun, 2020;
Mamun et al., 2019; Mamun and Asaduzzaman, 2019).

This article appraises the tan(‘¥({)/2)-expansion method that
was first introduced by Manafian and Lakestani (2015) in 2015.
This is a powerful method and has been used to obtain closed form
solution of many nonlinear PDEs with accuracy. The method pos-
sesses more novel solutions with wider range of implementation
to deal with NLEEs. The method has been applied to a variety of
NLEEs for finding their closed form solutions. A few of which are
the time-fractional Kuramoto-Sivashinsky equation (Manafian
and Foroutan, 2017), (2 4+ 1)-dimensional KP-BBM wave equation
(Khan et al., 2018), Biswas-Milovic equation (Manafian and
Lakestani, 2016), Gerdjikov-lvanov equation (Manafian and
Lakestani, 2016) and generalised Hirota-Satsuma coupled KdV
(HScKdV) equation (Ozkan and Yasar, 2020).

This paper is coordinated as follows: In Section 2, the proposed
model is introduced. In Section 3, the improved tan(¥({)/2)-
expansion method is described. In Section 4, mathematical analysis
is applied on quadratic KFG equation with conformable derivative.
In Section 5, graphical illustration of some solutions is given. The
conclusion is presented in Section 6.

2. Governing model

The quadratic conformable time-fractional KFG equation is con-
sidered, as

Dqu(xv t) + wqux(xv t) + wzq(X7 t) + w3q2(X7 t) = 07 0 <oU< 17
2.1)
where D! is a factional derivative of conformable type. The variables

x and t shows spatial and temporal evolution respectively and
w1, , and w5 are non-zero constants.
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Conformable Derivative A new definition of conformable frac-
tional derivative was proposed by Khalil et al. (2014) in 2014.

The conformable derivative of function g : [0, 00) of fractional
order o, where g = g(t) is defined on the positive half plane is
expressed, as

Dig(t) = L%w 2.2)

forall t > 0,0 € (0,1).
Properties Following properties are satisfied:

1. D{(ag + bh) = a(Dg) + b(D}h), forall a,b € R.

2.D}(t?) =pt-*, VpeR

3.D}(2) = 0, Vconstantfunctions g(t) = A.

4.D7 (gh) = gD} (h) + hD;(g). @3)

D% (h)—hD}
5. D?(%) _ &Di( )’12 t(g).

6. If g isdifferentiablethen, D (g)(t) = t'*(% (t)).

Theorem The following property is satisfied by conformable
differentiable function g: (0,00) and a differentiable function h
determined in the range of g

Di(goh)(t) = t"*h'(t)g'(h(1)),

where / denotes the derivative with respect to o.
3. Description of Improved tan((¢)/2)-Expansion Method

In this section, the improved tan(¥({)/2)-expansion method
(Manafian and Lakestani, 2016) is briefly described. The nonlinear
partial differential equation is considered in the form

Q(u,ut7ux,utt7uxt7uxx~~-) = 0; (31)

where Q is a polynomial in u(x,t) and its partial derivatives. This
technique requires the following steps to be taken.
Step 1: The traveling wave transformation is considered, as

ux,t) =U(), {(=x-ut, (3.2)

where { is wave variable. The speed of wave is denoted by the con-
stant v that is to be evaluated. Eq. (3.1) is transformed into ODE, as

Q(U,U,—vU,U"vU,...) =0. (3.3)
Step 2: Eq. (3.3) has solution of the form
U(l) =R(Y¥)

- izkoja,- {c +tan (‘I’Z(C)> n izk;ﬁi {c +tan (@)} REP:
where o;(0 < i < k) and B;(0 < i < k) are constants to be found. The
function ¥ = W(() satisfies the relation
W' () = Isin(‘P(¢)) + mcos(W¥(()) + n. (3.5)

Eq. (3.5) provides the following families of solutions (Akram
et al., 2021).

Family 1: If ? + m> —n? < 0 and m —n # 0, then

2 _m2_ P 2 _m2_ P
¥(¢) = 2arctan ml 7\/n m ltan<\/n m l(§+C)>}

—n m-n 2

i

(36)

Family 2: If > + m2 —n2 > 0 and m — n # 0, then
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I Vm2 4P -n? (\/m2+lz—n2 . )}
tanh C+0 .

Y ({) = 2arctan P +

n m-n 2
(3.7)
Family 3: If  + m? — n? > 0,m # 0 and n = 0, then
[ mz2 o 2 vm2 1 P
Y({) = 2arctan %+ mm+l tanh( m2+l (C+C)) . (3.8)

Family 4: If ? + m? —n? < 0,n # 0 and m = 0, then

r 2 2
¥(¢) = 2arctan %l+ \/nzn— F tan <\/n22_ ! £+ C))} . (3.9)

Family 5: If P + m? —n? >0,m —n =0 and | = 0, then

2 _n2
W(() = 2arctan \/ernta h(*/’"z n (g+C)>} (3.10)
Family 6: If | = 0 and n = 0, then
) 2m((+C) _ 1 Zem(;+(‘)
() = arctan |:82m(;‘+C) 417 e2m(+0 1 ]:| : (3.11)
Family 7: If m = 0 and n = 0, then
3 zel(C+C) ezl(;+C) -1
Y({) = arctan Lz,(;m 1o ¢ 1} . (3.12)
Family 8: If * + m? = n?, then
W() = —2arctan | MEMIEHO 2] (3.13)
F(+0)
Family 9: If | = m = n =il, then
W(¢) = 2arctan [e"“tO — 1]. (3.14)
Family 10: If | = n = il and m = —il, then
3 eillc+C)
Family 11: If n = [, then
. (I+m)em&o —1
Y ({) = —2arctan {m . (3.16)
Family 12: If [ = n, then
., (m+ n)em™0 11
\P(g) = Zarctan {m . (317)
Family 13: If n = -, then
em&0 4 m —
Y ({) = 2arctan {WI} (3.18)
Family 14: If m = —n, then
le'(¢ + C)
Family 15: If m = 0 and [ = n, then
ni¢+C)+ 2}
Y() = —2arctan |————— 3.20
(9 arc an{ "t 0 ( )
Family 16: If | = 0 and m = n, then
Y (¢) = 2arctan [n({ + O)]. (3.21)

Family 17: If | = 0 and m = —n, then
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1
Y({) = —2arctan {m} (3.22)
Family 18: If | = 0 and m = 0, then
YY) =n{+C. (3.23)

where o;, 8;(i=0,1,2,...,k),I,m,n are constants to be determined.
Step 3: A positive integer k is determined using homogeneous
balance rule. If the constant k is not a positive integer, the follow-
ing transformation is applied.
(a) If k is a fraction of the form k = p/q, then assume

U(g) = vha(g). (3.24)

Substitute Eq. (3.24) in Eq. (3.3), to determine the value of k
using homogeneous balance rule.
(b) On the other hand if k is a negative number, then assume

U =v4). (3.25)

Inserting Eq. (3.25) into Eq. (3.3), the value of k is determined by
homogeneous balance rule.

Step 4: Eq. (3.4) is substituted into Eq. (3.3) using the value of k
obtained in Step 3 and the coefficients of (tan(¥({)/2)) and

(cot(¥()/2))" are collected. Setting these coefficients to zero, a
set of algebraic equations is attained in
oo, o, Bi(i=1,2,...,k),l, m,n, A and c.

Step 5: Putting the values of «g, o, B4, .- .,
(3.4) the closed form solution of Eq. (3

o, i, A and c into Eq.
.1) is obtained.

4. Exact solutions of quadratic time-fractional KFG equation

The reduced differential equation form of Eq. (2.1) is acquired
by the complex-wave transform

o

t
c=x-v (4.1)
The application of Eq. (4.1) on Eq. (2.1) yields

(V2 + 1)q"(0) + 02q(0) + w3¢*(() = 0. (4.2)

Using homogeneous balance rule, the integer m = 2 is obtained.
Then, the formal solution by improved tan(W¥({)/2)-expansion
method for m = 2 becomes

u(l) = oo + 04 [tan ( )] + oy [tan 0 )]

- (4.3)
+B1 [tan (@)] + B, [tan (‘Pz( ]

Eq. (4.3) is inserted into Eq. (4.1) and the coefficients of

(tan(@)ﬁ (cot(@))l are collected. Then, setting each coefficient

to zero a system of algebraic equations is formed. As a result, the
following sets of traveling wave solutions are obtained:
Set 1:

_ _ 1 (2P —m?+n?)w, .
v= V M + +m2 n2’ 0o =—3 (P+m2-n2)ws ’ o =0,

0 =0, f; = — peelmn_ g 3 (minm; 44)
2 =Y, P1 = ([2+m2—n2)w3’ 27— T2 Prm—n?)oy
. -1 2
U) =00+ 4 {tan (#)} + 5 [tan (@)} ) (4.5)

By Eq. (4.5), the Families 1, 2, 3,4, 5, 6 and 7 are written respec-
tively, as
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1 P-m i),

wm(Q) = 2 (Pim2—n2)ms
-1
3wyl(m+n) i \/nz mZ Vn2-m2-1?
(lz \niz—nz)o)g |:m - tan < (é + C)>:| (46)
)
(i >2 I 2_m2_2 2m2 P .
~ypmles - an (Y )]
o1 P-min?)o,
() = 2 (12+m2—n2)mgz
-1
3wy l(m+n) \/ m2+l —n2 Vm2iP-n2 /o
Fom2)o; [m 7 ta“h< b <é+C)>] (4.7)
-2
2, ~ T
% (IZT,;z"jn(zA);mB |:m n+ \/m2+l n2 tanh (\/mbzrl n2 (Q + C)>} :
—  _1@Pminte,
us(() = 2 (Pim2-n?)os
-1
3wy l(m+n) I, Vm2iP
1) {ﬂ m tanh( ( +C))} (4.8)
2
3 (min)o W
~ppmle L YE anh (VB 1 0))]
— _1ePminte,
U4(C) - 2 (Pim2—n2)m;
1
3wplm+n) =1 | Vn2-P \/Iﬁ
(lz+n?127n2)w3 {7 T tan 7 (E+0) (4.9)
-2
3 (menw, |-, Vn2-P NN
T2 (lz+m2—n2)2(:13 |:7 + tan 2 (‘-‘ + C) )
1 P-mEn?)my
US(O B 2 (Pim2—n2)m;
-1
3wyl(m+n) VmZ_n2
- Jonl - [ /—+ntanh< W (¢ C))] (4.10)
-2
3 m+n 2o T
3 gt [VaEtanh (5 1 0))]
. 22 _m2 2
us(H) = —3 —F(, MTZ +nnz))ww32
m. m({+ -1
- (,i’f;i(mnﬁ; [tan ( arctan (—gim o +c)il>>} (4.11)
2m((+C) _ m(C+C) -2
,% (IZ(J:H,;Z",)n?_)ZUM {tan (% arctan <§2m{;+0+} 7922:(:Ac;+1)):| 5
_ 1P,
U7(C) B 2 (Pym2—n2)ms

-1
3wyl(m+n) ((+C)  p2(+0) _q
—Tz)w[ta“( arctan (et Gerd) )| (412)

-2
3 (m+n) [ 1 2el(+0)  p21(+C) _q
T2 (Prm2—n2)ms [tan (j arctan <921@+C>+1 7 @2T+0) 1 )

“
+m2 n2 ) o
The above solutions are valid for <7w1 + [2+;’227n2> > 0.

Using Eq. (4.5), the Families 9, 10, 11, 12, 13 and 14 can be pre-
sented respectively, as

where(:x—( —1 + 7

2P —m2+n?), 3wyl(m+n) il((+C) -1
ug({) = *%(z — 77 [e : *‘1}
1°+m2—n2)w: “+m2-n2)w
(Emeaos Jos (4.13)
_3_(mino, [eilC) — 1]*2
2 (P+m2—n2)as ’
Ug(g) _ 1 @P-mA oy 3wplmen) [ eilc0) -1
- 2 (Prm2-n?)om Pim2-n?)o —1+4el+0)
( on )’; (4.14)
3 (m4n)*wy __elro
2 (P4m2—n2)as 1460}
Upo(l) = 1 @P-m?4n?)w,  3wplmin) [ (I4m)emtO 1 -1
- 2 (Pym2-n2)o P+m2-n2)o (I=-m)emE+0 -1
( on Jos (4.15)

(I4+-m)em+Q) 71] -2
b

3 (m+n)2w2 _
2 (I-m)em(&+0 -1

(B+m2—n2)w3
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@P-m2in?)w,

r -1
_ 3wpl(m+n) [ (mn)emE+O 41
ull(C)* _% 2 2 2 [ +C
(Fm2-n2)w3  (P+m2-n2)ws [(M-memO-1
(4.16)
3 (m+nlw,  [(mtn)emcO41 -2
T2 (Pymi-n?)ws [(m-n)emTO-T
. -1
_ 1 @P-mE )y 3wylmin)  [emEO) m|
ulz(o - 2 (12+m2—n2)<u3 (l2+m2—n2)w3 M0 _m—[ (4 17)
3 _(minfo,  [emé0ym-| -2 .
T2 Prm e, |e"O-m-l|
U]3((:) 1 P-m?nt)w,  3oplmin) [ le+C) -1
2 Pimi-md)ws  (Pem2-n2)ws | nel©O-1
(4.18)
3 (m+n)2w2 le’(§+C) -2
T2 Pimi-ntws | nel0-1 ’
vl
where { =x — < —01+ 12+:1j1)22,n2> t?
All the above solutions hold true for ( —w; +—% > 0.
[4+m2—n2
Using Eq. (4.5), Family 18 is reported, as
_ _1@P-mntw,  3wplimin) ni+C\1-1
U]4(C) - 2 (lz+m27n2)w3 (12+m2,n2)w3 [tan( 2 )} (419)

WhereC:x7< —01 +

(m+n)’w,

¢ -2
(12+m2_n2)w3 [tan ("SZ_JrC)] ’

W) g
2 m2_n2 | o

_3
2

The constraint condition to be satisfied by the above solution is

(~on +75) > 0.
Set 2:
2_m2 2
U= [0 i, o =~} G,
3wyl(m—n) o 3 (m : :;m e (420)
al:m’ azz_jmvﬁZ 7
Y(¢ Y(¢ 2
U({) = oo + o [tan (%)} + 0 {tan (%)} . (4.21)

By Eq. (4.21), the Families 1, 2, 3, 4, 5, 6 and 7 are respectively

given, as

uis(() =

)=

s

Usg(

u7({) =

uig(l) =

1 eP-m o,
2 (Pem2—n?)ws

N (lzawzum—n) [4 R/ (V“z 2L+ C))]

+m2—n2)w; [M-n
2
_ \/Hzmirrrllz—lz tan <\/n272m2—12 (é + C)>} ;

(4.22)

_3 (mfn)zzuz 1
2 (Pim2-n2)p; |m-n

1 2P-m24n)a,

2 (Pym?-n2)os

[m _+ \/'"2” = tanh (\/'"2”27"2 (C+ C))} (4.23)

2
[m 4 \/m2+lz—n2 tanh (\/mzﬂz—nz €+ C)>:|

3w,l(m—n)
+ (P+m2-n2) s

_3_(mnfo
T2 (P+m2—n2)ams

1 eP-m o,
2 (Pem2—n?)ms

[#‘F \/”E:’? tanh <\/I(C+ C))}
[m ‘/F tanh (m( +C)>r,

3w,l(m—n)
+ (lz+m1—n2)m3

(4.24)

_3 (m—n)zruz
2 (Pim2—n?)ams

1 @P-m2in?)w,
2 (Pym2—n2)ws

{# + \/EF’E tan (‘/"’;Z’?(C + C))} (4.25)
[%q \/,1;7 tan (@(C-F C))r»

3wyl(m—n)
(12+m2—n2 o3

+

(m—| n)w

_3
2 (Pim2—n2)ms
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_ 1 2P—m*+n®)w,
he(l) = —3 7(12“”2_“2)&,3

s [ (2 )
% _(m-nj’o; [\/’ﬁtanh( (C—(—C))]z

+m2—n2)o

(4.26)

_ 71(2!2—m2+n2)(u2
Uzo(g) - 2 (Pim2-n2)ms
3w21(m n)
Pm2-n2)os

e2m((+0) _q

[tan( arctan (m,%)ﬂ (4.27)

+

2
_3 (m n) 2. eZm 5+C) 1 zem

_ 1 RP—m*+n®)w,
()= =2 P mer

2el(E+C) 20(0+C) _q
[tan ( arCtan <32(6{+C)+1 722(( +C)+1>)]
(m-n)?

2
3 — [O)) 2@1 +C) eZI( +C) _ 1
2 (lz+m2—n2)w3 {tan < arCtan (921( +C) 11 7 @2IT+0) 1))} )

[2)) t*
Iz+m2—n2> o
All the above solutions are valid for (—ah + lz+r[rl1)22—n2> > 0.

By Eq. (4.21), the Families 9, 10, 11, 12, 13 and 14 can be writ-
ten respectively, as

3w, l(m-n)
+ (lz+m2 -n2) w3

(4.28)

whereC:x—( -1 +

_ 2P-m2+n?)w, 3w, l(m—n) il({+C)
Uzz(C)f _% 2 2 [e B _l]
°+m2-n2)m 1°+m2-n?)w
(et (e (4.29)
3 _m- 2w, [el+0 — 1]2
2 (Pm2—n2)ms ’
N 1 P-m2in?)o, 3wplm—n) [ fil+0
U23(g) 2 (Pym2-n2)ms (lz+m2—n2)wg — 1460
‘ (4.30)
3 (m n) () __eller9
T2 Brm_n2)wm, “1yel+0) |
_ 1 eP-mEn?)m 3wyl(m—n) [ (lrm)em+O -1
U24(O - 2 (P4m2—n2)w; (Iz+m2—n2)w3 (I-m)em0 -1
’ (431
3 (m-mPwy  [(+m)emEO_1
2 (P4m2-n2)z |(-m)em&O-1] >
_ 1 eP-mE )y 3wy l(m—n) [(m+n)e’"(5+c’+l]
UZS(O - 2 (Pym2-n2)ms (lz+m2—n2)wg (m—n)emT+0)—1
’ (4.32)
3 (m 2wy [(men)emt+O41
2 (P4m2-n2)3 |(m-m)em&EO-1] >
_ 1 eP-mn?)my 3wyl(m-n)  [em+0) |
Uz6(0) = 2 Pemi-m)wz  (Pem2-n2)wy [e"CO-m-l
; (4.33)
_3 ("1 2wy [em+0 . m-|
2 (Pym2-—n2)my |€"CGO-m-1| >
_ 1 2P -—m2+n?)w, 3wplm-—n) | le (¢+0)
uz(8) = 2 (Pym2—n2)m, +( Prm2—n2 ) s nel 0 -1
, , ) (4.34)
_ 3 (m n)“m; _ 0
2 (Pym2—n2)aws { ﬂe“‘“*f’*l] ’
v t*
where { =x — < 1 + g2 n2> e
The above solutions are true for ( —m; + 2 > 0.
F+m2?—n?
Using Eq. (4.21), Family 18 is given, as
o~ (2P -m?+n?)w, 3w,l(m—n) ni+C
Uyg({) = *% %) 2 [tan (7)}
I*+m2-n2)o, Fim2-n2)w 2
( ) )3 ( 3 3 (435)
_ 3 _(m-n)‘my n+C
2 (Pim2-n2)ms [tan( 2 )] ’
_ t
where { =x — < —01 + g2 n2> o
The  above  extracted solutions are valid for
— @
( w1 + Iz+m2—n2) > 0.
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Set 3:
Wy _ 2—n?)w, _
D= /= — g o= - %minz)way 1=0,
a =0, p, = peelmim g 3 _(minfo, (4.36)
2 > 1 (lz+m2—n2)u)3’ 272 Pim2-n2)wy’
YO\ NN
U)=oao+p {tan (Tﬂ + B, [tan (T)] . (4.37)

By Eq. (4.37), the Families 1, 2, 3, 4, 5, 6 and 7 can be presented
respectively, as

(m2-n2)a,
(P+m2—n2)ams

3wy l(m+n) L \/n2 m2 - t \/n2 mZ ? C !
H Eemtont)oy | o fan +0 (4.38)

2
Vie-m tan (*/"2 S (g c))} :

up)= -3

+ m+n) [07) |
2 (P4m2-n?)wy |Mm-n

up()= -3 %
e [ PR (S )
T
s [ e (o)) e
g b e (T o))
un(l)= -3 %
eptes e i an (S o) @40
g [t P ()]
uzs(() = _% %
(—[rth< TECO) L ae
e (ViR (P )
un() = -3 %
*% {tan ( arctan (ﬁ:ﬁgl} 75225?5521)” h (4.43)
us(l) = —3 %
+% {tan ( arctan (%7%))] K (4.44)
+3 % [tan ( arctan (Ezz,e“g)i] R T?J))] 727
where { =x — ( - — 12+r(:22,n2> &
All the above solutions are valid for (7601 - 12+,:22,n2) > 0.

With the help of Eq. (4.21), the Families 9, 10, 11, 12, 13 and 14
can be respectively noted, as
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[eil(HC) _ ” -1

3 _(m*-nd)w, 3w, l(m+n)
use(C) = 2 (P4ym2—n2)an + (P+m2—n2)wy

4.45
(m+n)2aw, [eil(HC) _ 1] -2 ( )
(P+m2-n2)ws ’

+

3
2

(m?—n*)w,
(P+m2—n2)ws

U

3w, l(m-+n) _ ellero -1
(12 +m2—n2 )w3 —1+elT+0)

) —

Njw

U3y (
(4.46)

+
Nlw

(minfo, [ le:0 -2
(P+m2—n2)ms 1+el@0) )

. 1
_ 3 _(m-n?w, 3wpl(m+n) [ (l4m)emE+O 1
uss($) = 2 (P4m2-n?)ms3 + (P+m2-n2)w; |(I-m)em=0-1

(4.47)

+

3
2

(m+n)?w,  [(l+m)em+0_1 -2
(P+m2—n2)ey [(I-m)em&O-1| >

3 (Moo,
)= -3

2 3wyl(m+n) [ (m4n)emEO41 -1
(IF+m2-n?)w;

(P+m2-n2)w; | (m-n)emn0-1

v

ET(
(4.48)

+

(m+n)?w, [(mm)e”‘(”cul] -2
b

3
2 (P4m2—n2)wms | (m—n)emEtO—1

2_n2
Ug()) = -3 (™ 1)y

{ 3wyl(m+n) om0 ym—q]
(I°+m2—n2)w

(12+m27n2)w3 em(+C0) _m—|

(4.49)

(m+n)2w, [0 ym—| -2
(12+m27n2)w3 em(+0) —m—| ’

+3

_ 3 _(m-no
un(l)= -3 (,eranz)z&

3wplman) [ 0 |
(P+m2—n2)wy | nel@O-1

+3 mnw, [ et -2
2 (Pym2—n2)ws | nelEO-1]

(4.50)

*+m2—n2

where(:x—( —Wy — 2 >%

All the above solutions are valid for (fah — Fﬂ(:l)—zzfnz

) > 0.
Using Eq. (4.37), Family 18 is reported, as

fan (59

_ 3 _(m-n?)w, 3w,l(m+n)
us(0) = 2 (Pym2—n2)an + (P+m2—n2)wy

(4.51)

-2
dptt [an (597,

] ) ©
Pim2-n2 | o
The above solution holds true for <—cu1 -2
F+m?—n
Set 4:

+

where { =x — < —

>>O.

(mz—nz)wz _
(P+m2—n2)ws ' fr = 0,

_3_(m-n?
06277(, T nZ)w ; =0

: 3
1)) -1 — ﬁ7 o —2

3wyl(m—n)
(P+m2—n2) s’

U(Q) = oo+ [tan < (Q)} + 0y {tan (?)} 2.

Using Eq. (4.53), the Families 1, 2, 3, 4, 5, 6 and 7 can be written
respectively, as

o = —

(4.53)

P 3 (m2-n?)m,
uss(0) = T2 Prmion?)o,

— Vil gan (W P+ Q)]z,

3 (m n) (0]

1
2 2 +m2—n2), Joz |m-n

_ 3 (m*-n’o
) = =3 P

3mwyl(m—n)
(12+m1—n2)m3 m-n

2
+3 e [m o VPR anh <\/’"2*’2’"2 ¢+ C))] :

(P+m2—n2)ms3

T ann (VEEE 1 0))| g5
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— _3_(m-ro
U45(C) T2 Prm 2o,

30,l(m-n) [m \/F tanh <‘/_(C +C))}

(lz+m2—n2)u)3

+3 (m-n)>, [m sz* tanh(vmz+ (¢ +C)>]2,

(4.56)

(P+m2-n2)ws

_ 3 _m-mo
Uss(§) = =3 oo

3w,l(m—n) [%1 + \/";j tan (@ (( + C)>:|

(12+m2—n2)w3

2
+3 gl ['+ VP tan <V”2 . (4+C)>] :

(4.57)

(P+m2—n2)as

_ 3 _(m*-n?)m,
Uy () = T2 (Fime- nz)w;

- (o (0)
gl [k (FE - 0)]

_ 3 _(m-ntay
2 (Pim2—n2)ms

(4.58)

ugs(() =
3wyl(m—n) e2m(+C)_1  2em(i+0)
_ W {tan ( arctan (e2m<;+o+1 ,ez,,,(;+c)+1)>]

2
3 _ (m-n) (uz e2m(i+C)_q1  pem((+0)
+3 Erm2—n2)ar, [tan ( arctan (7@"\ 011 MO +Q+1))} s

(4.59)

) = _ 3 _(m*-n*)o,
2 (Pym2—n2)ws
3wyl(m-n) 1 2el(+0)  Q21((+0) _q
— —( e {tan (5 arctan (‘ezt<;+c)+1 7ell(i+0+1))]
2 2
+3 2 MmN, [tan ( arctan ( 2¢O 2010 1))] ,

(P+m2—n2)as 20 117 @20 17

=)

Ugg(

(4.60)

whereC:x—( —y —2“’—2>%

" +m2—n2
All the preceding solutions are valid for ( - — F+r{;+nz> > 0.

By Eq. (4.53), the Families 9, 10, 11, 12, 13 and 14 can be
respectively reported, as

_ _3 (mzfnZ)(z)z 3w, l(m—n) il(+C) _
Uso (C) - 2 (Bym?—n2)m, (12+m2—n2)(u3 [e 1} (4 61)
3 _(m=nPw,  [ailg+C) _ 112 :
2 (B+m2—n2)m; [e 1] )
7Y — 3 _(m2-n*)w, 3w, l(m—n) eilli+0)
Uusi ({) = T2 PFimi_n?)wy (Pm?—n?) oy [_ ,Heu(;m] 462)
+§ (m—n)2w2 _ eil(;.AC] 2 :
2 (Pim2—n)ms —1+€lE0 |
_ 3 (m*-n?)w, 3wyl(m—n)  [(+m)em+0) 1
USZ(C) T2 Prmnt)ws; (12+m2—n2)w3 [(1,m)em<;+cJ,1 (4 63)
13 _memley  [(mpentO 2 :
2 (Bim2—n2)w, |(-m)emO-1| >
— 3 _(m*-n?)w, 3wyl(m-n)  [(m+n)emc+O41
Us3 (O T2 Prmnt)ws; (12+m2—n2)w3 [(m—n)emﬂﬂlq (4 64)
43 (m-nw, [(memenO41]? ’
2 Frmi-n2)w; |(m-mem=O-1|
_ 3 _(m*-n®)w,  3wplm-n)  [em+0)ym |
u54(é) - 2 (l2+m271’12)(t)3 (12+m2—n2)a)3 [em(:\C),m,I] (4 65)
L3 _menfoy [0 i]?
2 (Pim2-n2)w; €O -m-1]
= 3 <m2’"2)“’2 3w, l(m—n) le'(¢+0)
U55(O T T2 Pim-ndyws (,2+mz,nz)w3 [* el 01 (4 66)
L3 _mnlo, [ o) 2 ‘
2 (Pim2-n?)os nel0—-1|

Pym2—n2 | o°

WhereC:x7< - f“’72>ﬁ
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All the above solutions hold true for (—cm — &2 ) > 0.

P+m2—n2

Using Eq. (4.53), Family 18 is noted, as

_ 3 _(m*-n®)o,  3wyl(m-n) n{+C
U56(§) = 2 (Prm2_n2)ws (12+m2,n2)u)3 [tan( 2 )} (4 67)
3 _(m-n’w n+C\12 ’
+3 (ler,,,lz,nz)zw3 [tan (gT)] )
where { = x — ( -y — 12+,§:227n2> e
The above extracted solution is valid for (—wl — lz“‘;’ﬁ) > 0.

5. Graphical representations of the obtained solutions

The graphical representation of solutions retrieved by the pro-
posed method is usually as significant as the computation. It helps
the reader to grab maximum amount of information of the model.
In this section, the behavior of some solutions under fractional
effect has been examined using their 3D plots and line plots. The
graphical illustration of solutions is given for suitable choices of
parameters I,m and n. Figure 1 shows graphical behavior of
u9(x, t) that depicts a W-shaped soliton. The corresponding line
graph exhibits changing patterns of the solution for two different
values of fractional parameter ¢. Figure 2 interprets singular bright
soliton for usq (X, t). Figure 3 depicts singular soliton for u6(x, t) and
Figure 4 illustrates a bright soliton for us4(x, t). All these solutions
behave differently upon opting different values of « over the inter-
val (0,1). This can be clearly visualized from the line graphs.

() a=0.5
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6. Conclusion

This paper addressed the conformable time-fractional Klien-
Fock-Gordon equation. The proposed model was examined for
quadratic nonlinearity. The conformable derivative was applied
on the proposed model for investigating the fractional effects.
The conformable derivative opens new horizons for the researchers
and scientists to obtain analytical and numerical solutions of prob-
lems in science and engineering. The traveling wave transforma-
tion along with fractional operator was applied, for transforming
the proposed fractional model into an ODE. After obtaining ODE,
the improved tan(W¥({)/2)-expansion method was employed for
the extraction of soliton solutions. New trigonometric, hyperbolic
and rational solutions were derived. On comparing our derived
results with the results reported in Veeresha et al. (2020) and
Alam et al. (2021), it was observed that abundant new traveling
wave solutions were obtained. Various bright soliton, W-shaped
soliton, singular soliton and periodic wave solutions were reported
in this article with fractional effects. The dynamical behavior of the
obtained solutions was discussed with the help of 3D plots and 2D
line plots by choosing the specific values of arbitrary parameters. It
was noticed that the wave profile was changed by taking different
values of fractional parameter o, 0 < o < 1. It is worth mentioning
here that the applied approach is efficient, versatile and powerful
to acquire the solitons with real-world applications. The obtained
results may be useful for further studies in mathematical physics
and engineering.

Fig. 1. The Graph for |ujg(x,t)]at =0, m=3, n=1, o1 =w, =-1, w3=2,C=1.
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Fig. 2. The Graph for |usg(x,t)|atl=2, m=3, n=2, 01 =wy, =-1, w3=2,C=1.
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Fig. 3. The Graph for |ug(x,t)|atl=1, m=0,n=2, w1 =w, =-1, w3=2,C=1.
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Fig. 4. The graph for |uss(x.t)| atl=4, m=-5n=-4, w1 =w, =-1, w3=2,C=1.
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