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selected solutions are graphically verified by precise values allocated to constant parameters. This tech-

nique with the current ansatz can be implemented with a broader range of applicability to handle various

other forms of non-linear evolution systems (NLES).
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1. Introduction

Of late, it is well observing that several attentions have been
focused by researchers on the proliferation of finding the exact
solitary wave solutions for coupled non-linear evolution systems
(NLES), which play a crucial part in characterizing non-linear prob-
lems in mathematical physics and sciences. The coupled non-linear
systems have many applications and are often used to exemplify
many of the problems in physical sciences, for instance, material
science, chemistry, biology, ocean waves, fluid dynamics, optical
fiber, plasma physics etc. (Li et al., 2019; Li and Viglialoro, 2018;
Abdou and Soliman, 2005; Abdou, 2007a; Abdou, 2007b;
Seadawy and Alamri, 2018; Aljahdaly et al., 2019; Arshad et al.,
2019; Lu et al.,, 2019b; Yaro et al., 2019). Attaining numerical and
exact solutions for coupled NLES exhibits indispensable task in
the investigation of tangible occurrence and has become a vigorous
and important task. However, attaining the exact solution of prob-
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lems involving coupled NLES can aid researchers understand these
occurrences well as compare to the numerical solutions (Apeanti
et al., 2019a; Seadawy et al., 2018; Nasreen et al., 2019; Ahmed
et al., 2019; Cheemaa et al., 2019; Lu et al,, 2019a; Apeanti et al.,
2019b; Igbal et al., 2019). Hence, the research of the exact wave
solutions of coupled NLES exhibits a significant role in the investi-
gation of these tangible phenomena and numerous controlling
techniques already proposed to attain the exact solutions, for
example, extended tanh technique, Painlevé technique, extended
mapping technique, homogeneous balance technique, homotopy
perturbation technique, Exp-function technique, finite difference
technique, F-expansion technique, Adomian decomposition tech-
nique, various Tanh technique, auxiliary equation technique,
rational expansion technique and so on (Agarwal et al., 2020;
Agarwal et al.,, 2017; Wen, 2010; Zenga and Wang, 2009; Selima
et al, 2016; Seadawy and El-Rashidy, 2013; Yue et al., 2016;
Arshad et al., 2016; Wen, 2011; Wang et al., 2012; Lin et al.,
2011; Qin, 2008; Liu and Li, 2016). Several authors (Abdullah and
Wang, 2017; Arshad et al., 2017) have investigated the structure
and the exact solitary wave solutions for the non-linear Drinfeld-
Sokolov-Wilson (DSW) system.

In the meantime the aforementioned method have numerous
advantages over the other methods, the easiness and the accessi-
bility of softwares which can smooths the tedious algebraic
calculations motivated us to implement the RERE method to ascer-
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tain new exact solutions for the DSW system via new ansatz. For
this current paper, the ansatz equation is extended to a new
general form in the Riccati equation rational expansion (RERE)
technique (Wang et al., 2005) to attain successions of solutions
for the non-linear coupled DSW system. Therefore, more or less
new and versatile exact traveling wave solutions have been
constructed.

The remaining work arrangements are as follows: The Section 2
outlined the RERE technique. In Section 3, this technique is imple-
mented to obtain a new series of solutions for DSW systems. In
Section 4, some of the solutions attained are presented graphically
to describe the evolutionary shape of the solutions. Section 5 rep-
resents the results and discussions. Section 6 points out the
conclusion.

2. Summary of the technique

In this aspect, the analytical technique of how the Riccati equa-
tion rational technique is used to attain the traveling wave solution
of NLES. Most importantly, we check the technique when imple-
menting the NLES defined problems, which has two non-
dependent variables, a space (x) dimension and time (t) dimension.
Given the subsequent non-linear evolution equation of which we
attain traveling wave solutions:

=0, (1)
where m(¢) = m(x, t) is an unidentified function, P; is a polynomial
of m(x,t) and its partial derivatives as well as the maximum order
derivative and non-linear terms. Consequently, we introduce the

significant steps for this technique: Step 1. In joining the cases ¢, e
and { into a variable ¢ = px — dt, we suggest

m;(x, £) = M;(S),

P;(m;, mye, My, Mee, Mixe, Mix, - -

= fx — ot (2)

where B and ¢ are unknowns which will be attained later. Eq. (2)
allows us to simplify Eq. (1) to the succeeding ordinary differential
equation (ODE):

Q;(M;,M;,Mj,...) =0, (3)

where Q; is the polynomial in M;(¢) and its derivatives, whereas

! 7 2
M; 7‘1dM7Mj ‘fi’;” etc.
Step 2. We can now suggest that equation (3) has a well

founded solution

Y — g0 + Z oW (&) + Aj(w?){*‘we)

+> )y ), (4)
j=2

where ¢ = y(¢) fulfill the equation

V(&) = k1 + ko (¢)?, (5)

with o, ki, k2, 6o, G5, 4, 4 and ;G = 1,2, ...
will be obtained later.

Step 3. The basic systems of a succession of essential solutions,
like polynomial exponential, Jacobi, rational solitary waves, and
triangular periodic are the diverse special effects of varying wave-
forms in various non-linear systems, hence, dispersion, dissolution
and non-linearity (either in combination or in used) can be bal-
anced. We apply D[M;(¢)] = n; to signify the degree for M;(¢) and
that of the other terms as:

,n) are unknowns which

DM =n;+n,  DIM(M")'] = njic + (1 + ). (6)
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Step 4. Now by putting (4) in (3) together with (5) and then by
setting all coefficients of y/(¢), (j = 1,2,...) of the numerator of the
obtained system’s to zero, the system of non-linear algebraic equa-
tions about B, a, 00,054, and y;(j=1,2,...,n) can be
determined.

Step 5. Applying software (ie. Mathematica or Maple) to find
the non-linear algebraic expressions in Step 4, then we obtain
the clear solution for the terms f,o, 00,04, and
y;0=1,2,...,n).

Stage 6. Lastly, (5) has the subsequent validated solutions:

I For ky =} and k; = -1,

m; = 0oy
n E”: oj(tanh(¢) + isech(¢)y + Jj(tanh(¢) + isech(i))”l(se.ch (&) Fisech(¢) tanh(¢))
= (o(tanh(¢) + isech(¢)) + 1Y

+ iuj(tanh(i) +isech(&)Y % (sech? (&) T isech(¢) tanh(¢))

sech ¢) Fisech(¢) tanh(¢) !
+Z ( tanh (&) £isech(¢) )’

@)

m; = 0o
1

. i oj(coth(&) £ csch(é ) — /j(coth(&) + csch( &)Y (esch? (&) + esch(é) coth(¢))
gt (a(coth(é) + icsch(&)) + 1Y

— > p(coth(¢)
j=2

(csch? (&) + csch(g) coth(&)))
+Z’1< coth( ) + csch(é) ’

+ csch(&)Y 7 (csch?(&) + csch(é)(coth(&)))

IL. For ky =k, = &+
m; = 0o

+Za}(sec( ¢) £ tan(¢ )) + Jj(se

j=1 (a(se

+ Zu} sec(¢

sec(¢ tan &) + sec2 (&)
+Z/J( sec(¢& itan() >"

(&) + tan(&) Y~ (sec(&) tan(&) + sec?(¢))
(&) + tan(é)) + 1Y

&) + tan(¢)Y 2 (sec(é) tan(&) + sec?(¢))

9)

m; = Op

+ZUJ csc(&) £ cot(¢ )) — Aj(esc(é) icot(f)) (csc(é) cot(&) + csc?(¢))
(o(ese(¢) = cot(&)) + 1)

) £ cot (&)Y 2 (csc(&) cot (&) & csc?(&))

- Z,uj csc(é

(esc(&) cot(&) + esc2 (&)Y
*Z ( csc(€) % cot(¢) > ’

(10)
III. For ky =1 and k; = —
" g j p 2y
my = g + 3 IR+ tanh’”’ (Osech’ (e
= (etanh(&) + 1)

n ;. n h2

+ > y(tanh(¢))*sech’(¢) + b <Stea;h((§))> (11)
=2 =

S 2”: aicoth/ (&) — Jjcoth ™" (&)csch? (&)
= (acoth(®) + 1)

n ) J
—;uj(coth(é)f’zcsch Z ( chtc; S) (12)
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IV. For k] = k2 =1,
e $- A s

P (otan(¢) + 1)
2 et o N (562
#Dgttan(e) *sec @)+ 3 () (13

V.For ki =k, = -1,

" gjcot (&) — Aicot ! (§)esc? ()
R + -
My = 00 ; (accot(&) + 1y

n . 2 "
_Zﬂj(cot(i))ﬁzcsc +Z/J< cc(ftc ;) (14)
Jj=2

VI. For k; =0 and k, # 0,

m— oot S Gj(kz§+fo)j—ijkz(kzéJrf;);’]
=1 (ko + fo) + (k2 +fo)7)

J
_Zu]kz (ka(&) +fo) +Z <k2 +f> -

where ¢ = px — dt,i = v—1 and f is constant.
Remark. Notice that the ansatz suggested in this paper is new
and different from the one suggested by Wang et al. (2005).

3. Implementation
3.1. The non-linear Drinfeld-Sokolov-Wilson (DSW) system

Here, we take into consideration the couple non-linear DSW
system given in the form

m; + (r?), =0,

(16)
Tt — ' + 3rmy +3mr, = 0.

The non-linear coupled DSW system have been studied by sev-
eral researchers (Arshad et al., 2017). By implementing (2) on (16)
we attain

—oM' + B(R*) =0,

3 (17)
R — f°R" +3pRM' + 3MR =

Now by ignoring the integral constant after integrating the first
equation in (17), we get

oM = BR%. (18)
By putting Eq. (18) into the second equation of (17), we get
3R+ BPSR' — 38R = 0. (19)

Now from (19) and by implementing the homogeneous balance
principle gives n = 1. Therefore,(19) tends to

(&) + 2y (&) +y ¥'(©)
o (&) + 1 Ty’

where (&) satisfies (5).

Substituting (20) alongside (5), results in a polynomial of
Y (€)(G=0,1,...). By setting the coefficients of the terms y/(¢) to
zero, gives a set of algebraic equation systems. Solving this set of
systems for ay,01,1,7;,% and g with the aid of software gives
the subsequent values.

Family 1: ky =1and k; = -1,

g, =0, 1 =0, Y1 = ii\/§52/37

O(ZO’ ﬁ:_%7

R(¢) = a0 +

(20)

g =0,
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523 5213
607im7 G]Ziﬁ, ;L]:07 ’y]ZO,
a=3, p=2V5,
2/3 52/ 2/3

Go = (’21\)77}3“, i”}?f"”, M=0, 9,=0  a=-3

B=—V=-2V5,
23(23 2323

00 =0, i(la)wl , J1 =0, y, ==+E =, =0,

_Y3 \/5

O—Ozi(—lir\g{s“, BN 1)\2//;32/3’ =0, 7, =0, =3

B =215,

0o =0, 61:i%, 1 =0, ylzi%, o=0,
B=—y/—35,

0o =0, alzi%, J1 =0, ylzi%, o =0,

_ B

ﬁf 2’

$2/3 5213

aofj:z:}iﬁ, alzﬁ:\%\@ 1 =0, 71 =0, o=-3,
B =25,

00:07 01 i\}fj—y /“1:07 ’yl_izm\a/é_287 OC:O,
B =35,

Family 2: k; =k, = +
a0 =0, 01 =0, 1 =0, ylzi\/%yﬂ’ %=0, f=5,
G0 =0, =252 =0, =0, a=0, = Y225,
00:0; Gl—i\?\}_—\d/z;’ /11207 ylziWa a:()v
B =v-2V5,
0070, o1 ==+ l‘?—gz 1 =0, Vlii—iv?—%/‘%zg, O(:O., /)):7%,
00 =0, alzivi;’z_z% /1 =0, ylzi‘z“Tg“ =0, p=-v25,
aozizg%, m:iivi‘**}ei‘?m, =0, 9,=0, o=3i
— VA 315,
0o iz\/é;% 1=i—V‘4+3¢gm, m=0, =0 o=-3i
B =v4+3iv6.

Family 3: k; =1 and k; = —

2/3 N 2/3 5
00207 iz:/_ ) /“]:07 Vl_ié\/— O(:07 ﬁ:§7
2/3 52/ _9\2/352/
o=+l g =N 20,y =0, a=3,
—Y7295,

0o=0. 0= iz(—lzzr/%m, J1=0, p, = i(—n?am 0=0
b 3 b 3 b b}

ﬁ = 7% 3V 71\3/57
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2/3 2/3 2/3\7‘ 2/3
0-07:‘:< 2]2/3\/3‘ ; 17:‘:(]%7 )170 % 07 OC:—37
ﬁzi 75\/57

2/3 2/3
Oo=%5375 7, alziﬁjg , 74=0, p;=0, o=-3, /3:%,

0o=0, 01= ivy_’“, =0, 9, = 1‘7—”23, a=0, ﬂ:%,

2/3 "
iz:}”\f iz\}m' 41=0, y,=0,

Family 4: k; =k, =1,

a=3, p=v2v5s.

2/3 . ;
G():O7 :|:21:)/— s /L1:07 '})1::‘:1%,

_ _ 20718 523
ao =0, G1fiT, iT’

=0, 7=

0o=0, o=+ 5,20, y, =0,

=0, p=y/-3V5,

2/3 61023 .
ao:im, 61:17“%”, 1=0, y,=0, a=3i
ﬂ — \}4—2331\75

227 i)

L (—1)2Be _ (3-i)5?/3 Y
Oo=+75s O1=%35es 4=0 71=0 a=3i
p= 0,

2 /

N O Ve _ Vs _ _ _ a3
0o =+ Fx%> ==, A =0, p,=0, o=-3i,
§ = LV VES

- 22’3

Family 5: k; =k, = —

5273 R 273 5
0-0:07 0-1:i21\(>§ ; /“1:07 V1:i1%7 O(:07 ﬁ:—%
00=0, o1 =+2502 520, p=x5E2 0 0=0, p=1V-1V5,
00=0, 01 =+512"2 5,20, ,=0, a=0, p=2¢/-1V5,

i 52/3 i 2/3 12333
G0=0, o= )20,y =D 40, =L

V2

Go=i e o=+ ET 4 =0, =0, a=3i
B = \?4 31\7

2/3 iv2/3 i
Og ==+ \/'i\?_(il = i@7 =0, 7=0, a=-3i
ﬁ \?4+31\?_

L Cnen _ o (=1)*PIETeie - = =-3i

=+ GEe 0=t g3 o A=0 7 =0 a=-3i

f=— VAVA3iVs

2273 .
Family 6: k; =0 and k, # O,
0-0:07 (T]:—k2'))], 11:07 Y1 =" OCZO, ﬁ:ﬂ7

Go=+74 01=-ky), =0 7y =y, a=0f=¢

As indicated in Family 1, (16) obtain the following solutions:
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\/ 523 (sech2 F itanh(é)sech(é)>
tanh(¢) + isech(é) 7

=

(21)

i\/%éz/3 (sechz(f) T itanh(é)sech(é)) ’
Nzl tanh(¢) + isech(é) ’

(22)

1\@62/3 (cschz(é) + coth(i)csch(f))

M2 == coth(&) + csch(¢) ’ (23)

2

1 i\@éz/3 (cschz(é) + coth(f)csch(f))
M2 ==55|" coth(&) + csch(é) ’ (24)

where ¢ = —¥/6x — dt and & is constant,

33 22 (tanh(é) + isech(¢))

s = 4\/—+3(tanh(£) +isech(¢)) +1° (25)
83 +22 (tanh(¢) + isech(¢)) ? 26
ms=an|{*F4a3" 3(tanh(é) isech(¢)) + 1 (26)
33 22 (coth(&) + csch(¢))
4\/_+3(coth( ¢) +icsch(¢)) + 17 27)
$2/3 2
83 £%=(coth(¢) £ csch(¢))
Ma =775 <i4\/§jL 3(coth( £) £icsch(é)) + 1) ’ (28)
where ¢ = 2¥/6x — 6t and 6 is constant,
o jE(_1)2/352/3 i(iv}'/\/i/ (tanh(¢ )iisec{l(é))7 29)
2v2V3 1 - 3(tanh(¢) £ isech(¢))
2/3 52/3 . 2
N =2 [ (—12Pss S J_; (tanh(¢) = isech(¢))
6%3 2V2V3 1 - 3(tanh(¢) + isech(¢)) 7
(30)
_q2Bgn £EU2P (coth(é) £ csch
M o Vi 5o (.). csc (é)), 1)
2923 1 — 3(coth(¢) +icsch(¢))
=2 (c1)Pes i“‘)v,;j‘;” (coth(é) + csch(e))
e =~"37 2V3V3 1 3(coth(é) £icsch(d)) )
(32)
where ¢ = —v/—2+/6x — 6t and ¢ is constant,
_1\2/352/3
- i%(mnh(g) 1 isech(?))
(—2)236%3 (sechz(f) ¥ itanh(f)sech(i))
+ (33)
v3(tanh(¢) £ isech(¢)) ’

(tanh(¢) £ isech(¢)) +

3, 2/3 g2/
,B(g—w ik

(22523 (sechz( &) itanh(¢)sech(é )) 2
V23

V3(tanh(¢) + isech(¢))
(34)
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4 DR (tanh(¢) + isech(¢))

(_])2/352/3 s
tanh(¢) +isech(¢)) +1 ~’

43 " 3(tan

g == (35)

myg =

2\/— (i( 1)23623 G ””(tanh(é)iisech(é)))z

57 4/3 | 3(tanh(g) = isech(d) + 1
(36)
B _12Be8 +E 1)\2/_352 ¢ (coth(¢) 4 csch(¢))
T B (coth( Fiesch@) 1 =7
27T (L (1P £ coth(@) £ esch(@))
Mo =""o5 | ¥ 4/8 T 3(coth(?) Licsch(@) +1 )

(38)

where & = —2¥/—1+/5x — 6t and § is constant.

Remark. Not all the solutions of Family 1 cases listed are
attained.

As indicated in Family 2, (16) obtain the following solutions:

\/%52/3 (tan(¢é) sec(¢) + sec?(¢))

1=+ sec(¢) + tan(¢) >
\/b2/3 tan(¢&) sec(&) + sec?(¢)) ’

my = 52/3 Sec(f) +tan(¢) ’ )

\/’52/3 cot(&) esc(€) + csc?(¢)) (41)

csc(é) + cot(¢) ’

\/()2/3 cot(¢) esc(é) + csc3(¢)) ’
my; = 52/3 - csc(é )icot(é) ' “2)

where ¢ = ¢/5x — &t and 6 is constant,

o/ 52/3
I3 = i% (sec(¢) £ tan(¢)), (43)
e N O 2
ms =7 (i Nl (sec(¢) itan(g))) : (44)
o152/
Fog =+ \/\3/;\@ (csc(€) + cot(é)), (45)
V=2 (0T :
Mas = 73 (i Vel (csc(é) + cot(é))) : (46)
where ¢ = v/—2/5x — ot and § is constant,
2/3
=+ Y10 sec(@) o)
V—122%5*3 (tan(¢) sec(¢) + sec?(¢))
+ ; (47)
V3(sec(¢) £ tan(¢))
V=2 veaes J—12275%7 (tan (&) sec(&) +sec?(¢))
T'I'125*527<i 733 (sec(¢) £tan(¢)) = V3(sec(é) + tan(é) ) ’

(48)
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V=163
T == csc(é) £ cot
26 733 (esc($) )
V1222825 (cot(¢) esc(¢) + esc3(9)) (49)
V3(csc(¢) + cot(€)) ’
V=2 V=168 ) ; V=122 5% (cot (&) esc(é) £ esc? (&) :
M2 e <iW(CSC(g) Cot(E) - V3(csc(é) £ cot(é))
(30)
where ¢ = v/—2+v/6x — ot and § is constant,
3523 . V2623 (tan(¢) sec(&)+sec? (¢
27 :i'ﬁijg(sec(f)itan(g))i 20 J(;(S;X)ﬂir:i)) ()), (51)

1 (i iv2623 iv/20% (tan(¢) sec(¢) + secz(f))> 2

Moy = = gm £ el £ tan(e) + V3(sec(é) + tan(2))
(52)
- 3/5<2/3
ras = i‘@ (csc(&) + cot(£))
1v/20°7 (cot(&) esc(&) + esc?(¢))
- (33)
V3(csc(&) £ cot(é))
B 1 iv26%°? iV/26%3 (cot(¢) esc(€) + csc2(é)) 2
has 77W<i V3 (csc(€) & cot(?)) - V3(csc(€) £ cot(¢)) > ’
(54)
where ¢ = —%x — ot and § is constant,
- 2/3
=+ +t
29 \Tz\r(sec( $) + tan(¢))
52/3 52/3 2
i12 0 (tan(¢) sec(¢) + sec (é))7 (55)
V3(sec(¢) £ tan(¢))
V2, 12275%3 (tan (&) sec(&) £ sec?(¢)) :
ng—_(52/3< 33 (sec(¢)+tan(¢)) £ V3(sec(d) £ tan(?))
(56)
- <2/3
r csc(¢) + cot
210 = \/—\/—( (©) (9))
1277675 (cot(¢) esc(é) + esc?(¢)) (57)
V3(csc(&) + cot(¢)) ’
V2, i i22/25%3 (cot(&) csc (&) £ s (&) :
mzm__éﬁ(i\/—\/_ esc(8)cot(c)) - V3(csc(¢) £ cot(é)) '
(58)
where ¢ = —v/2+v/6x — ot and § is constant,
£ T (secg) £ tan(e) o -
1 = . ,
1T T 3i(sec(d) £ tan(@) - 2v3V4 =30 59)
=2/3 . . 2
R T + Y3 (sec(¢) 4 tan(¢)) L
M Ten 1+ 3i(sec(¢) +tan(¢)) ~ 2v3V4 - 3i
(60)

Remark. Not all the solutions of Family 2 cases listed are
attained.
As indicated in Family 3, (16) obtain the following solutions:

26%3 0*3csch(&)sech(¢)
tanh(¢) + &SNS PECIE)
vz @) V3

33 ==+

(61)
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1 20%3 8*3csch(é)sech(é) ’
My =—= |+ tanh i— , 62
YL ( vz e V3 (©2)
26%3 6*3csch(¢)sech(?)
sy = +—— coth(¢) - ———+——>~ 63
32 /3 (€ /3 (63)
1 20%3 8*3csch(é)sech(é) ’
M3y = —5= | == coth(¢§) - ———— 22— 7] | 64
32 252/3 ( \/-3‘ ( —) \/3‘ ( )
where ¢ = %ﬁx — ot and ¢ is constant,
. (C1)2P? + H)%fé” tanh(¢&) 65)
RPN 3tanh(&)+1
2
Vo _123823 272 ranh
ms3z = — 232 ﬂ:( 13) 0 + ( ) s (66)
8%/ 2V2V3 3taﬂh( )+
2/302/3
_1\2352/3 coth
s 1R (25T )
2323 3 coth &)+ 1
3 & 2
3= Cengen (£ coth(e)
Moy = V2 (L0 N G . (68)
0% 2v2V3 3coth(é) + 1
where ¢ = —v/—2+/6x — 6t and ¢ is constant,
2(—1)?3s283 (—=1)*35%csch(é)sech(¢)
r3s = £——~——— tanh(¢) + , 69
V=1 [ 2(-1)3s23 _1)238%Besch(é)sech(d))
5= i%tanh(f)i( ) > (Osech(©) )
(70)
rs = £ 2CV ih(gy - CNPPesch@sech) gy
V3 ’ V3 ’
/21 2(-1)23s3 —1)38%Bcsch(é)sech(e)\’
m36——m(i%coth(f)—( ) \/§ (C) (é)) ,
(72)
where ¢ = —1v/-1V/6x — 5t and ¢ is constant,
R (_1)2/352/3 i(—l)z,/j%?idz/a tanh() )
AR YE N 1—3tanh(¢)
2
N 3 7% ) (71)2/352/3 N LC 2/3\7—02/3 tanh(e) 74
S 2P 3 - 3tanh( 3 ’
(—1)/352/3 (i%) coth(¢)
I3g ==+ 253 1 -3 coth(¢) (75)
/ 52/ 2
3 capen (IR ethe)
msg = — 5273 253 + 1-3coth(d) ) (76)
where ¢ = —¢ —%\3/3x — ot and ¢ is constant,
iv/26*3csch(é)sech(¢)
39 =+ , 77
39 \/§ ( )
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1 i¥/26*csch(é)sech(¢) ’
M3g = — 223 5273 <i /3 ) (78)
iv26*3csch(é)sech(¢)
310 = — >, 79
310 \/§ ( )
1 iv26*3csch(é)sech(¢) 2
M3q0 = *22/352/3 ( /3 » (80)

where ¢ = zf?;x — ot and 6 is constant.

Remark. Not all the solutions of Family 3 cases listed are
attained.
As indicated in Family 4, (16) obtain the following solutions:

2i5* 6%/ csc(¢) sec(¢é)

g = +———tan(é) + , 81
41 /3 9] /3 (81)
1 2i5%3 162/ csc(&) sec(¢) ’
My =—-——=|+———tan(é) £ ———=> | , 82
" w% 5 tan(d) 7 (82)
where ¢ = —?x — ot and ¢ is constant,
6/ 752/3 6/ 752/3 ¢ ¥
Fop = i2—\/16 tan(é) + V=167 csc(¢) sec(g)’ (83)
V3 V3
2
V=1 [ 291" /=16%3 csc(&) sec(é)
m +——tan(¢) + =1, (84
42 = 202/3 \/§ (6) \/§ ( )
where ¢ =1v/~1v/6x — 6t and § is constant,
Y125
ry3 = +——— tan(¢), 85
e 73 9, (85)
2
VoI e
My3 = 273 (i 73 tan(¢) | , (86)
where ¢ = ¢ —%\ﬁx — ot and ¢ is constant,
6/5 52/3 y p
Faa = i\/fé csc(¢) sec(s) 87)
V3
2
1 ¥26%3 csc(&) sec(&
Mut = o [ ()sec0)) | (88)
2235 V3
where ¢ = %x — ot and ¢ is constant,
V=263 csc(¢) sec(é)
Tas = & , 89
45 73 (89)
2
V=1 iv/—28%3 csc(é) sec
Mas = = 33373 * ()sects) ) (90)
2235 V3

where ¢ = — gyr’x — dt and § is constant.

Remark. Not all the solutions of Family 4 cases listed are
attained.

As indicated in Family 5, (16) obtain the following solutions:

:52/3 i$2/3 p

= 2202 o ety -
1 2i5°3 i6°/ csc(¢) sec(¢) 2

Mms; = ~ 5B <:|: 73 cot(¢) —a ) (92)
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where ¢ = —¥2x — 6t and ¢ is constant,
6/ 752/3 6/ 7 52/3 .
— i2\/ 16 cot(é) — V=16 csc(g)sec(f)7 (93)
V3 V3
2
V=1 2916483 V=163 csc(é) sec(é
msy = Yo [+ 52 cot(¢) - (©Osec))  (ga)
26 V3 V3
where ¢ =1V/~1v/6x — 6t and ¢ is constant,
VT2
Is3 = +—————— cot(¢), 95
53 /3 (€ (95)
VoE (L V=1vas” ’
Ms3 = 5273 <ﬂ: 73 COt(f)) . (96)
where ¢ = ¢ f%ﬁ/gx — ot and § is constant,
/26%3 csc(¢) sec(&
V3
2
1 /20%3 csc(¢) sec(&
Ms4 = 573 23 | g © ) (98)
2235 V3
where ¢ = Zzi%x — ot and ¢ is constant,
iv/—26%3 csc(¢) sec(&
s = - (secld), (99)
V3
2
V=1 iv/—28% csc(é) sec
ms —— (- E)sec@)) | (100)
2235 V3
where ¢ = —%x — dt and ¢ is constant.

Remark. Not all the solutions of Family 5 cases listed are
attained.
As indicated in Family 6, (16) obtain the following solutions:

2'))1’(2
Te1 = — . 101
o fo+k& (101)
_ﬁ B 2'))1k2 2
Mg = 5 ( fO T sz s (102)
0 2y,k; (103)

T . s L2
°2 V3 fotkié
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ﬁ( 5 27,k )2
Mgy == | £—— ,
2o\ "V3p fotkae

where ¢ = px — dt, 9, B,7,,f, are constants and k; # 0.

(104)

4. Graphical depiction for some of the solutions acquired

In this section, graphically displays for some of the acquired
solutions in the preceding section is represented. The numerous
acquired solutions are achieved via allocating a constant value to
each parameter. The physical nature is presented within the inter-
val —2 < x,t < 2. The graphs are plotted by taking the values at
constants 6 =2,y, =1,x, =1.5,=1.5 and f, = 1.5. The nature
of the graphs depict how significance the solutions attained for
the non-linear coupled DSW system is introduced as system of
water waves. Below are some of the plotted figures, thus, Figs. 1-5.

5. Results and discussion

In this paper, we confirm that several of the attained solutions
are new by comparing the results acquired with the results of other
different works using different techniques. The merits and validity
of our technique over other techniques are discussed below:

5.1. Merits

A key advantage of our technique applied over other techniques
is, it offers a further flexible and amusing genuine wave solution
with several practical parameters. The accurate solution of NLES
is of excessive worth for enlightening the essential machinery of
cumbersome actual phenomena. In addition to the actual imple-
mentation, the approximation solution of NLES aids numerical sol-
vers compare the effectiveness of their solution and contribute to
their stability studies.

5.2. Validity

In Arshad et al. (2017) studied the traveling wave solutions of
(16) by implementing the modified extended direct algebraic tech-
nique. Consequently, they attained various explicit solutions like
solitary wave solutions, periodic wave solutions, Jacobi elliptic
solutions and Weierstrass elliptic function. It is important to note
that most of the results acquired in this paper are comparable to
the results attained in Arshad et al. (2017). In addition, the rest

(b)

Fig. 1. The results of (39) display from the figures with diverse plotted natures at é = 2 in the range —2 < x,t < 2: (a) periodic solitary wave and (b) represent 2-dimensional

nature.
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(b)

Fig. 2. The results of (40) display from the figures with diverse plotted natures at 6 = 2 in the range —2 < x,t < 2: (a) periodic solitary wave and (b) represent 2-dimensional
nature.

(b)

Fig. 3. The results of (87) display from the figures with diverse plotted natures at § = 2 in the range —2 < x,t < 2: (a) periodic solitary wave and (b) represent 2—-dimensional
nature.

Fig. 4. The results of (88) display from the figures with diverse plotted natures at § = 2 in the range —2 < x,t < 2: (a) periodic solitary wave and (b) represent 2—-dimensional
nature.

of the results are new and valuable for researchers to know more deduce abundant of traveling wave solutions comprising of hyper-
about this technique. bolic solutions. It is important to note that some of the results

Furthermore, in Khan et al. (2015) K. Khan et al. studied the acquired in this paper are comparable to the results attained in
exact analytical solutions for the (16) by implementing the Khan et al. (2015), but the rest of our attained solutions are new
enhanced (&)-expansion technique. Therefore, they were able to and is useful for researchers (Lu et al., 2018a; Lu et al., 2018b;
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Fig. 5. The results of (103) display from the figures with diverse plotted natures at 6 = 2,7, = 1,k, = 1.5, =1.5and f, = 1.5 in the range —2 < x, t < 2: (a) solitary wave and

(b) represent 2-dimensional nature.

Igbal et al., 2018; Helal et al., 2014; Ali et al., 2018; Igbal et al.,
2020; Seadawy et al., 2019; Ozkan et al., 2020; Ahmad et al., 2020).

Thus, it is proved that the RERE technique with the current
ansatz provides a commanding and essential mathematical tool
for finding non-linear evolutionary systems in mathematical phy-
sics and sciences. Hence, this new technique is dependable and
suggests a diversity of solitary wave solutions that can be applied
to numerous other NLES.

6. Conclusion

In this paper, we have efficaciously extended the ansatz in the
RERE technique to new and generalized form and attained some
new exact traveling wave solutions for (16). Some selected solu-
tions with different physical profiles of (16) are constructed in this
paper. Several of the attained solutions which is in the form of
rational solitary wave solutions and periodic wave solutions are
entirely new and could be vital for researchers to appreciate. The
results show that the proposed technique has a broader implemen-
tation and is more real than other techniques. Therefore, the tech-
nique can be applied to study various NLES that normally seem in
scientific real-time applications like mathematics, physics and
engineering. In addition, it is essential to investigate the stability
of some NLES by using the current formal ansatz applied in this
paper which could be useful for researchers.
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