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Abstract The purpose of this paper is to study common fixed point theorems for set-valued and
single-valued mappings in fuzzy metric and fuzzy 2-metric spaces. Also, we give an example to sup-
port our theorem. Generalizations and extensions of known results are thereby obtained. In partic-
ular, theorems by Pathak and Singh (2007), Sharma and Tiwari (2005) and Som (1985).
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1. Introduction

In 1965, the concept of fuzzy set introduced by Zadeh (1965),
many researchers have defined fuzzy metric spaces in different
ways such as Kramosil and Michalek (1975). The concept of
compatible mappings has been investigated initially by Jungck
(1988), by which the notions of commuting and weakly com-
muting mappings are generalized. In the last years, the con-
cepts of d-compatible and weakly compatible mappings were
introduced by Jungck and Rhoades (1998). In the last few dec-
ades, the common fixed point theorems for compatible map-
pings have applied to show the existence and uniqueness of
the solutions of differential equations, integral equations and
many other applied mathematics. Abu-donia et al. (2000)
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introduced the concept of fuzzy 2-metric spaces and study a
fixed point theorems in this space. Sharma (2002) and Sharma
and Tiwari (2005) studied unique common fixed point for three
mappings in fuzzy 2-metric and fuzzy 3-metric spaces.

The purpose of this paper is to obtain a unique common
fixed point for four hybrid mappings in fuzzy metric spaces.
We give an example to support our theorem. Also, we prove
a unique common fixed point for four hybrid mappings in fuz-
zy 2-metric spaces.\

2. Basic preliminaries

In this section, we recall some notions and definitions in fuzzy
metric, fuzzy 2-metric spaces.

Definition 2.1 (Sklar and Schweizer (1960)). A mapping
x:]0,1] x [0,1] — [0,1] is a continuous r-norm if it satisfies
the following conditions:

(1) * is associative and commutative,

(2) * is continuous,

(3) ax 1 =a for every a € [0,1],

4) axb<cxd whenever a<c and b<d for each
a,b,c,d €[0,1].
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Definition 2.2 (Kramosil and Michalek (1975)). A triple
(X, M, ) is a fuzzy metric space if X is an arbitrary set, * is
a continuous ¢ norm and M is a fuzzy set on
X x X x[0,00) — [0,1] satisfying, Vx,y € X, the following
conditions:

(1) M(x,y,0) =0,

2) M(x,y,t) =1,Vt >0 iff x =y,

() M(x,y,t) = M(y,x,1),

4) M(x,y,t) «*M(y,z,5) < M(x,z,s + t),s,t € [0,1),
(5) M(x,y,-): [0,00) — [0, 1] is left continuous.

Note that M(y,x,t) can be thought of as the degree of
nearness between x and y with respect to ¢.

Definition 2.3 (Grebiec (1988)). A sequence {x,} in a fuzzy
metric space (X, M,x) is said to be convergent to a point
x € X if lim,_ M(x,,x,1) = 1,Vt > 0.

A sequence {x,} in a fuzzy metric space (X, M, ) is Cauchy
sequence if lim,,_.o M(x,4p, X4, 1) =1, Vt,p > 0.

A fuzzy metric space in which every Cauchy sequence is
convergent is said to be complete.

Definition 2.4 (Abu-donia et al. (2000) and Sharma (2002)). A
mapping *:[0,1] x [0,1] x [0,1] — [0,1] is a continuous z-
norm if it satisfies the following conditions:

(1) * is associative and commutative,

(2) * is continuous,

(3) ax 1 =a forevery a €[0,1],

(4) a; x by xc; < ax x by x ¢ whenever a; < ay, b,
¢1 < ¢ for each ay, by, ci,ax,by, 05 €10, 1].

< b, and

Definition 2.5 (Abu-donia et al. (2000) and Sharma (2002)). A
triple (X, M, %) is a fuzzy 2-metric space if X is an arbitrary set,
x 1S a continuous ¢ norm and M is a fuzzy set on
X x X xXx[0,00) satisfying, Vx,y,z€ X, the following
conditions:

(1) M(x,y,z,O) =0,

(2) M(x,y,z,t) = 1,¥t > 0 when at least two of the three
point are equal,

3) M(x,y,z,t) = M(x,z,y,t) = M(y,z,x,t) =
about three variables,

@) M(x,y,u,t;) * M(x,u,z, t;) * M(u,y,z,t3) < M(x,y,z, t;+
th+8),t,t0,t5 €[0,1),

(5) M(x,y,z,-) : [0,00) — [0, 1] is left continuous.

- Symmetry

Definition 2.6 (Abu-donia et al. (2000) and Sharma (2002)). A
sequence {x,} in a fuzzy 2-metric space (X, M, x) is said to be
convergent to a point x € X if lim, .. M(x,,x,z,1) =1, Vt >
0,zeX.

A sequence {x,} in a fuzzy 2-metric space (X, M,*) is
Cauchy sequence if lim,—ooM (Xpip, X, z,t) = 1,Vz € X and
t,p>0.

In the following example, we know that every metric in-
duces a fuzzy metric

Example 2.1 George and Veeramani (1994). Let (X,d) be a
metric space. Define a x b = ab and for all x,y € X,z >0,

t
t+d(x,y)

We call M is a fuzzy metric on X induced by metric d.

M(x,p,t) =

Definition 2.7 (Jungck and Rhoades (1998)). The mappings
I:X— X and F: X — B(X) are weakly compatible if they
commute at coincidence points, i.e., for each point # € X such
that Fu = {lu}, we have Flu = IFu. Not that the equation
Fu = {Iu} implies that Fu is singleton.

Definition 2.8 (Vasuki (1999)). The mappings /: X — X and
F: X — B(X) are R-weakly commuting if, for all R,# >0, M
(FIx,IFx,t) = M(Fx,Ix,t/R), such that x € X, [Fx € B(X).

R-weakly commuting is weakly compatible but the converse
is not true (Pathak and Singh, 2007).

Theorem 2.1 Som (1985). Let S and T be two continuous self
mappings of a complete fuzzy metric space (X, M,*). Let A
and B be two self mappings of X satisfying following conditions:

(1) A UBY) € SN T(X

(2) {4,T} and {B,S} are R-weakly commuting pairs,

(3) aM(Tx,Sy,t) + bM (Tx, Ax,t) + cM(Sy, By, t) + max{M
(Ax, Sy, t), M (By, Tx, 1)} < gM (Ax,By,1),

forallx,y € X, where a,b,c = 0,q >0withq<a+b+c< 1.
Then A,B,S and T have a unique common fixed point.

Pathak and Singh (2007) improved results of Som (1985) as
the following:

Theorem 2.2 Pathak and Singh (2007). Let S and T be two
continuous self mappings of a complete fuzzy metric space
(X, M, ). Let A and B be two self mappings of X satisfying
following conditions:

(1) 4(X) UB(Y) € SN T(X)

(2) {4,T} and {B, S} are weakly compatible pairs,

(3) aM(Tx, Sy, t) + bM(Tx, Ax,t) + cM(Sy, By, t) +
max{M (4x, Sy,t),M(By, Tx,t)} < gM(A4x,By,1),

for all x,y € X, where a,b,c = 0 with 0 <g<a+b+c<1.
Then A,B,S and T have a unique common fixed point.

3. Main results

In this section we generalize, extend and improve the corre-
sponding results given by many authors. In the following we
denote the set of all non-empty bounded closed subsets of X
by CB(X).

Theorem 3.1. Let S and T be two self mappings of a fuzzy
metric space (X, M,*) and A,B: X — CB(X) set-valued map-
pings satisfying following conditions:

(1) UA(X) CS(X) and UB(X) C T(X),

(2) {4,T} and {B, S} are weakly compatible pairs,

(3) aM (Tx, Sy, t) + bM (Tx, Ax, t) + cM (Sy, By, t) + max
{M(Ax,Sy,t),M(By, Tx,t)} < gM(Ax,By,t),
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for all x,y € X, where a,b,c =20 with 0 <g<a+b+c<1
and if the range of one of the mappings A, B, S and T is complete
subspace of X. Then A,B,S and T have a unique common fixed
point.

Proof. Let x, be an arbitrary point in X. From the condition
(1), we chose a point x; in X such that Sx; € Ax,. For this
point x; there exist a point x, in X such that Tx, € Bx; and
so on. Inductively, we can define a sequence {Z,} in X such
that

SXoni1 € AXoy = Zoy,  TXop2 € BXowr1 = Zogs,
Yn=0,1,2,....
We will prove that {Z,} is Cauchy sequence.
Using inequality (3), we obtain
qM(Zoyy Zopi1,t) = GM(AX2y, BxXoyi1, 1)
= aM(Txy,, Sxoui1, 1) + bM(Txp,, AXoy, 1)
+ M (Sx2p11, BXouii, )
+ max{M(Axy, Sxops1,1), M(Bxp, 11, Txpy, 1)}
= aM(Zyu—1, Zon, t) +bM(Zoy_1, Zoy, 1)
+ cM(Zan, Zani151)
+ max{M(Zy,, Zsn,t), M(Zops1, Zou_1,1)}.

Then M(Zy,,Zy11,t) = PM(Zy-1,Z5,,1), Where f=121> 1.
Since f# > 1, we obtain
M(Zons1, Zons 1) > M(Zony Zay1, 1).

Similarly

M(Z2n+27 ZZn+17 l) > M(22n+1722n7 t)~

Now for any positive integer p,

t t
M(vaZrH—p? t) = M(Znazn+l7_> * M(Zn+lazn+27_) Koo
p p

t
* M(Znﬂ)—l ) Zn+1n _) .
P

Asn— oo, we get M(Z,,Z,,p,t) = 1x1%---x1— 1.

Hence Z, is a Cauchy sequence. Suppose that SX is
complete, therefore by the above, {Sx,:1} is a Cauchy
sequence and hence Sx,,.; — z = Sv for some v € X. Hence,
Z, — z and the subsequences 7,2, Ax,, and Bx,,.; con-
verge to z.

We shall prove that z = Sv € By, by (3), we have
gM(Axay, Bv,t) = aM(Txp,, Sv,t) + bM(Txa,, AXoy, 1)

+cM(Sv, By, t)
+ max{M(Axay,, Sv, 1), M(Bv, Txy,,1)}.

As n — oo, we obtain

gM(z,Bv,t) = aM(z,z,t) + bM(z,z,t) + cM(z, Bv, 1)
+maX{M(z,z, [),M(BV,Z, l)}7
a+b+ 1)
— ] > 1,
q—c
which yields {z} = {Sv} = Bv.

M(z,Bv,t) = (

Since |JB(X)C T(X), thus, there exist u € X such that
{Tu} = Bv = {z} = {Sv}.

Now if Au # Bv, we get

qM(Au, Bv,t) = aM(Tu, Sv,t) + bM(Tu, Au,t) + cM(Sv, Bv, )
+ max{M(Au, Sv,t), M(Bv, Tu, 1)},

gM(Au,z,t) = aM(z,z,t) + bM(z, Au,t) + cM(z,z, 1)
+ max{M(Au,z,t), M(z,z,1)},

M(Au,z,t) = (M) > 1,

q—>b

which yields Au = {z} = {Tu} = {Sv} = Bv.
Since Au={Tu} and {A4,T} is weakly compatible,
ATv = TAv gives Az = {Tz}.

On using (3), we obtain

gM(Az, Bv,t) = aM(Tz,Sv,t) + bM(Tz, Az, t) + cM(Sv, By, t)
+ max{M(Az, Sv,t), M(Bv, Tz,1)},

gM(Az,z,t) = aM(Tz,z,t) + bM(z, Az, t) + cM(z,z, 1)
+ max{M(Az,z,t),M(z,z,1)}.

Hence, Az = {z} = {Tz}. Similarly, Bz = {z} = {Sz} where
{B,S} is weakly compatible. Then, Az={Tz}=
{z} = {Sz} = Bz, i.e., z is the common fixed point of 4, B, S
and 7 have a unique.

To see z is unique, suppose that p #* z such that
Ap = {Tp} = {p} = {Sp} = Bp.

On using (3), we get

qgM(Az,Bp,t) = aM(Tz,Sp,t) + bM(Tz, Az, 1)
+cM(Sp, Bp, 1)
+max{M(Az, Sp,1), M(Bp, Tz, 1)},

b+c
M > (—1° ),
(z,p:1) (q_a_l)

which is impossible, z = p. Then 4, B, S and T have a unique
common fixed point. [

In Theorem 3.1, we no used two continuous self mappings
condition and replaced a complete fuzzy metric space by one
mapping is complete.

Remark 3.1. Theorem 3.1 is a generalization, extension and
improvement for results of Pathak and Singh (2007) in fuzzy
metric space.

In Theorem 3.1, we replaced a complete fuzzy metric space
by one mapping is complete and three self mappings into four
mappings,two self mappings and two set-valued mappings.

Remark 3.2. Theorem 3.1 is a generalization, extension and
improvement for results of Sharma and Tiwari (2005) in fuzzy
metric space.
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Now, we give an example to support our theorem.

| endowed with the Euclidean

= —~1—— (4, B) = max{d(a,b) :

Example 3.1. Let X =0,
) t+0(Ax,By)

metric d and M(Ax, By,
a € A,b € B}. Define

x6 x3
Ax = |:0,€:| 5 Bx = |:0,€:| s

X2 ) . s
Sx :7+x +7, Tx = x" 4+ 6x7,
for all x € X. We have |J A(X) = T(X)

=JB(X)=SX)=X.
From the above, we have that M(A4(0),0,7) =1
M(B(0),0,¢) =1, M(S(0),0,¢) =1 and M(7(0),0,7) = 1.
Thus 0 is a common fixed point of 4,B,S and T. Also,
{4, T} and {B,S} are weakly compatible pairs, where,
M(AT(0), TA(0),¢) =1 and M(BS(0),SB(0),1) = 1.

Forany x,ye X,x # y

x6 3 1x0 1y
Ax.By) = max{d — 2\ —max{ - — -2
0(Ax, By) mdx{6,6} max{3 73 2}

1 3
<7max{x(‘+6x3,y2 y"+%}

—_

< = max{d(By, Tx),o(Ax, Sy)}.

w

Thus

1 1 1

SAx, By) © X {5(By, )" 8(dx, Sy)}’
. > 3max{ ! ! }
t+ 8(Ax, By) t+0(By, Tx) t+ d(Ax,Sy) )’
M(Ax, By, t) = 3max{M(Ax, Sy,t), M(By, Tx,1)}.

Then

2 1 1 1
gM(A?ﬁBy» t) = ZM(TX7Sy7 t) +§M(TX,A.X7 t) +§M(Sy7Byvt)

+max{M(Ax,Sy,t), M(By, Tx,t)},
1
3

where g =3, a=4,h=1and c =

Theorem 3.2. Let S and T be two self mappings of a fuzzy 2-
metric space (X, M,x) and A,B: X — CB(X) set-valued map-
pings satisfying following conditions:

(1) UARY) CS(¥) and UB(X) CT(X),

(2) {4,T} and {B, S} are weakly compatible pairs,

(3) aM (Tx, Sy, w, t) + bM (Tx, Ax, w, t) + cM (Sy, By, w,t) +
max{M (A4x, Sy, w,t), M(By, Tx,w,t)} < gM(Ax,By,w,t),

forall x,y,w € X, where a,b,c Z 0with0 <g<a+b+c<1
and if the range of one of the mappings A, B,S and T is complete
subspace of X. Then A,B,S and T have a unique common fixed
point.

Proof. We can define a sequence {Z,} in X such that

Sx2n+l € Axy, = Z2n7 Tx2n+2 S Bx2n+1 = Z2n+13 Vn = 03 1323 s

We will prove that {Z,} is Cauchy sequence.
Using inequality (3), we obtain

GM(Zy, Zoni1, Wy t) = gM(AX2y, Bxgyiq, W, 1)

= aM(Tx2, SXopi1, W, t) + bM(Tx2,, AX2y, W, 1)
+ cM(Sxa11, BXopi1, W, 1)
+ max{M(Axy,, SX241, W, 1),
M(Bxoyi1, Txon, w, 1)}

= aM(Zyy-1, Zop, Wy t) + bM(Zy—1, Zon, W, t)
+ cM(Zap, Zaps1, Wy t) + max{M(Za,, Zoy, w, 1),
M(Zoyi1s Zop—r,w, 1) }

= (a+Db)M(Zy—1, Zoy,w, 1)
+ cM(Zap, Zaps1, W, 1)
+ max{1, M(Z, Zoy_1,w,1)
« M(Zoyi1y Zan, Wy t)
* M(Zons1, Zon-1,Zon, 1) },

M(ZZ}’H ZZ}H»I, w, [) > [))M(ZZI171 ) ZZ}H w, Z)7

b+1
where g=212 11 o1
q—c

Since f > 1, we obtain

M(Z2n+l ) ZZIH w, t) > M(Z2n: ZZn—la w, t)-

Similarly

M(ZZI1+27 ZZrH—l , W, [) > M(Zzn-H ) ZZm w, t)‘

Now for any positive integer p,
t
M(Zm Zn+p7 w, t) = M(Zm Zn+17 W,—>
p
t
* M<Zn+l ) Zf’l+27 Zﬂ+] 7;) e

t
* M(Zn+p—l ’ Zn+p7 w, _) .
P

As n — oo, we get M(Z,, Z,,,,w, 1) — 1.

Hence Z, is a Cauchy sequence. Suppose that SX is
complete, therefore by the above, {Sx,;1} is a Cauchy
sequence and hence Sx,,.; — z = Sv for some v € X. Hence,
Z, — z and the subsequences Txy,.2, Axy, and Bxy,.; con-
verge to z.

We shall prove that z = Sv € By, by (3), we have
GM (Axy,, Bv,w, 1) = aM(Txy,,Sv,w,t) +bM(Tx2,, AX2,,W,1)
+cM(Sv,Bv,w,t)
+max{M(Axy,, Sv,w,t), M(Bv, Txy,,w,t)}.

As n — oo, we obtain
gM(z, Bv,w,t) = aM(z,z,w,t) + bM(z,z,w, 1)

+ cM(z, Bv,w, 1)
+ max{M(z,z,w,t), M(Bv,z,w, 1)},

which yields {z} = {Sv} = Bv.
Since |JB(X)C T(X), thus, there exist u € X such that
{Tu} = Bv = {z} = {Sv}. Now if Au #* Bv, we get
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gM(Au, Bv,w,t) = aM(Tu, Sv,w,t) + bM(Tu, Au,w, 1)
+ cM(Sv, By, w, t) + max{M(Au, Sv,w, 1),
M(Bv, Tu,w, 1)},
gM(Au,z,w,t) = aM(z,z,w,t) + bM(z, Au,w,t) + cM(z,z,w, 1)
+ max{M(Au,z,w,t),1},

1
M(Au,z,1) > (ﬂ) >1,

q—>b

which yields Au = {z} = {Tu} = {Sv} = Bv.
Since Au={Tu} and {A4,T} is weakly compatible,
ATy = TAv gives Az = {Tz}.

On using (3), we obtain
gM(Az, Bv,w,t) = aM(Tz,Sv,w,t) + bM(Tz, Az, w, 1)
+ cM(Sv, Bv,w, 1)
+ max{M(Az, Sv,w,t), M(Bv, Tz, w, 1)},

gM(Az,z,w,t) = aM(Tz,z,w,t) + bM(z, Az, w, )
+cM(z,z,w,t) + max{M(Az,z,w, 1), 1}.
Hence, Az={z} ={Tz}. Similarly, Bz={z} ={Sz}
where {B,S} is weakly compatible. Then, Az = {7z} =

{z} = {8z} = Bz, i.e., z is the common fixed point of 4, B, S
and 7.

To see z is unique, suppose that p # z such that Ap = {Tp}
= {p} = {Sp} = Bp.
By (3), we get

gM(Az, Bp,w,t) = aM(Tz,Sp,w,t) + bM(Tz, Az, w, 1)

+ cM(Sp, Bp,w, 1)
+ max{M(Az, Sp,w,t), M(Bp, Tz, w, 1)},

b+c
M WPy W, T = 1
(z,p,w, 1) (q—a—l)

which yields z = p. Then 4, B, S and T have a unique common
fixed point.

In Theorem 3.2, we replaced a complete fuzzy metric space
by one mapping is complete and three self mappings into
four mappings, two self mappings and two set-valued
mappings. O

Remark 3.3. Theorem 3.2 is a generalization, extension and
improvement for results of Sharma and Tiwari (2005) in fuzzy
2-metric space.
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