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Abstract In present paper operational matrix of integration for Laguerre polynomial is used to

solve fractional model of Bloch equation in nuclear magnetic resonance (NMR). The operational

matrix converts the Bloch equation in a system of linear algebraic equations. Solving system we

obtain the approximate solutions for fractional Bloch equation. Results are compared with existing

methods and exact solution. Graphs are plotted for different fractional values of time derivatives.
� 2016 The Author. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is an

open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

The fractional Bloch equations are used in physics, chemistry,
nuclear magnetic resonance (NMR), electron spin resonance

(ESR) and magnetic resonance imaging (MRI). The fractional
Bloch equation is generalization of standard Bloch equation
and obtained by replacing integer order time derivative to frac-
tional order Caputo derivative. Fractional calculus has many

real applications in science and engineering such as fluid-
dynamic traffic (He, 1999), biology (Robinson, 1981), vis-
coelasticity (Bagley and Torvik, 1983a,b, 1985), signal process-

ing (Panda and Dash, 2006), bioengineering (Magin, 2004) and
control theory (Bohannan, 2008). The fractional model of
Bloch equation is given as,
daMxðtÞ
dta

¼ x0MyðtÞ � MxðtÞ
T2

;

dbMyðtÞ
dtb

¼ �x0MxðtÞ � MyðtÞ
T2

;

dcMzðtÞ
dtc

¼ M0�MzðtÞ
T1

;

ð1Þ

where 0 < a; b; c 6 1; with initial conditions Mxð0Þ ¼ 0;
Myð0Þ ¼ 100 and Mzð0Þ ¼ 0:

Where MxðtÞ;MyðtÞ and MzðtÞ represent the system

magnetization in x; y and z component respectively, M0 is
the equilibrium magnetization, x0 is the resonant frequency

given by theLarmor relationship x0 ¼ cB0, where B0 is the sta-
tic magnetic field in z -component, T1 is spin-lattice relaxation
time, T2 is spin-spin relaxation time. The set of analytical solu-
tions for integer order Bloch equation is given as,

MxðtÞ ¼ e�t=T2 ðMxð0Þ cosx0tþMyð0Þ sinx0tÞ;
MyðtÞ ¼ e�t=T2ðMyð0Þ cosx0t�Mxð0Þ sinx0tÞ;
MzðtÞ ¼ Mzð0Þe�t=T1M0ð1� e�t=T1Þ:

ð2Þ

The fraction in time derivative suggests a modulation—or
weighting—of system memory (West et al., 2003; Magin

et al., 2008), the assumption of fractional derivatives plays
an important role affecting the spin dynamics described by
the Bloch equations in Eq. (1). More recently, time fractional

http://crossmark.crossref.org/dialog/?doi=10.1016/j.jksus.2016.11.001&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:harendra059@gmail.com
mailto:harendrasingh.rs.       apm12@iitbhu.ac.in
mailto:harendrasingh.rs.       apm12@iitbhu.ac.in
http://dx.doi.org/10.1016/j.jksus.2016.11.001
http://www.sciencedirect.com/science/journal/10183647
http://dx.doi.org/10.1016/j.jksus.2016.11.001
http://creativecommons.org/licenses/by-nc-nd/4.0/


236 H. Singh
model of Bloch equation was resolved using Homotopy pertur-
bation method (Kumar et al., 2014) and Petráš (2011) used
iterative method to solve fractional model of Bloch equation.

A generalization of the fractional Bloch equation by taking
delay in the time was reported through numerical solution
(Bhalekar et al., 2011). Recently Yu et al. (2014), gave an

implicit numerical method to solve fractional Bloch equation
in NMR. Some other existing methods to solve Bloch equation
in NMR are reported in the literature (Hoult, 1979; Sivers,

1986; Yan et al., 1987; Xu and Chan, 1999; Balac and
Chupin, 2008; Magin et al., 2009; Murase and Tanki, 2011;
Sun et al., 2016). In this paper we are using operational matrix
of fractional integration of Laguerre polynomial to solve frac-

tional model of Bloch equation as Laguerre polynomials are
more convenient for computational purpose. Recent investiga-
tions report the application of operational matrices to solve

fractional differential equations (Wu, 2009; Yousefi et al.,
2011; Kazem et al., 2013; Tohidi et al., 2013; Heydari et al.,
2014; Zhou and Xu, 2014; Bhrawy and Zaky, 2015; Singh

and Singh, 2016). Using operational matrix we convert the
Bloch equation into a system of linear algebraic equation
whose solution gives approximate solution for Bloch equation

in NMR.

2. Preliminaries and operational matrix

In this paper, the fractional order differentiations and integra-
tions are in well-known Caputo and Riemann-Liouville sense
respectively (Miller and Ross, 1993; Diethelm et al., 2005).

Definition 2.1. The Riemann-Liouville fractional order inte-

gral operator is given by

IafðxÞ ¼ 1

aj
Z x

0

ðx� tÞa�1
fðtÞdt a > 0; x > 0;

I0fðxÞ ¼ fðxÞ:

Definition 2.2. The Caputo fractional derivative of order b are
defined as

DbfðxÞ ¼ Im�bDmfðxÞ ¼ 1

ðm� bÞ
���

Z x

0

ðx� tÞm�b�1 dm

dtm
fðtÞdt;

m� 1 < b < m; x > 0:

The Laguerre polynomial is defined by Ali et al. (2015) and
Bhrawy et al. (2014)

LkðtÞ ¼
Xk
i¼0

ð�1Þi
i!

k

i

� �
ti; k ¼ 0; 1; 2; . . . ; n: ð3Þ

The set of Laguerre polynomial fL0ðtÞ;L1ðtÞ; . . . ;LnðtÞg
forms an orthonormal basis with respect to weight function

wðtÞ ¼ e�t on the interval [0, 1) with the following property,

Z 1

0

LiðtÞLjðtÞwðtÞdt ¼ dij; 8 i; j P 0; ð4Þ

where dij is the kronecker delta function.

A function fðtÞ, square integrable in [0, 1) may be
expressed as sum of Laguerre polynomial as follows:
fðtÞ ¼ lim
n!1

Xn
i¼0

ciLiðtÞ; ð5Þ

where ci ¼
R1
0

fðtÞwðtÞLiðtÞdt:
If the series is truncated at n ¼ m, then we have

f ffi
Xm
i¼0

ciLi ¼ FTwðtÞ; ð6Þ

where F and wðtÞ are ðmþ 1Þ � 1 matrices given by,

F ¼ ½c0; c1; . . . ; cm�T and wðtÞ ¼ ½L0ðtÞ;L1ðtÞ; . . . ;LmðtÞ�T:

Theorem 2.1. Let wðtÞ ¼ ½L0ðtÞ;L1ðtÞ; . . . ;LnðtÞ�T; be Laguerre
vector and consider a > 0; then

IaLiðtÞ ¼ IðaÞwðtÞ; ð7Þ
where IðaÞ ¼ hði; jÞð Þ, is ðnþ 1Þ � ðnþ 1Þ operational matrix of
fractional integral of order a and its ði; jÞ th entry is given by

hði; jÞ ¼
Xi

k¼0

Xj

r¼0

ð�1Þkþr i!r!Cðkþ aþ rþ 1Þ
ði� kÞ!ðkÞ!ðj� rÞ!ðr!Þ2Cðaþ kþ 1Þ

0 6 i; j 6 n: ð8Þ

Proof. Pl see (Bhrawy and Taha, 2012). h
3. Outline of method

In this section, we describe the outline of the method for the
construction of approximate solution of the Bloch equation.

Consider the following approximations:

daMxðtÞ
dta

¼ FT
1wðtÞ;

dbMyðtÞ
dtb

¼ FT
2wðtÞ;

dcMzðtÞ
dtc

¼ FT
3wðtÞ:

ð9Þ
Taking integral of order a; b and c in component Mx;My

and Mz respectively in Eq. (9) we get,

MxðtÞ ¼ FT
1 I

ðaÞwðtÞ þMxð0Þ; ð10Þ

MyðtÞ ¼ FT
2 I

ðbÞwðtÞ þMyð0Þ; ð11Þ

MzðtÞ ¼ FT
3 I

ðcÞwðtÞ þMzð0Þ: ð12Þ

Let

Mxð0Þ ¼ PTwðtÞ; Myð0Þ ¼ QTwðtÞ; Mzð0Þ ¼ RTwðtÞ:
ð13Þ

From Eqs. (10)–(13) we get,

MxðtÞ ¼ ðFT
1 I

ðaÞ þ PTÞwðtÞ; ð14Þ

MyðtÞ ¼ ðFT
2 I

ðbÞ þQTÞwðtÞ; ð15Þ

MzðtÞ ¼ ðFT
3 I

ðcÞ þ RTÞwðtÞ: ð16Þ
Using Eqs. (9), (14), (15) and (16) in Eq. (1) we get follow-

ing equations,



Figure 2 Comparison of exact and approximate solution for

MyðtÞ at n = 15.
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FT
1 Iþ 1

T2

IðaÞ
� �

� x0F
T
2 I

ðbÞ ¼ x0Q
T � 1

T2

PT; ð17Þ

x0F
T
1 I

ðaÞ þ FT
2 Iþ 1

T2

IðbÞ
� �

¼ �x0P
T � 1

T2

QT; ð18Þ

FT
3 Iþ 1

T1

IðcÞ
� �

¼ ST � 1

T1

RT; ð19Þ

where M0

T1
¼ STwðtÞ and IðaÞ; IðbÞ, IðcÞ are operational matrices of

fractional integration of order a; b and c respectively. I is an

identity matrix.
On solving Eqs. (17) and (18) we get,

FT
1 ¼ x0Q

T� 1

T2

PT

� �
ðx0I

ðbÞÞ�1þ �x0P
T� 1

T2

QT

� �
Iþ 1

T2

IðbÞ
� ��1

 !

� Iþ 1

T2

IðaÞ
� �

ðx0I
ðbÞÞ�1þðx0I

ðaÞÞ Iþ 1

T2

IðbÞ
� ��1

 !�1

; ð20Þ

FT
2 ¼ x0Q

T � 1

T2

PT

� �
ðx0I

ðbÞÞ�1
��

þ �x0P
T � 1

T2

QT

� �
Iþ 1

T2

IðbÞ
� ��1

!

� Iþ 1

T2

IðaÞ
� �

ðx0I
ðbÞÞ�1

�

þðx0I
ðaÞÞ Iþ 1

T2

IðbÞ
� ��1

!�1

Iþ 1

T2

IðaÞ
� �

� x0Q
T � 1

T2

PT

� ��
ðx0I

ðbÞÞ�1
: ð21Þ

From Eq. (19), we can write

FT
3 ¼ ST � 1

T1

RT

� �
Iþ 1

T1

IðcÞ
� ��1

; ð22Þ

Using Eqs. (20)–(22) in Eqs. (14)–(16) respectively, we get
approximate solution for Bloch equations in NMR.
Figure 1 Comparison of exact and approximate solution for

MxðtÞ at n = 15.

Figure 3 Comparison of exact and approximate solution for

MzðtÞ at n = 15.

Figure 4 Comparison of approximate solution at different

values of n = 10, 15, 20, 25 and exact solution for MxðtÞ.



Figure 5 Comparison of approximate solution at different

values of n = 10, 15, 20, 25 and exact solution for MyðtÞ.

Figure 6 Comparison of approximate solution at different

values of n = 10, 15, 20, 25 and exact solution for MzðtÞ.

Figure 7 Approximate solution for MxðtÞ at different values of a
and exact solution.

Figure 8 Approximate solution for MyðtÞ at different values of b
and exact solution.
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4. Numerical results and discussion

In all the figures given below we have taken x0 ¼ 1; T1 ¼ 1 ðsÞq
and T2 ¼ 20 ðmsÞq .

Figs. 1–3, represent comparison of exact and approximate
solution for MxðtÞ;MyðtÞ and MzðtÞ at n = 15 respectively.

Figs. 4–6, show the behaviour of approximate solutions at

values of n = 10, 15, 20, 25 and exact solution for MxðtÞ;
MyðtÞ and MzðtÞ respectively. From Figs. 4–6, it is observed

that approximate solution comes close to the exact solution
with the increasing n.

The behaviour of approximate solutions with time for dif-

ferent values of fractional order time derivatives a; b and c is
shown from Figs. 7–9, respectively. It is clear that the solution
varies continuously with fractional values of time derivatives
for fractional Bloch equation in NMR and for a ¼ b ¼ c ¼ 1
solution for standard Bloch equation is obtained. In Figs. 7

and 9 the approximate solution for MxðtÞ and MzðtÞ increases
with the increasing of time for different value of
a ¼ c ¼ 0:7:0:8; 0:9 and 1. In Fig. 8 the approximate solution

for MyðtÞ decreases with the increasing of time for different

value of b ¼ 0:7:0:8; 0:9 and 1.

To show the accuracy of the proposed method we have
compared our results from existing methods and exact solu-
tion. In Table 1 comparison of our results from the Homotopy

Perturbation Method (HPM) (Kumar et al., 2014), iterative
method (Petráš, 2011) and exact solution is given.

In Table 2, we have listed maximum absolute errors and

root mean square errors of MxðtÞ;MyðtÞ and MzðtÞ for differ-
ent values of n = 15, 20.

From Table 2, it is clear that as the value of n increases
maximum absolute errors and root mean square decreases.



Figure 9 Approximate solution for MzðtÞ at different values of c
and exact solution.

Table 1 Comparison among the approximate solutions of

exiting methods, present method and exact solution for

MxðtÞ;MyðtÞandMzðtÞ.
M t Exact

solution

Present

method

Kumar et al.

(2014)

Petráš

(2011)

MxðtÞ 0.1 9.9335 9.9245 9.9335 9.2237

0.3 29.1120 29.1080 29.1034 29.0937

0.5 46.7588 46.7732 46.6823 46.7507

0.7 62.2060 62.2180 61.8762 62.1921

0.9 74.8859 74.8814 73.8911 74.8806

MyðtÞ 0.1 99.0042 99.0213 99.0187 99.0051

0.3 94.1113 94.1645 94.1837 94.1166

0.5 85.5915 85.5689 85.5518 85.5942

0.7 73.8536 73.7886 73.1630 73.8635

0.9 59.4258 59.3782 57.0572 59.4296

MzðtÞ 0.1 0.0952 0.0952 0.0952 0.0952

0.3 0.2592 0.2592 0.2592 0.2590

0.5 0.3935 0.3935 0.3935 0.3934

0.7 0.5034 0.5034 0.5034 0.5033

0.9 0.5934 0.5934 0.5934 0.5934

Table 2 Comparisons of MAE and RMSE for MxðtÞ;MyðtÞ
and MzðtÞ at different values of n.
M n Maximum absolute

error (MAE)

Root mean square

error (RMSE)

MxðtÞ 1.5 1:3010� 10�1 1:9548� 10�2

20 2:3951� 10�2 3:8708� 10�3

MyðtÞ 1.5 2:4869� 10�1 2:4727� 10�2

20 1:77996� 10�1 1:7752� 10�2

MzðtÞ 1.5 1:6746� 10�5 2:2963� 10�6

20 1:1466� 10�5 1:5568� 10�6

Table 3 Comparison among the absolute errors of exiting

methods and present method for MxðtÞ;MyðtÞandMzðtÞ.
M t Present

Method

Kumar et al.

(2014)

Petráš (2011)

MxðtÞ 0.2 1:1300� 10�2 1:6000� 10�2 9:5100� 10�2

0.4 9:1000� 10�3 2:9400� 10�2 8:6600� 10�2

0.6 1:5200� 10�2 1:6850� 10�1 7:4800� 10�2

0.8 1:8000� 10�3 5:9210� 10�1 6:0500� 10�2

1.0 1:6200� 10�2 1.5849 4:4200� 10�2

MyðtÞ 0.2 7:9300� 10�2 4:6800� 10�2 1:1460� 10�2

0.4 2:2400� 10�2 5:7600� 10�2 2:3200� 10�2

0.6 6:0300� 10�2 2:6970� 10�1 3:0500� 10�2

0.8 7:7300� 10�2 1:3665 3:6400� 10�2

1.0 3:2500� 10�2 3:7682 4:0500� 10�2

MzðtÞ 0.2 5:0663� 10�6 2:0000� 10�6 7:3754� 10�4

0.4 5:6125� 10�7 9:8900� 10�5 5:3672� 10�4

0.6 4:1742� 10�6 3:0000� 10�6 3:8447� 10�4

0.8 4:1005� 10�6 1:0002� 10�6 2:6978� 10�4

1.0 6:3039� 10�7 1:2000� 10�6 1:8405� 10�4

Table 4 Computational order obtained for MxðtÞ;MyðtÞ
andMzðtÞ.
M n En Computational order

MxðtÞ 5 10.71300 –

10 1.49014 2.8458

20 2:39506� 10�2 5.9592

MyðtÞ 5 2.784942 –

10 0.82201 1.7604

20 1:77996� 10�1 2.2073

MzðtÞ 5 0.01563 –

10 4:88281� 10�4 5.0000

20 1:14664� 10�5 5.4122

Operational matrix for solution of fractional model of Bloch equation 239
In Table 3, we have listed root mean square at different
points from our method and Homotopy Perturbation Method
(HPM) (Kumar et al., 2014), iterative method (Petráš, 2011).
The computational order for the numerical results are given
as (Dehghan et al., 2015; Singh and Singh, 2016)

Order = log2
En

E2n

h i
where En is maximum absolute error

ðmax16i6N EðxiÞÞ for approximation having n number of basis
elements.

In Table 4, we list the computational order for the numer-
ical results.

From Table 4, it is clear that our method is good for com-

putational purposes in comparison to iterative method (Petráš,
2011) in which we take thousands of iterations to achieve the
desired accuracy.

5. Conclusions

Our method is easy for computation purposes because we are

approximating time derivatives first. Our numerical algorithm
is easy to implement in compare to existing methods because
construction of operational matrix is very easy. It is presented

how the approximate solution varies continuously for different
values of fractional time derivatives and for integer order
approximate solution coinciding with the exact solution for
Bloch equation.
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