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1. Introduction

The significance of fractional derivatives has been heightened in
the last two decades due to its potential applications in many fields
of applied sciences. It has been shown in many studies that the
fractional derivatives can be utilized in describing memory phe-
nomena (Rossikhin and Shitikova, 2009; Du et al., 2013). Besides
that, it has been shown that the spectrum of relaxation modes of
a viscoelastic material can be stretched or compressed when the
fractional derivative order varies from zero to one (Wharmby
and Bagley, 2013). Further, it has been proven that in a particular
case of a linearly time-varying non-Newtonian viscosity, the fluid’s
response has the same power-law as the linear viscoelasticity that
is characterized by the fractional derivative (called a springpot)
(Pandey and Holm, 2016). More physical and engineering phenom-
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ena that have been successfully modeled and interpreted by frac-
tional derivatives can be found in Koeller (1984), Magin (2006),
Mainardi (2008), Hilfer (2000), Nigmatullin (2009), Coussot et al.
(2009), Butera and Paola (2014), Mainardi and Paradisi (2001),
Alquran et al. (2015), Bhrawy et al. (2016), Le et al. (2016),
Kumar et al. (2016), Alquran and Jaradat (2018), G6mez-Aguilar
et al. (2016a).

Various forms of fractional derivatives have been suggested in
the literature, all of which converge to the integer-order derivative
as the fractional-order derivative approach an integer value.
Recently, new forms of fractional derivatives based on the expo-
nential law (Caputo and Fabrizio, 2015) and on the Mittag-Leffler
function (Atangana and Baleanu, 2016) have been proposed. Some
noteworthy works in this matter can be found in Mirza and Vieru
(2017), Koca and Atangana (2016), Gémez-Aguilar (2017a,b),
Morales-Delgado et al. (2017), Coronel-Escamilla et al. (2017),
Goémez-Aguilar et al. (2016b,c).

In our present study, we consider (3 + 1)-dimensional fractional
differential equations (FDEs) that are endowed with multi-
fractional derivatives on several variable-coordinates to study
and simulate the multi-memory effects. Expressly, we are inter-
ested in the equations of the forms

F(”(Rv t)7 Dﬁ”@ t)]7 Dﬁ[u(xv t)]v uy()_(7 t)7 uZ()_(7 t)» o ) =0 (11)
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and

G(u()?, t)v Dﬁu(xv t)]7 Dﬁ[u(xv t)L D}’,[U(X t)]7 UZ(X, t)7 o

) -0,
(1.2)
where X denotes the space-variables (x,y.z) and o, $,7 € (0,1) are

the fractional derivative orders in Caputo sense, which is defined
for the case of o by

. ouxt) 1 Youx, k) dk
pitu 0 =5 = i ) o C—n7 (12

In Caputo sense as well as in most fractional derivative definitions,
we have

I'a+1)

P = Fa—ar 1y

o (1.4)
for a > 0 and this will direct us to employ an appropriate form of
the power series expansion as a reliable suggested solution for
(1.1) and (1.2).

2. Solution representations in fractal 2D and 3D spaces

In this section, we propose two different solution expansions of
(3 + 1)-dimensional FDEs that are embedded into fractal 2D and 3D
spaces respectively. Consequently, fractional versions of Taylor’s
formula regarding these forms are also given. We should point
out here that similar expansions are utilized to solve FDEs in lower
dimensions (Jaradat et al., 2018a,b,c,d).

Definition 2.1. An (o, f)—fractional power series with variable
coefficients is an mﬁnlte series of the form

E fiy,2) t%" = foo(¥.2) + f100, 2) " + for (v, 2) ¥ +
i+j-0 — —
ijeNg i+j=0 i+j=1
n —
+ 30 2 (R 2.1)
i+j=n

The next result provides a formula for the mixed-higher frac-
tional derivatives of the functions that can be represented in the
form of (2.1). The proof is followed by the linearity of Caputo oper-
ator and using the 2D mathematical induction. In fact, the proof of
the Lemma is similar to the proof of Jaradat et al. (2018b, Lemma
2.2).

Lemma 2.2. Let u(X,t) has a FPS representation as (2.1)
for (®%,t) € [0.R) x IxJx [0,R). If DPFDP[u 1) € C((0,R)x
I x ] x (0,Ry)) for r,s € Ny, then

T(i+ne+DI(G+s)p+1)

1oLy, B
T+ DIGA+1) L °

DEDIUE O] = S Frorges.2)

i+j=0

(2.2)

Remark 1. By letting (x,t) = (0,0) in (2.2), we have the following
fractional version of Taylor’s formula that is associated to (2.1)

DEDLUE, )]
Z T(io+1) FUB—H)

i+j=0

0) piayit (2.3)

Definition 2.3. An (o, 8, 7)—fractional power series with variable
coefficients is an infinite series of the form

Z fl} thj/i

fooo( Y+ f1002) t* + fo10 @D X 4+ foo1 DY + - -+

l.j.k;NO z+j+k 0 i+j+k=1

n r ~
+Zr:ozszofﬂ—r,rfs.s (Z) t(n e

i+j+k=n

X(rfs)ﬂys?’ 4+

(2.4)

Using again the linearity of the Caputo operator, one can show
inductively the following.

Lemma 2.4. Let u(X,t) has a FPS representation as (2.4) for
(X,t) € [0,Ry) x [0,Ry) x I x [0,Ry). If DD DY [u(x,t)] € C((0,Ry)x
(0,Ry) xIx (0,Ry)) for r,s;m € Ny, then

DWDWDM Z f1+rj+s k+m(z
i+j+k=0
XF((i+r)oc+1) (G+s)p+1)TC ((k+m)y+1)tmxjﬂyk7
[+ DTG+ (ky+1) ’
(2.5)

Remark 2. Similarly, by letting (x,y,t) = (0,0,0) in (2.5), we have
the following fractional version of Taylor’s formula that is associ-
ated to (2.4)

oo D:”fol)’;y U Ollxy.0-000)
Tl + DB+ DIy + 1)

u(x, t) = txibykr (2.6)

i+j+k=0

3. Applications

Herein, we consider the (3 +1)-dimensional diffusion, tele-
graph, and Burgers’ equations that are embedded into fractal 2D
and 3D spaces and provide their solutions analytically in fractal
closed-forms. The solutions are obtained by using a parallel
scheme to the power series method with underlying the expan-
sions (2.1) and (2.4) respectively.

3.1. (3 + 1)-D diffusion, telegraph, and Burgers’ equations in fractal 2D
space

Example 3.1. Consider the following (3 + 1)-D diffusion equation
in fractal 2D space:

oux,t)  Hu,t) uRX.t) Su(x,o)

o on o2 G1
subject to the initial condition

u(x,0) = (1 - y)e’Ey(x’), 3.2)
where

By’ Zm;fil (33)

is the one-parameter Mittag-Leffler function. We seek a solution to
(3.1),(3.2) in the form of (2.1). Substituting all the related formulas
(2.2) into (3.1) and (3.2) and equating the coefficients of like terms
from both sides, will give the following difference-differential equa-
tion for alli,j > 0
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I'(i+1o+1) I'(G+2)p+1)

Tl +1) fin;v,2) = TGB+1) fijn(,2)
aZfU( 72) 82fy(yvz)
ey a2 0 (34)
subject to the initial condition
(1—-y)e*
foi(v.2) = IXTESIE (3.5)
Solving (3.4) and (3.5) successively yields the following series
coefficients
21 —y)e?
i v@*m- (3.6)
Therefore, the exact solution of (3.1) and (3.2) is given by
< = 2(1-yer
u(x,t) = e S A L
5 Iia+1)I(p+1)
< xiF x il
B <ZF(][3+1 ><Z (loc+1)>
= (1-y)e?E; () E, (20, (3.7)

We point out here that for the time-fractional version of (3.1) and
(3.2) (i.e., p=1), we have the solution u(x,t) = (1 —y)e*E,(2t%)
which is identical to the solution obtained by using the reduced dif-
ferential transform method (RDTM) (Singh and Srivastava, 2015)
and the modified homotopy perturbation method (MHPM)
(Kumar et al., 2015). Moreover, if o = = 1, we get the exact solu-
tion u(x,t) = (1 -y)ext*2t for the (3 +1)-D diffusion integer-
version equation.

Example 3.2. Consider the following (3 + 1)-D telegraph equation
in fractal 2D space:
200, (35 Ut (v

O*u(x, t) n 28 u(x,t)
o> ot

PPu,t)  ut) SPu(X,t)
U6 = T y? o2
(3.8)
subject to the initial conditions
u(x,0) = sinh,(x") sinh(y) sinh(z),

Fux0) _ —sinhg(x*) sinh(y) sinh(z), 39)

ot
where
Xx(2i+1DB
sinhy(x’ Z D RSy EE (3.10)

Again, by substituting all the associated formulas (2.2) into (3.8),
(3.9) and gathering of like powers of variables, we have the follow-
ing difference-differential equation for all i,j > 0

waZJ(yvz) +Mfi+”( ’Z) +fi~j( ’Z)

T(io+1) [(ie+1)
TG +2)p+1) Pfyy.2) fy.2)
*mez v,2) - é;yz - (;Zz =0,
(3.11)
subject to the initial conditions
inh(y) sinh(z)

f '(yaz) = 51[1.77

0 rgp+1) (3.12)

—sinh(y) sinh(z)
fs0:2) = v 1) TG+ 1)

Solving (3.11) and (3.12) successively yields the following series

coefficients
(4)"((1 +\/§)i+ (1- \/§)i)

fizi1(v,2) = 2T+ D2+ 1)+ 1)

sinh(y) sinh(z).

(3.13)
Thus, the exact solution of (3.8) and (3.9) is given by

G ((14v3) ¢ (1-v3) ) sinhy)sinhiz)
U =3 ( 2F(ioc+1)F((2j+1))ﬁ+1)

i+j=0

1 . (2]+1)3
=5 sinh(y)sinh(z) ZW

N (4)’((1 +\/§) +(1 f\/§)>

2 T(ia+1)

i=0

tlx (2j+1)p

tim

- %sinh(y) sinh(z)sinh (x*)E, (— (1 + f3) t“) E, (— (1 - \/3') r“).
(3.14)

In particular, when o =p8=1, we have the exact solution
u(x, t) = sinh(x) sinh(y) sinh(z) cosh <\/§t> e~* for the (3 + 1)-D tele-

graph integer-version equation (Srivastava et al., 2017).

Example 3.3. Consider the following nonlinear (3 + 1)-D Burgers’
equation in fractal 2D space:

Puxt)  ouxt) u®t) Fuxt) _  ut)
o ox¥ v ez YD T
(3.15)
subject to the nonhomogeneous initial condition
ux,0)=x"+y+z (3.16)

Applying the initial condition into the ansatz (2.1), we get
fo.2)=y+2.fn(y,2)=1, and fy(y.z)=0for j>2. Upon
plugging all the relevant quantities (2.2) into (3.15) and solving
the resulting difference-differential equations successively, we get

fo:2) =y +2)f;1(v,2), i 20 . (3.17)
fi¥,2) =0, otherwise,
where the coefficients f; (y,z) are recursively given by
_I(p+1)
fuy.2) = Tla+1)
nr 1)
f“(y’z): (( F(()z;+)1 (ﬁ+ szmllyzflmlyv ; 1=2k
r nr 1
fay.2) = (- lz(oi;_Jr)] (P )<fk1 Y,z +szm 1102 fiim1(v,2 >,
i=2k+1. (3.18)

Therefore, the n—th approximate solution of (3.15) and (3.16) is
given by

Up (27 t) = i:fij(.%z) tiaxj/j

i+j=0

- Y Fa D Y S

i=0

(3.19)

n

X +y+2)> fuly.2)t™

i=0
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We remark here that f;;(y,z) =1 when a = = 1. Therefore, the
exact solution of the (3 + 1)-D Burgers’ integer-version equation is

X+y+z

u(x,t) = llmun(x t) = Tt

(X+y+2) Zrl = (3.20)

aslongaste[0,1).
3.2. (3 + 1)-D diffusion, telegraph, and Burgers’ equations in fractal 3D

space

Example 3.4. Consider the following (3 + 1)-D diffusion equation
in fractal 3D space:

rux,t)  oux,t) o7uxt) O°u(x,t) (3.21)
ot*  Ox2b ay2 o2’ '

with initial condition

u(x,0) = (1 —y")e?Ey(x"). (3.22)

We seek a solution to (3.21) and (3.22) in the form of (2.4). Substi-
tuting all the related formulas (2.5) into (3.21) and (3.22) and
equating the coefficients of like terms from both sides, will give
the following difference-differential equation for all i,j > 0

ey r{p+1)
IR 300,
_qu,m(z) _T

fij(@ — fijr2x(@)

=0, (3.23)
subject to the initial conditions
fop(2) =

fon(@) =

f oik(2) =

Solving (3.23) and (3.24) successively yields that f;; (z) = —f () for
i,j = 0 and fy(z) = 0 otherwise, where

eZ
rgp+1)’

—e? (3.24)
rgg+1)’
0 for k > 2.

2lez
fin(@) “Tla+ DGR+ 1) (3.25)
Therefore, the exact solution of (3.21) and (3.22) is given by
Z fio@) 7) X0 — Z Fiol Z) t*xPy?
i+j=0 i+j=0
00 21 ez i
(1- £ xiP
UZ I'ico+ 1)+ 1) (3.26)

0
xiB S i
( TGp+1) )(Zruxﬂ )

= (1 -y")e?Ey(x")E,(2t%).

In particular, when 7y = 1, we have the same solution obtained in
Example 3.1.

Fig. 1 represents the level curves behaviour of the 10th-
approximate solution (3.26) labeled by the parameters «, 8, and )
respectively. Apparently, the level curve when a=p8=y=1
coincide with the level curve of the exact solution for the
integer-order diffusion equation. This reveals the generality of
these fractional models. Moreover, it is evident that the level

curves are sequentially connected, as the fractional derivative
parameters increase, to reach the exact solution of the corre-
sponding integer-order case. To some extent, this behaviour
indicates for an inherited memory.

Example 3.5. Consider the following (3 + 1)-D telegraph equation
in fractal 3D space:

F*uX,t) . o"uX,t _ PuE ) oPuRt) duxt
K0 UKD ) O Oy | Puen
ot** ot ox?F Ay 0z
(3.27)

subject to the initial conditions

u(x,0) = sinhg(x*)sinh,(y") sinh(z),

%1(% 3.28
% = —sinhy(x#)sinh,(y") sinh(z). (3.28)

Substituting all the associated formulas (2.5) into (3.27),(3.28) and
gathering of like powers of indeterminate, we have the following
difference-differential equation for all i,j > 0
I'((i+2)o+1) I'(i+ho+1)
Tl 1) w2+ iy
CT((+2)p+1)
rgp+1)
I'((k+2)y+1)

- qu.m (2) -

finjk@ +fij2)

fijr2x(2)
d’f, k(@)

iz 0

(3.29)

with initial conditions

sinh(z)
I'(j+1)B+1I((2k+1)y+1)°
sinh(z)
T+ DO+ D)+ DOk + 1)y +1)°
(3.30)

f0,2j+1.2l<+1 (2) =

fioin261(2) =

Thus, the exact solution of (3.27) and (3.28) is given by

) N (71y<(r+v§){+(l—vﬁY)ﬁnh&)
”“J)Z_E:2raa+nr«y+lw+lﬂXﬁk+DV+U

i+j+k=0

~ 21+1 o 2k+1)
—_smh(z (ZF (VESIES)) ) (Zr( 2k+1) y-s—l))

j=0 k=0
7nf(uw@ +( ﬂ)ﬂ
Tt 1)

tiax(2j+1)/5y(2k+l)y

X
NgE

i=0

:%sinh( z)sinhy(x")sinh, (y”

E(-(1+V3)e ) B (- (1-V3)r)

(3.31)

In particular, if y = 1, we have the same solution obtained in Exam-
ple 3.2

Example 3.6. Finally, we consider the nonlinear (3 + 1)-D Burgers’
equation in fractal 3D space:

ux,t)  ux,t) ou(x,t) 82u()_c,t)+

_ N oPux,t)
ot* ox2h ay?r 072

u(x,t) o
(3.32)
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Uro(X.t) u(X,t)
30F
150}
25}
100} 20¢
15F
a=.25
501 10f
a=5 215 5 B=1 & Exact
e —— g=1 & Exact " " " " i x
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
(a) f=y=1,z=1,y=0.5,2=0 d)a=y=1,y=05,2z=0,t=1.
uo(Xt)
20
y=1 & Exact
15
10f
5
0.2 0.4 0.6 0.8 10”7
(c)a=p=1z=1,2=0,t=1.
Fig. 1. Level curves of the 10th-approximate solution (3.26).
subject to the nonhomogeneous initial condition _ 1 N
Un(X,t) = Z fijk(y) tlaxjﬁyk/
uR®,0)=x"+y’ +z (3.33) k=0
Applying the initial condition into the ansatz (2.4) leads to = E fioo(2) £ + E fio(2) t"% 4 E fio1(2) Y7
fo00(2) =2, f010(2) = 1, foo1(2) = 1, and fg(z) = O for j k > 2. Upon i=0 (3.36)

substituting all the related quantities (2.5) into (3.32) and solving
the resulting difference-differential equations successively, we
obtain

where the coefficients f;;,(z) are recursively given by
e =820
Fiold) == )Z;jl) f+1) Zme 0@ im0l =2k

fio(@) = - })Z;j)])([ﬁ’Jr] (fﬁ,l.o(z) +szm1,l.0(z)fim,l.0(z)> ;

m=1
i=2k+1. (3.35)

Therefore, the n—th approximate solution of (3.32) and (3.33) in
fractal 3D space is

£ Fon@0 4y o
n

= (X +y +2)) fuol2)t™.

i=0

2t +y ano

Again, for y = 1, we have the same solution obtained in Example
3.3. Remarkably, when o = =7 =1, we have f;;4(z) = 1 and hence
the exact solution for the (3 + 1)-D Burgers’ integer-version equa-
tion is

Y+z+x)) t=

i=0

X+y+z

u(x,t) = limu,(x,t) = Tt

n—oo

(3.37)

provided that t € [0, 1).

4. Conclusion

In this work, we have presented two distinct series solution
forms, namely (2.1) and (2.4), for (3 +1)-D partial differential
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equations that embedded into fractal 2D and 3D spaces respec-
tively. The associated power series scheme is then employed to
furnish a fractal closed-form solution for (o, §)— and («, B, y)—diffu-
sion, telegraph, and Burgers’ equations. The obtained results exhi-
bit the validity of our proposed solution forms without employing
any fractional complex transformation, linearization, or perturba-
tion. This exposes the potential of the proposed method and the
propagation of fractional differential equations. Analogously, we
can extend these solution forms to be customized into fractal 4D
space as

Z Cijkm tiotxj/}ykyzmd (41 )

i+j+k+m=0

where i,j,k,m € No and «, 8,7, € (0, 1] are the fractional derivative
parameters.

As future work, we intend to consider more physical models in
fractal spaces that are related to optics (Aslan et al., 2017a,b; Inc
et al, 2016, 2017a,b; Al Qurashi et al., 2017a,b,c; Tchier et al.,
2016; Kilic and Inc, 2017; Aslan and Inc, 2017), where the
unknown functions are of a complex-valued type. We believe that
conducting similar schemes to study such hybrid models will be an
important direction in optics.
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