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1. Introduction

The significance of fractional derivatives has been heightened in
the last two decades due to its potential applications in many fields
of applied sciences. It has been shown in many studies that the
fractional derivatives can be utilized in describing memory phe-
nomena (Rossikhin and Shitikova, 2009; Du et al., 2013). Besides
that, it has been shown that the spectrum of relaxation modes of
a viscoelastic material can be stretched or compressed when the
fractional derivative order varies from zero to one (Wharmby
and Bagley, 2013). Further, it has been proven that in a particular
case of a linearly time-varying non-Newtonian viscosity, the fluid’s
response has the same power-law as the linear viscoelasticity that
is characterized by the fractional derivative (called a springpot)
(Pandey and Holm, 2016). More physical and engineering phenom-
ena that have been successfully modeled and interpreted by frac-
tional derivatives can be found in Koeller (1984), Magin (2006),
Mainardi (2008), Hilfer (2000), Nigmatullin (2009), Coussot et al.
(2009), Butera and Paola (2014), Mainardi and Paradisi (2001),
Alquran et al. (2015), Bhrawy et al. (2016), Le et al. (2016),
Kumar et al. (2016), Alquran and Jaradat (2018), Gómez-Aguilar
et al. (2016a).

Various forms of fractional derivatives have been suggested in
the literature, all of which converge to the integer-order derivative
as the fractional-order derivative approach an integer value.
Recently, new forms of fractional derivatives based on the expo-
nential law (Caputo and Fabrizio, 2015) and on the Mittag–Leffler
function (Atangana and Baleanu, 2016) have been proposed. Some
noteworthy works in this matter can be found in Mirza and Vieru
(2017), Koca and Atangana (2016), Gómez-Aguilar (2017a,b),
Morales-Delgado et al. (2017), Coronel-Escamilla et al. (2017),
Gómez-Aguilar et al. (2016b,c).

In our present study, we consider ð3þ 1Þ-dimensional fractional
differential equations (FDEs) that are endowed with multi-
fractional derivatives on several variable-coordinates to study
and simulate the multi-memory effects. Expressly, we are inter-
ested in the equations of the forms

F uðx; tÞ; Da
t uðx; tÞ½ �; Db

x uðx; tÞ½ �; uyðx; tÞ; uzðx; tÞ; � � �
� � ¼ 0 ð1:1Þ
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and

G uðx; tÞ; Da
t uðx; tÞ½ �; Db

x uðx; tÞ½ �; Dc
y uðx; tÞ½ �; uzðx; tÞ; � � �

� �
¼ 0;

ð1:2Þ
where x denotes the space-variables ðx; y; zÞ and a;b; c 2 ð0;1Þ are
the fractional derivative orders in Caputo sense, which is defined
for the case of a by

Da
t uðx; tÞ½ � ¼ @auðx; tÞ

@ta
¼ 1
Cð1� aÞ

Z t

0

@uðx;jÞ
@j

dj
t � jð Þa : ð1:3Þ

In Caputo sense as well as in most fractional derivative definitions,
we have

Da
t ta½ � ¼ C aþ 1ð Þ

C a� aþ 1ð Þ t
a�a ð1:4Þ

for a > 0 and this will direct us to employ an appropriate form of
the power series expansion as a reliable suggested solution for
(1.1) and (1.2).

2. Solution representations in fractal 2D and 3D spaces

In this section, we propose two different solution expansions of
(3 + 1)-dimensional FDEs that are embedded into fractal 2D and 3D
spaces respectively. Consequently, fractional versions of Taylor’s
formula regarding these forms are also given. We should point
out here that similar expansions are utilized to solve FDEs in lower
dimensions (Jaradat et al., 2018a,b,c,d).

Definition 2.1. An ða; bÞ�fractional power series with variable
coefficients is an infinite series of the form

X1
iþj¼0
i;j2N0

f ijðy; zÞ tiaxjb ¼ f 00ðy; zÞ|fflfflfflffl{zfflfflfflffl}
iþj¼0

þ f 10ðy; zÞ ta þ f 01ðy; zÞxb|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
iþj¼1

þ � � �

þ
Xn

k¼0
f n�k;kðy; zÞ tðn�kÞaxkb|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

iþj¼n

þ � � � : ð2:1Þ

The next result provides a formula for the mixed-higher frac-
tional derivatives of the functions that can be represented in the
form of (2.1). The proof is followed by the linearity of Caputo oper-
ator and using the 2D mathematical induction. In fact, the proof of
the Lemma is similar to the proof of Jaradat et al. (2018b, Lemma
2.2).
Lemma 2.2. Let uðx; tÞ has a FPS representation as (2.1)
for ðx; tÞ 2 ½0;RxÞ � I � J � ½0;RtÞ. If Dra

t Dsb
x ½uðx; tÞ� 2 Cðð0;RxÞ�

I � J � ð0;RtÞÞ for r,s 2 N0, then

Dra
t Dsb

x ½uðx; tÞ� ¼
X1
iþj¼0

f iþr;jþsðy; zÞ
Cððiþ rÞaþ 1ÞCððjþ sÞbþ 1Þ

Cðiaþ 1ÞCðjbþ 1Þ tiaxjb:

ð2:2Þ
Remark 1. By letting ðx; tÞ ¼ ð0;0Þ in (2.2), we have the following
fractional version of Taylor’s formula that is associated to (2.1)

uðx; tÞ ¼
X1
iþj¼0

Dra
t Dsb

x ½uðx; tÞ�jðx;tÞ¼ð0;0Þ
Cðiaþ 1ÞCðjbþ 1Þ tiaxjb: ð2:3Þ
Definition 2.3. An ða; b; cÞ�fractional power series with variable
coefficients is an infinite series of the form
X1
iþjþk¼0
i;j;k2N0

f ijkðzÞ tiaxjbykc ¼ f 000ðzÞ|fflfflffl{zfflfflffl}
iþjþk¼0

þ f 100ðzÞ ta þ f 010ðzÞxb þ f 001ðzÞyc|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
iþjþk¼1

þ � � �

þ
Xn

r¼0

Xr

s¼0
f n�r;r�s;sðzÞ tðn�rÞaxðr�sÞbysc|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

iþjþk¼n

þ � � � :

ð2:4Þ

Using again the linearity of the Caputo operator, one can show
inductively the following.
Lemma 2.4. Let uðx; tÞ has a FPS representation as (2.4) for
ðx; tÞ 2 ½0;RxÞ � ½0;RyÞ � I � ½0;RtÞ. If Dra

t Dsb
x Dmc

y ½uðx; tÞ� 2 Cðð0;RxÞ�
ð0;RyÞ � I� ð0;RtÞÞ for r,s,m 2N0, then

Dra
t Dsb

x Dmc
y ½uðx;tÞ�¼

X1
iþjþk¼0

f iþr;jþs;kþmðzÞ

�Cððiþ rÞaþ1ÞCððjþ sÞbþ1ÞCððkþmÞcþ1Þ
Cðiaþ1ÞCðjbþ1ÞCðkcþ1Þ tiaxjbykc:

ð2:5Þ
Remark 2. Similarly, by letting ðx; y; tÞ ¼ ð0;0;0Þ in (2.5), we have
the following fractional version of Taylor’s formula that is associ-
ated to (2.4)

uðx; tÞ ¼
X1

iþjþk¼0

Dra
t Dsb

x Dkc
y ½uðx; tÞ�jðx;y;tÞ¼ð0;0;0Þ

Cðiaþ 1ÞCðjbþ 1ÞCðkcþ 1Þ t
iaxjbykc: ð2:6Þ
3. Applications

Herein, we consider the (3 + 1)-dimensional diffusion, tele-
graph, and Burgers’ equations that are embedded into fractal 2D
and 3D spaces and provide their solutions analytically in fractal
closed-forms. The solutions are obtained by using a parallel
scheme to the power series method with underlying the expan-
sions (2.1) and (2.4) respectively.

3.1. (3 + 1)-D diffusion, telegraph, and Burgers’ equations in fractal 2D
space

Example 3.1. Consider the following ð3þ 1Þ-D diffusion equation
in fractal 2D space:

@auðx; tÞ
@ta

¼ @2buðx; tÞ
@x2b

þ @2uðx; tÞ
@y2

þ @2uðx; tÞ
@z2

; ð3:1Þ

subject to the initial condition

uðx;0Þ ¼ ð1� yÞezEbðxbÞ; ð3:2Þ
where

EbðxbÞ ¼
X1
j¼0

xjb

Cðjbþ 1Þ ð3:3Þ

is the one-parameter Mittag–Leffler function. We seek a solution to
(3.1),(3.2) in the form of (2.1). Substituting all the related formulas
(2.2) into (3.1) and (3.2) and equating the coefficients of like terms
from both sides, will give the following difference-differential equa-
tion for all i; j P 0
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Cððiþ 1Þaþ 1Þ
Cðiaþ 1Þ f iþ1;jðy; zÞ �

Cððjþ 2Þbþ 1Þ
Cðjbþ 1Þ f i;jþ2ðy; zÞ

� @2f ijðy; zÞ
@y2

� @2f ijðy; zÞ
@z2

¼ 0; ð3:4Þ

subject to the initial condition

f 0jðy; zÞ ¼
ð1� yÞez

Cðjbþ 1Þ : ð3:5Þ

Solving (3.4) and (3.5) successively yields the following series
coefficients

f ijðy; zÞ ¼
2ið1� yÞez

Cðiaþ 1ÞCðjbþ 1Þ : ð3:6Þ

Therefore, the exact solution of (3.1) and (3.2) is given by

uðx; tÞ ¼
X1
iþj¼0

2i ð1� yÞez

Cðiaþ 1ÞCðjbþ 1Þ t
iaxjb

¼ ð1� yÞez
X1
j¼0

xjb

Cðjbþ 1Þ

 ! X1
i¼0

2itia

Cðiaþ 1Þ

 !

¼ ð1� yÞez EbðxbÞEað2taÞ: ð3:7Þ

We point out here that for the time-fractional version of (3.1) and
(3.2) (i.e., b ¼ 1), we have the solution uðx; tÞ ¼ ð1� yÞexþz Eað2taÞ
which is identical to the solution obtained by using the reduced dif-
ferential transform method (RDTM) (Singh and Srivastava, 2015)
and the modified homotopy perturbation method (MHPM)
(Kumar et al., 2015). Moreover, if a ¼ b ¼ 1, we get the exact solu-
tion uðx; tÞ ¼ ð1� yÞexþzþ2t for the ð3þ 1Þ-D diffusion integer-
version equation.
Example 3.2. Consider the following ð3þ 1Þ-D telegraph equation
in fractal 2D space:

@2auðx; tÞ
@t2a

þ 2
@auðx; tÞ

@ta
þ uðx; tÞ ¼ @2buðx; tÞ

@x2b
þ @2uðx; tÞ

@y2
þ @2uðx; tÞ

@z2
;

ð3:8Þ
subject to the initial conditions

uðx;0Þ ¼ sinhbðxbÞ sinhðyÞ sinhðzÞ;
@auðx;0Þ

@ta
¼ �sinhbðxbÞ sinhðyÞ sinhðzÞ;

ð3:9Þ

where

sinhbðxbÞ ¼
X1
j¼0

xð2jþ1Þb

Cðð2jþ 1Þbþ 1Þ : ð3:10Þ

Again, by substituting all the associated formulas (2.2) into (3.8),
(3.9) and gathering of like powers of variables, we have the follow-
ing difference-differential equation for all i; j P 0

C ðiþ 2Þaþ 1ð Þ
C iaþ 1ð Þ f iþ2;jðy; zÞ þ

C ðiþ 1Þaþ 1ð Þ
C iaþ 1ð Þ f iþ1;jðy; zÞ þ f i;jðy; zÞ

�C ðjþ 2Þbþ 1ð Þ
C jbþ 1ð Þ f i;jþ2ðy; zÞ � @2f i;jðy; zÞ

@y2
� @2f i;jðy; zÞ

@z2
¼ 0;

ð3:11Þ
subject to the initial conditions

f 0jðy; zÞ ¼ sinhðyÞ sinhðzÞ
C jbþ 1ð Þ ;

f 1jðy; zÞ ¼ � sinhðyÞ sinhðzÞ
C aþ 1ð ÞC jbþ 1ð Þ :

ð3:12Þ
Solving (3.11) and (3.12) successively yields the following series
coefficients

f i;2jþ1ðy; zÞ ¼
ð�1Þi 1þ

ffiffiffi
3

p� �i
þ 1�

ffiffiffi
3

p� �i� 	
2 C iaþ 1ð ÞC ð2jþ 1Þbþ 1ð Þ sinhðyÞ sinhðzÞ:

ð3:13Þ
Thus, the exact solution of (3.8) and (3.9) is given by

uðx;tÞ ¼
X1
iþj¼0

ð�1Þi 1þ
ffiffiffi
3

p� �i
þ 1�

ffiffiffi
3

p� �i� 	
sinhðyÞsinhðzÞ

2C iaþ1ð ÞC ð2jþ1Þbþ1ð Þ tiaxð2jþ1Þb

¼ 1
2
sinhðyÞsinhðzÞ

X1
j¼0

xð2jþ1Þb

C ð2jþ1Þbþ1ð Þ

 !

�
X1
i¼0

ð�1Þi 1þ
ffiffiffi
3

p� �i
þ 1�

ffiffiffi
3

p� �i� 	
C iaþ1ð Þ tia

0
BB@

1
CCA

¼ 1
2
sinhðyÞsinhðzÞsinhbðxbÞEa � 1þ

ffiffiffi
3

p� �
ta

� �
Ea � 1�

ffiffiffi
3

p� �
ta

� �
:

ð3:14Þ
In particular, when a ¼ b ¼ 1, we have the exact solution

uðx; tÞ ¼ sinhðxÞ sinhðyÞ sinhðzÞ cosh
ffiffiffi
3

p
t

� �
e�t for the ð3þ 1Þ-D tele-

graph integer-version equation (Srivastava et al., 2017).
Example 3.3. Consider the following nonlinear ð3þ 1Þ-D Burgers’
equation in fractal 2D space:

@auðx; tÞ
@ta

¼ @2buðx; tÞ
@x2b

þ @2uðx; tÞ
@y2

þ @2uðx; tÞ
@z2

þ uðx; tÞ @
buðx; tÞ
@xb

;

ð3:15Þ
subject to the nonhomogeneous initial condition

uðx;0Þ ¼ xb þ yþ z: ð3:16Þ
Applying the initial condition into the ansatz (2.1), we get
f 00ðy; zÞ ¼ yþ z ; f 01ðy; zÞ ¼ 1, and f 0jðy; zÞ ¼ 0 for j P 2. Upon
plugging all the relevant quantities (2.2) into (3.15) and solving
the resulting difference-differential equations successively, we get

f i0ðy; zÞ ¼ ðyþ zÞf i;1ðy; zÞ; i P 0

f ijðy; zÞ ¼ 0; otherwise;
ð3:17Þ

where the coefficients f i1ðy; zÞ are recursively given by

f 11ðy;zÞ ¼ Cðbþ1Þ
Cðaþ1Þ

f i1ðy;zÞ ¼ C ði�1Þaþ1ð ÞCðbþ1Þ
Cðiaþ1Þ

Xk
m¼1

2f m�1;1ðy;zÞf i�m;1ðy;zÞ; i¼2k

f i1ðy;zÞ ¼ C ði�1Þaþ1ð ÞCðbþ1Þ
Cðiaþ1Þ f 2k;1ðy;zÞþ

Xk
m¼1

2f m�1;1ðy;zÞf i�m;1ðy;zÞ
 !

;

i¼2kþ1: ð3:18Þ
Therefore, the n�th approximate solution of (3.15) and (3.16) is
given by

unðx; tÞ ¼
Xn
iþj¼0

f ijðy; zÞ tiaxjb

¼
Xn
i¼0

f i0ðy; zÞ tia þ
Xn
i¼0

f i1ðy; zÞ tiaxb

¼ xb þ yþ z
� �Xn

i¼0

f i1ðy; zÞ tia:

ð3:19Þ
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We remark here that f i1ðy; zÞ ¼ 1 when a ¼ b ¼ 1. Therefore, the
exact solution of the ð3þ 1Þ-D Burgers’ integer-version equation is

uðx; tÞ ¼ lim
n!1

unðx; tÞ ¼ xþ yþ zð Þ
X1
i¼0

ti ¼ xþ yþ z
1� t

; ð3:20Þ

as long as t 2 ½0;1Þ.
3.2. (3 + 1)-D diffusion, telegraph, and Burgers’ equations in fractal 3D
space

Example 3.4. Consider the following ð3þ 1Þ-D diffusion equation
in fractal 3D space:

@auðx; tÞ
@ta

¼ @2buðx; tÞ
@x2b

þ @2cuðx; tÞ
@y2c

þ @2uðx; tÞ
@z2

; ð3:21Þ

with initial condition

uðx;0Þ ¼ ð1� ycÞezEbðxbÞ: ð3:22Þ
We seek a solution to (3.21) and (3.22) in the form of (2.4). Substi-
tuting all the related formulas (2.5) into (3.21) and (3.22) and
equating the coefficients of like terms from both sides, will give
the following difference-differential equation for all i; j P 0

Cððiþ 1Þaþ 1Þ
Cðiaþ 1Þ f iþ1;j;kðzÞ �

Cððjþ 2Þbþ 1Þ
Cðjbþ 1Þ f i;jþ2;kðzÞ

� Cððkþ 2Þcþ 1Þ
Cðkcþ 1Þ f i;j;kþ2ðzÞ �

@2f ijðy; zÞ
@z2

¼ 0; ð3:23Þ

subject to the initial conditions

f 0j0ðzÞ ¼
ez

Cðjbþ 1Þ ;

f 0j1ðzÞ ¼
�ez

Cðjbþ 1Þ ;

f 0jkðzÞ ¼ 0 for k P 2:

ð3:24Þ

Solving (3.23) and (3.24) successively yields that f ij1ðzÞ ¼ �f ij0ðzÞ for
i; j P 0 and f ijkðzÞ ¼ 0 otherwise, where

f ij0ðzÞ ¼
2ie z

Cðiaþ 1ÞCðjbþ 1Þ : ð3:25Þ

Therefore, the exact solution of (3.21) and (3.22) is given by

uðx; tÞ ¼
X1
iþj¼0

f ij0ðzÞ tiaxjb �
X1
iþj¼0

f ij0ðzÞ tiaxjbyc

¼ 1� ycð Þ
X1
iþj¼0

2i e z

Cðiaþ 1ÞCðjbþ 1Þ t
ia xjb

¼ ð1� ycÞez
X1
j¼0

xjb

Cðjbþ 1Þ

 ! X1
i¼0

2itia

Cðiaþ 1Þ

 !

¼ ð1� ycÞez EbðxbÞEað2taÞ:

ð3:26Þ

In particular, when c ¼ 1, we have the same solution obtained in
Example 3.1.

Fig. 1 represents the level curves behaviour of the 10th-
approximate solution (3.26) labeled by the parameters a; b, and c
respectively. Apparently, the level curve when a ¼ b ¼ c ¼ 1
coincide with the level curve of the exact solution for the
integer-order diffusion equation. This reveals the generality of
these fractional models. Moreover, it is evident that the level
curves are sequentially connected, as the fractional derivative
parameters increase, to reach the exact solution of the corre-
sponding integer-order case. To some extent, this behaviour
indicates for an inherited memory.
Example 3.5. Consider the following ð3þ 1Þ-D telegraph equation
in fractal 3D space:

@2auðx; tÞ
@t2a

þ 2
@auðx; tÞ

@ta
þ uðx; tÞ ¼ @2buðx; tÞ

@x2b
þ @2cuðx; tÞ

@y2c
þ @2uðx; tÞ

@z2
;

ð3:27Þ
subject to the initial conditions

uðx;0Þ ¼ sinhbðxbÞsinhcðycÞ sinhðzÞ;
@auðx;0Þ

@ta
¼ �sinhbðxbÞsinhcðycÞ sinhðzÞ:

ð3:28Þ

Substituting all the associated formulas (2.5) into (3.27),(3.28) and
gathering of like powers of indeterminate, we have the following
difference-differential equation for all i; j P 0

C ðiþ 2Þaþ 1ð Þ
C iaþ 1ð Þ f iþ2;j;kðzÞ þ

C ðiþ 1Þaþ 1ð Þ
C iaþ 1ð Þ f iþ1;j;kðzÞ þ f i;j;kðzÞ

� C ðjþ 2Þbþ 1ð Þ
C jbþ 1ð Þ f i;jþ2;kðzÞ

� C ðkþ 2Þcþ 1ð Þ
C kcþ 1ð Þ f i;j;kþ2ðzÞ �

d2f i;j;kðzÞ
dz2

¼ 0;

ð3:29Þ
with initial conditions

f 0;2jþ1;2kþ1ðzÞ ¼ sinhðzÞ
Cðð2jþ 1Þbþ 1ÞCðð2kþ 1Þcþ 1Þ ;

f 1;2jþ1;2kþ1ðzÞ ¼ � sinhðzÞ
Cðaþ 1ÞCðð2jþ 1Þbþ 1ÞCðð2kþ 1Þcþ 1Þ :

ð3:30Þ

Thus, the exact solution of (3.27) and (3.28) is given by

uðx;tÞ ¼
X1

iþjþk¼0

ð�1Þi 1þ
ffiffiffi
3

p� �i
þ 1�

ffiffiffi
3

p� �i� 	
sinhðzÞ

2C iaþ1ð ÞC ð2jþ1Þbþ1ð ÞC ð2kþ1Þcþ1ð Þ t
iaxð2jþ1Þbyð2kþ1Þc

¼1
2
sinhðzÞ

X1
j¼0

xð2jþ1Þb

C ð2jþ1Þbþ1ð Þ

 ! X1
k¼0

yð2kþ1Þc

C ð2kþ1Þcþ1ð Þ

 !

�
X1
i¼0

ð�1Þi 1þ
ffiffiffi
3

p� �i
þ 1�

ffiffiffi
3

p� �i� 	
tia

C iaþ1ð Þ

0
BB@

1
CCA

¼ 1
2
sinhðzÞsinhbðxbÞsinhcðycÞEa � 1þ

ffiffiffi
3

p� �
ta

� �
Ea � 1�

ffiffiffi
3

p� �
ta

� �
:

ð3:31Þ
In particular, if c ¼ 1, we have the same solution obtained in Exam-
ple 3.2.
Example 3.6. Finally, we consider the nonlinear ð3þ 1Þ-D Burgers’
equation in fractal 3D space:

@auðx; tÞ
@ta

¼ @2buðx; tÞ
@x2b

þ @2cuðx; tÞ
@y2c

þ @2uðx; tÞ
@z2

þ uðx; tÞ @
buðx; tÞ
@xb

;

ð3:32Þ



Fig. 1. Level curves of the 10th-approximate solution (3.26).
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subject to the nonhomogeneous initial condition

uðx;0Þ ¼ xb þ yc þ z: ð3:33Þ
Applying the initial condition into the ansatz (2.4) leads to
f 000ðzÞ ¼ z; f 010ðzÞ ¼ 1; f 001ðzÞ ¼ 1, and f 0jkðzÞ ¼ 0 for j; k P 2. Upon
substituting all the related quantities (2.5) into (3.32) and solving
the resulting difference-differential equations successively, we
obtain

f i00ðzÞ ¼ zfi10ðzÞ ¼ zfi01ðzÞ; i P 0
f ijkðzÞ ¼ 0; otherwise;

ð3:34Þ

where the coefficients f i10ðzÞ are recursively given by

f 110ðzÞ ¼ Cðbþ1Þ
Cðaþ1Þ

f i10ðzÞ ¼ C ði�1Þaþ1ð ÞCðbþ1Þ
Cðiaþ1Þ

Xk
m¼1

2f m�1;1;0ðzÞf i�m;1;0ðzÞ; i¼2k

f i10ðzÞ ¼ C ði�1Þaþ1ð ÞCðbþ1Þ
Cðiaþ1Þ f 2k;1;0ðzÞþ

Xk
m¼1

2f m�1;1;0ðzÞf i�m;1;0ðzÞ
 !

;

i¼2kþ1: ð3:35Þ
Therefore, the n�th approximate solution of (3.32) and (3.33) in
fractal 3D space is
unðx; tÞ ¼
Xn

iþjþk¼0

f ijkðyÞ tiaxjbykc

¼
Xn
i¼0

f i00ðzÞ tia þ
Xn
i¼0

f i10ðzÞ tiaxb þ
Xn
i¼0

f i01ðzÞ tiayc

¼ z
Xn
i¼0

f i10ðzÞ tia þ xb
Xn
i¼0

f i10ðzÞ tia þ yc
Xn
i¼0

f i10ðzÞ tia

¼ xb þ yc þ z
� �Xn

i¼0

f i10ðzÞ tia:

ð3:36Þ

Again, for c ¼ 1, we have the same solution obtained in Example
3.3. Remarkably, when a ¼ b ¼ c ¼ 1, we have f i10ðzÞ ¼ 1 and hence
the exact solution for the ð3þ 1Þ-D Burgers’ integer-version equa-
tion is

uðx; tÞ ¼ lim
n!1

unðx; tÞ ¼ ðyþ zþ xÞ
X1
i¼0

ti ¼ xþ yþ z
1� t

; ð3:37Þ

provided that t 2 ½0;1Þ.
4. Conclusion

In this work, we have presented two distinct series solution
forms, namely (2.1) and (2.4), for ð3þ 1Þ-D partial differential
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equations that embedded into fractal 2D and 3D spaces respec-
tively. The associated power series scheme is then employed to
furnish a fractal closed-form solution for ða; bÞ� and ða; b; cÞ�diffu-
sion, telegraph, and Burgers’ equations. The obtained results exhi-
bit the validity of our proposed solution forms without employing
any fractional complex transformation, linearization, or perturba-
tion. This exposes the potential of the proposed method and the
propagation of fractional differential equations. Analogously, we
can extend these solution forms to be customized into fractal 4D
space asX1
iþjþkþm¼0

cijkm tiaxjbykczmd ð4:1Þ

where i; j; k;m 2 N0 and a;b; c; d 2 ð0;1� are the fractional derivative
parameters.

As future work, we intend to consider more physical models in
fractal spaces that are related to optics (Aslan et al., 2017a,b; Inc
et al., 2016, 2017a,b; Al Qurashi et al., 2017a,b,c; Tchier et al.,
2016; Kilic and Inc, 2017; Aslan and Inc, 2017), where the
unknown functions are of a complex-valued type. We believe that
conducting similar schemes to study such hybrid models will be an
important direction in optics.
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