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Different wave solutions assist to interpret phenomena in different aspects of optics, physics, plasma
physics, engineering, and other related subjects. The higher dimensional generalized Boussinesq equation
(gBE) and the Klein-Gordon (KG) equation have remarkable applications in the field of quantum mechan-
ics, recession flow analysis, fluid mechanics etc. In this article, the soliton solutions of the higher-
dimensional nonlinear evolution equations (NLEEs) have been extracted through extending the sine-
Gordon expansion method and we analyze the effect of the associated parameters and the phenomena
establishing the lump, kink, rogue, bright-dark, spiked, periodic wave, anti-bell wave, singular soliton
etc. Formerly, the sine-Gordon expansion (sGE) method was used only to search for lower-dimensional
NLEEs. In order to illustrate the latency, we have portrayed diagrams for different values of parameters
and it is noteworthy that the properties of the features change as the parameters change.
� 2021 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

There has been significant development in the investigation of
NLEEs in different fields of physical sciences and engineering over
the past three decades. NLEEs were the main focus of research in
various branches of physical and mathematical sciences, namely
plasma physics, solid state physics, fluid mechanics, physics, chem-
istry etc. Since many mathematical-physical incidents are modeled
by NLEEs, the analytical solutions of NLEEs are of fundamental
importance. The numerical solutions of NLPDEs are generally
investigated and their exact solutions are difficult to acquire. As
a result, searching soliton solutions has gained popularity to the
researchers. Thus, for carrying out explicit and exact, specifically
stable soliton solutions of nonlinear physical models, assorted
researchers have developed a variety of techniques, namely the
Sine-Cosine technique (Wazwaz, 2004), the improved Bernoulli
sub-equation function method (Baskonus and Bulut, 2016; Aksan
et al., 2017; Islam et al., 2020), the variational iteration technique
(He, 1997; Inc, 2008), the modified extended tanh-function tech-
nique (Elwakil et al., 2002; Khater, 2016; Sedeeg et al., 2019;
Osman et al., 2020), the improved F-expansion technique (Akbar
and Ali, 2017), the finite element method (Dang, 2008), the ansatz

method (Triki et al., 2012), the ðG0
=GÞ-expansion technique (Wang

et al., 2008; Akbar and Ali, 2011a), the Exp-function method (Akbar
and Ali, 2011b), the homotopy analysis technique (Shi, et al., 2006;

Morales-Delgado et al., 2018), the ðG0
=G;1=GÞ-expansion (Iftikhar,

et al., 2013), the Kudryashov technique (Nuruddeen and Nass,
2018), the complex hyperbolic-function technique (Bai and Zhao,
2006), the first integral technique (Akbar et al., 2019), the inverse
scattering transform (Ablowitz and Segur, 1981), the Darboux
matrix technique (Gu and Hu, 1993; Gu et al., 2005), the Hirota
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bilinear method (Hosseini et al., 2019; Wang et al., 2020), the mod-
ified simple equation method (Khan and Akbar, 2013), the modi-
fied decomposition method (Ray, 2016), the conservative
splitting scheme (Xie et al., 2019), the finite element (Dehghan
and Abbaszadeh, 2018) method, the exponential rational function
(Ghanbari and Gómez-Aguilar, 2019) method, the sub-equation
method (Yépez et al., 2018), etc.

The sGE method (Korkmaz et al., 2020) is a rather advanced
approach of providing realistic, compatible and functional solu-
tions in standard form. The sGE method was developed based on
the wave transformation and the reputed sine-Gordon equation.
The typical sGE approach applies only to lower-dimensional NLEEs.
There are scores of higher-dimensional NLEEs relating to real-life
problems and further soliton solutions are required to explain
them directly. However, to obtain advanced and broad-ranging
solutions for the higher-dimensional NLEEs, the extension of the
sine-Gordon approaches has not yet been developed. The aim of
this article is, therefore, to extend the sGE approach for the
higher-dimensional NLEEs and to use the newly proposed method
to build wide-ranging stable soliton solutions to a couple of (2 + 1)-
dimensional nonlinear physical models, videlicet the gBE (Huai and
Hong, 2004) and the KG equations (Khan and Akbar, 2014) which
has not been studied in earlier research. We have depicted dia-
grams for different assessment of the parameters and determined
the character of the wave profiles.

This article is described below: Section 2 is devoted to introduc-
ing the sGE methodology and further analysis. Determination and
the physical explanation of the soliton solution through the pro-
posed method are given in Sections 3 and 4, respectively. In Sec-
tion 5, the determined solutions are compared with the existing
solutions. The conclusion is given in the last section.

2. Methodology

In this section, we extend the sGE method for the (2 + 1)-
dimensional NLEEs. Let us consider the (2 + 1)-dimensional sine-
Gordon equation of three variables x; y; t as follows (Wang et al.,
2020):

@2V

@x2
� @2V
@x@y

� @2V
@x@t

þ @2V
@y@t

¼ sin Vð Þ: ð2:1Þ

Here V ¼ Vðx; y; tÞ is an arbitrary function. Now, we introduce
the wave variable in the ensuing form

V x; y; tð Þ ¼ V gð Þ;g ¼ axþ by�xt ð2:2Þ
wherein a and b are the amplitude and x is the speed of the trav-
eling wave.

Using (2.2), the (2 + 1)-dimensional sGE (2.1) can be translated
to the following form to get an ordinary differential equation (ODE)

d2V
dg2 ¼ 1

a� bð Þ aþxð Þ sin Vð Þ: ð2:3Þ

We can alter the Eq. (2.3) as follows

d
dg

V
2

� �� �2

¼ 1
ðb� aÞðaþxÞ sin

2 V
2

� �
þ p; ð2:4Þ

wherein p is the constant of integration.
Let us set p ¼ 0, f gð Þ ¼ V

2

� �
and r2 ¼ 1

ðb�aÞðaþxÞ into Eq. (2.4), thus

we find

df
dg

¼ r sin fð Þ: ð2:5Þ

If we assign r ¼ 1, Eq. (2.4) turns up
2

df
dg

¼ sin fð Þ: ð2:6Þ

We evaluate the following relationships with the aid of the the-
ory of variable separation:

sin fð Þ ¼ sin f gð Þð Þ ¼ 2bexpðgÞ
1þ b2expð2gÞ ¼ sech gð Þ; for b ¼ 1; ð2:7Þ

cos fð Þ ¼ cos f gð Þð Þ ¼ �1þ b2expð2gÞ
1þ b2expð2gÞ ¼ tanh gð Þ; for b ¼ 1;

ð2:8Þ
where b is the constant of integration.

At this period, we consider a (2 + 1)-dimensional NLEE with
three variables x, y and t as follows:

/ V ;
@V
@x

;
@V
@y

;
@V
@t

;
@2V
@x2

;
@2V
@y2

;
@2V
@t2

� � �
 !

¼ 0; ð2:9Þ

wherein V ¼ Vðx; y; tÞ is an unidentified function, / is a polynomial
equation in V and its derivative. Here x and y are the spatial, t is the
temporal variables and its partial derivatives with respect to t, x and
y respectively are @V

@t ,
@V
@x ;

@V
@y � � � etc.

In line with the sGE method, we assume the solution of Eq. (2.9)
as

V gð Þ ¼ A0 þ
XN

n¼1
tanhn�1ðgÞ Bnsech gð Þ þ An tanh gð Þ½ �: ð2:10Þ

By means of the identities (2.7) and (2.8), from solution (2.10)
we derive

V f gð Þð Þ ¼ A0 þ
XN

n¼1
cosn�1f ðgÞ Bn sin f gð Þð Þ þ An cos f gð Þð Þ½ �:

ð2:11Þ
To determine the value of N, we use balancing principle by con-

sidering the highest power nonlinear term and the higher deriva-
tive in the obtained NODE. By setting the coefficient of
sinr f gð Þð Þcoss f gð Þð Þ½ � to zero, a system of algebraic equations can
be found. By unraveling these equations, the values of An;Bn;a; b
and x are derived. Finally, plugging the values of An;Bn;a; b and
x in Eq. (2.10), we can accomplish the required solution to the
NLEE (2.9).

3. Extraction of solution using the extended sGE approach

In this part, we work out the stable solitary wave solutions for
the gBE and the KG equation through the execution of the
extended sGE process.

3.1. The generalized Boussinesq equation

We study the (2 + 1)-dimensional gBE of the form (Huai and
Hong, 2004):

Utt � aUxx � bUyy � c U2
� �

xx
� dUxxxx ¼ 0; ð3:1:1Þ

where a;b; c; d are non-dimensional physical constants. Now, we
assess the subsequent transformation of the waves

U x; y; tð Þ ¼ U gð Þ;g ¼ xþ y�xt; ð3:1:2Þ
wherein x is the wave velocity.

By processing the wave transformation (3.1.2), the BE (3.1.1)
converts into the under mentioned NODE

x2U
0 0 � aU

0 0 � bU
0 0 � c U2

� �0 0

� dU
0 0 0 0 ¼ 0: ð3:1:3Þ



Yu-Ming Chu, Md. Rezwan Ahamed Fahim, Purobi Rani Kundu et al. Journal of King Saud University – Science 33 (2021) 101515
Integrating (3.1.3) twice and neglecting the integral constants,
we obtain

x2 � a� b
� �

U � cU2 � dU
0 0 ¼ 0: ð3:1:4Þ

According to the principle of homogeneous balancing, from Eq.
(3.1.4) we obtain N ¼ 2. Therefore, the solution of Eq. (3.1.4) takes
the following shape

U fð Þ ¼ A0 þ B1 sin fð Þ þ A1 cos fð Þ þ B2 sin fð Þ cos fð Þ þ A2 cos2 fð Þ:
ð3:1:5Þ

Obviously, from the solution (3.1.5) we get the needful deriva-
tives suggested in the underneath

U
0 0
fð Þ ¼ �B1 sin

3 fð Þ þ B1 cos2 fð Þ sin fð Þ � 2A1 sin
2 fð Þ cos fð Þ

� 5B2cos fð Þ sin3 fð Þ þ B2 cos3 fð Þ sin fð Þ
þ 2A2 sin

4 fð Þ � 4A2 cos2 fð Þ sin2 fð Þ: ð3:1:6Þ
By assembling (3.1.5) and (3.1.6) into (3.1.4), we find the fol-

lowing result:

�cB2
1 � 2dA2 � cA2

0 þx2A0 � aA0 � bA0

þ x2B1 � bB1 � 2cA0B1 þ dB1 � aB1
� �

sin fð Þ
þ �bB2 � 2cA0B2 � 2cB1A1 þ 5dB2 þx2B2 � aB2
� �

sin fð Þ cosðf Þ
þ �2cB1A2 � 2cA1B2 � 2dB1ð Þ sin fð Þ cos2ðf Þ
þ �2cB2A2 � 6dB2ð Þ sin fð Þ cos3ðf Þ
þ 2cB1B2 � 2cA1A2 � 2dA1ð Þ cos3ðf Þ
þ �cB2

2 þ cB2
1 � bA2 � aA2 � 2cA0A2 � cA2

1 þx2A2 þ 8dA2

� �
cos2ðf Þ

þ �cA2
2 � 6dA2 þ cB2

2

� �
cos4ðf Þ þ ð�aA1 � bA1 � 2cB1B2

� 2cA0A1 þx2A1 þ 2dA1Þ cos fð Þ:
ð3:1:7Þ

Now, if we equate the coefficients of like power of sinðf Þ and
cosðf Þ to zero, we attain an algebraic system of equations and
unraveling this system with the help of Maple, we get the solution
sets:

Set 1 : x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ b� 4d

p
;A0 ¼ 2d

c
;A2 ¼ �6d

c
;B1 ¼ 0;A1 ¼ 0;B2 ¼ 0:

ð3:1:8Þ

Set 2 : x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ bþ 4d

p
;A0 ¼ 6d

c
;A2 ¼ �6d

c
; B1 ¼ 0;B2 ¼ 0;A1 ¼ 0:

ð3:1:9Þ

Set 3 : x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ bþ d

p
;A0 ¼ 3d

c
;A2 ¼ �3d

c
;B2 ¼ 3id

c
;B1 ¼ 0;A1 ¼ 0:

ð3:1:10Þ

Set 4 : x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ b� d

p
;A0 ¼ 2d

c
;A2 ¼ �3d

c
;B2 ¼ 3id

c
;B1 ¼ 0;A1 ¼ 0

1:11Þ
The soliton solution of (3.1.5) is ascertain by the values assem-

bled in (3.1.8) as

U1 x; y; tð Þ ¼ 2d
c

1� 3tanh2 �x� yþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ b� 4d

p
t

� �� �
: ð3:1:12Þ

Moreover, for the values sorted out in (3.1.9), we determine the
soliton solutions of (3.1.5) as

U2 x; y; tð Þ ¼ 6d
c

1� tanh2 �x� yþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ bþ 4d

p
t

� �� �
: ð3:1:13Þ
3

On the other hand, for the values organized in (3.1.10), we find
out the general soliton solutions of (3.1.5) as

U3 x; y; tð Þ ¼ 3d
c

1� isech �x� yþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ bþ d

p
t

� ��
� tanh �x� yþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ bþ d

p
t

� �
� tanh2 �x� yþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ bþ d

p
t

� ��
: ð3:1:14Þ

On the contrary, for the values accumulated in (3.1.11), we
achieve the subsequent soliton solutions of (3.1.5):

U4 x; y; tð Þ ¼ d
c

2� 3isech �x� yþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ b� d

p
t

� ��
� tanh �x� yþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ b� d

p
t

� �
� 3tanh2 �x� yþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ b� d

p
t

� ��
: ð3:1:15Þ

From the earlier it is observed that the derived results are
important findings for this research and simulation of the dynam-
ics of shallow waves near ocean beaches, in lakes and rivers.

3.2. The KG equation

In this paragraph, we study the (2 + 1)-dimensional KG equa-
tion of the ensuing form (Khan and Akbar, 2014):

Vxx þ Vyy � Vtt þ rV þ lV3 ¼ 0; ð3:2:1Þ
where r, l are constants. To study the higher dimensional KGE,

we relate the following wave transformation

V x; y; tð Þ ¼ V gð Þ; g ¼ xþ y� kt; ð3:2:2Þ
wherein k is the wave velocity.

Introducing the wave variable (3.2.2), the Eq. (3.2.1) remodeled
into the ensuing nonlinear ODE as follows:

2� k2
� �

V
0 0 þ rV þ lV3 ¼ 0: ð3:2:3Þ

Comparing the highest order linear and nonlinear exponents
come out in Eq. (3.2.3), we acquire N ¼ 1.

Therefore, the solution structure for the Eq. (3.2.3) becomes

V fð Þ ¼ A0 þ B1 sinðf Þ þ A1 cosðf Þ: ð3:2:4Þ
It is simple to extract various derivatives of the solution (3.2.4)

which are demonstrated below:

V
0 0
fð Þ ¼ �B1 sin

3 fð Þ þ B1 cos2 fð Þ sin fð Þ � 2A1

� sin2 fð Þ cos fð Þ ð3:2:5Þ
Substituting the solution (3.2.4) and (3.2.5) in Eq. (3.2.3), we

accomplish

lA3
0 þ 3lA0B

2
1 þ rA0

þ 3lA2
0B1 þ rB1 � 2B1 þ k2B1 þ lB3

1

� �
sin fð Þ

þ 3lB1A
2
1 � lB3

1 � 2k2B1 þ 4B1

� �
sin fð Þ cos2ðf Þ

þ �2k2Aþ 4A1 þ lA3
1 � 3lB2

1A1

� �
cos3ðf Þ

þ 3lA0A
2
1 � 3lA0B

2
1

� �
cos2ðf Þ þ 6lA0B1A1 sin fð Þ cosðf Þ

þ 2k2A1 þ 3lA2
0A1 þ rA1 � 4A1 þ 3lB2

1A1

� �
cosðf Þ

¼ 0: ð3:2:6Þ

Setting the coefficients of siniðf Þ cosjðf Þ, i; j ¼ 0;1;2 equals to
zero from Eq. (3.2.6), we acquire the algebraic system of equations
and solving these equations, we attain the following values of the
unknown parameters with the help of Maple:
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Set 1 : k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8� 2r

p

2
;A1 ¼

ffiffiffiffiffiffiffiffiffiffiffi�lrp
l

;A0 ¼ 0; B1 ¼ 0: ð3:2:7Þ
Set 2 : k ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2þ r

p
;B1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi�2lr
p

l
;A0 ¼ 0;A1 ¼ 0: ð3:2:8Þ
Set 3 : k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� 2r

p
;A1 ¼

ffiffiffiffiffiffiffiffiffiffiffi�lrp
l

;B1 ¼
ffiffiffiffiffiffiffilrp
l

;A0 ¼ 0: ð3:2:9Þ

Using these solution sets of algebraic equations, we construct
the solutions to (3.1.5) as

V1 x; y; tð Þ ¼ � 1
l

ffiffiffiffiffiffiffiffiffiffiffi�lrp
tanh �x� yþ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8� 2r

p
t

� �
: ð3:2:10Þ
V2 x; y; tð Þ ¼ � 1
l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2lr

p
sech �x� yþ

ffiffiffiffiffiffiffiffiffiffiffiffi
2þ r

p
t

� �
: ð3:2:11Þ
V3 x; y; tð Þ ¼ 1
l

ffiffiffiffiffiffiffi
lr

p
sech �x� yþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� 2r

p
t

� �
� 1
l

ffiffiffiffiffiffiffi
lr

p

� tanh �x� yþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� 2r

p
t

� �
: ð3:2:12Þ

The solutions extracted above-mentioned in this article for the
(2 + 1)-dimensional KG equation are important findings and will be
useful for many different nonlinear phenomena, including the
spread of crystal dislocation and elementary particle behavior, etc.
4. Results and discussion and graphical representations

We split this section into two parts. For the solutions we
attained, visual representations of different values of correspond-
ing constraints and discussion of their natures are made for both
the gBE and KG equation. First part is dedicated for gBE and in next
part we discussed KG equation.
Fig. 1. 3D plot of the solution of (3

4

4.1. Figures of the solutions of the gBE

In this part, graphical representations for the ascertained stable
wave solutions for gBE are shown for diverse values of the param-
eters with the help of Matlab.

It has already been mentioned that the wave profiles change
their features according to the variation of the integrated parame-
ters. To clarify this context, we have portrayed different portrayals
of the solution (3.1.12) for different values of the free constraints a,
b, c, d. From Fig. 1(a), it is noticed that for the values a ¼ 1, b ¼ 1,
c ¼ 1, d ¼ 1 of the parameters the solution U1ðx; y; tÞ is the lump
type soliton within the interval �1 � x � 1 and 0 � t � 3. Now, if
we increase the value of dispersion coefficient d from 1 to 7, the
velocity of the wave decreased and the figure turn into spike type
singular periodic wave which is displayed in Fig. 1(b). On the con-
trary, if we substitute the dispersion coefficient d by �7, the solu-
tion U1ðx; y; tÞ changed into an anti-bell shape wave solution
shown in Fig. 1(c). Alternatively, if we assign other values of the
constraints namely a ¼ 1, b ¼ 2, c ¼ 1, d ¼ �4 and a ¼ �5, b ¼ 8,
c ¼ 11, d ¼ �5, we attain dark type anti-bell solitons in both cases
for U1ðx; y; tÞ shown in Fig. 1(d) and 1(e). It is seen from the figures
that the change of the characteristics of the shape depend on the
parameters a, b, d but does not have much impact on the features
of the solution U1ðx; y; tÞ on c.

On the other hand, for the solution function U2ðx; y; tÞ we found
anti-bell shape soliton depicted in Fig. 2(a) for the following values
of the parameters a ¼ 1, b ¼ 1, c ¼ 1, d ¼ 1 with in the range
�5 � x � 10 and 0 � t � 5. The nature of the figure of this solution
changes for the changes of the parameter a. It depicts singular
point-type soliton for a ¼ �4; b ¼ 1; c ¼ 1; d ¼ 1 shown in Fig. 2(b).

Solution function U3ðx; y; tÞ have both real and imaginary part.
We have outlined four different graphs for U3ðx; y; tÞ within the
contour �2 � x; t � 2. Fig. 3(a) depicts squeezed bell-shape soliton
for real part and dark-bright soliton for imaginary part for the val-
ues of parameter a ¼ 1; b ¼ 1; c ¼ 1; d ¼ 1:1. The solution is highly
sensitive in regard to the nonlinear dissipation coefficient c. In
.1.12) for the different values.



Fig. 2. 3D plot of the solution of (3.1.13) for the different values.

Fig. 3. 3D plot of the solution of (3.1.14) for the different values.
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order to clarify, if we change the coefficient c and choose the values
a ¼ 1; b ¼ 1; c ¼ �1; d ¼ 1:1, we found the Fig. 3(b) of the real part
that converts into anti-bell type but imaginary part depicts bright-
dark soliton. In case of the choice of parameters as
a ¼ �10; b ¼ �10; c ¼ 10; d ¼ �10, we get anti-lump type soliton
and spike type singular periodic wave respectively for real and
imaginary part of U3ðx; y; tÞ as shown in Fig. 3(c). In Fig. 3(d) we
get nearly similar figure for U3ðx; y; tÞ, with the values
a ¼ �10; b ¼ �10; c ¼ �10; d ¼ �10, where real part shows lump
type soliton and imaginary part displays spike type singular peri-
odic wave which is also called breather type soliton.

Since the features of the solution U4ðx; y; tÞ are analogous to the
figure of the erstwhile solutions thus these profiles are not
depicted to avoid repetition.
5

4.2. Figures of the solutions of the KG equation

The acquired stable traveling wave solutions of the KG equation
are explained in the figures and estimated the nature of these
waves for different values of the parameters using the MATLAB
software.

For the first solution function V1 x; y; tð Þ, we obtained smooth
kink type figure for the values of the free variables r ¼ �5,
l ¼ 1:1 and depicted in Fig. 4(a). The nature of V1 x; y; tð Þ varies
in rogue wave for the variation of r and it is illustrated in Fig. 4
(b). The figure is delineated for r ¼ 5;l ¼ 1:1 with in the interval
�3 � x � 3 and 0 � t � 5.

The other solution V2 x; y; tð Þ supplies anti-bell profile wave
revealed in Fig. 5(a) for the parametric values r ¼ 1;l ¼ 1:1 within



Fig. 4. 3D plot of the solution of (3.2.10) for the different values.

Fig. 5. 3D plot of the solution of (3.2.11) for the different values.

Fig. 6. 3D plot of the solution of (3.2.12) for the different values.
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the interval �5 � x � 10 and 0 � t � 3. The same solution repre-
sents singular profile if we change the value of l by l ¼ �1:1.

For V3 x; y; tð Þ we select following values r ¼ 2;l ¼ 1:1 within
the interval �2 � x � 2 and 0 � t � 3 to sketch the graph in
Fig. 6(a) which depicts lump and anti-lump wave for real and
imaginary part respectively which are both singular point soliton.
The solution alters it form for decreasing the free variable r in
Fig. 6(b), and becomes a flat wave for real part and kink type soli-
ton for imaginary part for r ¼ 2;l ¼ 1:1.

It is significant how varieties of solitons are found for various
choices of parametric values in a unique manner for the KG equa-
tion through this study.

From the results and graph, it is clear that both the equations
we discussed in this article provide us diverse solitons, like kink
wave, singular point soliton, spiked periodic wave, anti-bell wave,
lump type soliton etc. We also acquire some new complex hyper-
bolic function solutions that have not been submitted to literature
beforehand.
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5. Comparison of the solutions

We will relate the solutions examined by the sGE method of the
generalized Boussinesq equation and the Klein–Gordon equation.
In this section, we will also emulate the determined solutions with
those ascertained by various researchers of the stated equations
using different methods.
5.1. Comparison of the obtained solutions of the gBE

We establish some general and some new-found solitary wave
solutions to the (2 + 1)-dimensional gBE in this research. Neverthe-
less, this equation have been investigated by the new generalized
Jacobi elliptic function method (Huai and Hong, 2004), the Hirota
bilinear method (Ma and Deng, 2016), the sine–cosine method
(Tas�can and Bekir, 2009), etc. The obtained solutions are compared



Table 1
Comparison of the solutions of the gBE obtained by the sine–cosine method and the
sGE method.

Tas�can and Bekir (2009) solutions Solutions obtained by sGE
method

(i) Choose c ¼
ffiffiffiffiffiffiffi
�4

p
and u x; y; tð Þ ¼ U2

then the solution (3.9) gives

(i) If a ¼ b ¼ c ¼ d ¼ 1, then
equation (3.1.13) becomes

U2 ¼ �9Sech2
ffiffi
6

p
2 xþ y�

ffiffiffiffiffiffiffi
�4

p
t

� �� �
: U2 ¼ 6Sech2 xþ y�

ffiffiffiffiffiffiffi
�4

p
t

� �
:

Table 2
Comparison of the solutions achieved by the MSE method and the SGE method.

Khan and Akbar (2014) solutions Solutions attained in this article

(i) If a ¼ r, b ¼ l and u3;4 x; y; tð Þ ¼ V1, then
the solution (3.19) becomes

V1 ¼ �
ffiffiffiffiffi
�r
l

q
tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r

2 k2�2ð Þ
q

xþ y� ktð Þ
� �

.

(i) Replacing k ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8� 2r

p
the

solution (3.2.10) becomes

V1 ¼
ffiffiffiffiffi
�r
l

q
tanh xþ y� ktð Þð Þ.

(ii) If a ¼ r, b ¼ l and u7;8 x; y; tð Þ ¼ V1

then the solution (3.21) converts

V1 ¼ �
ffiffiffi
r
l

q
tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r

2 k2�2ð Þ
q

xþ y� ktð Þ
� �

(ii) Substituting k ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8� 2r

p

the solution (3.2.10) becomes

V1 ¼
ffiffiffi
r
l

q
tan xþ y� ktð Þð Þ.
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with those found by Tas�can and Bekir (2009) via the sine–cosine
method and presented in Table 1.

It should be noted that, Tas�can and Bekir (2009) have found
three more solution which are not similar with the solutions estab-
lished in this article. On the other hand, formulating the sGE
method, three more different results namely U1, U3 and U4 of the
gBE have achieved that dot not match with the earlier results.
Not only that, we have portrayed different shapes of soliton solu-
tions through sGE scheme, such as anti-bell, breather, bright-
dark shape soliton etc. which are not found by Tas�can and Bekir
(2009).
5.2. Comparison of the solutions of the KG equation

In the early research, the (2 + 1)-dimensional KG equation has
been investigated through the modified simple equation method
(Khan and Akbar, 2014) and the modified extended mapping
method (Seadawy et al., 2018). These investigations derived the
trigonometric and hyperbolic function solutions to the KG equa-
tion. In this article, we establish the combination of hyperbolic
function solutions for the same equation using the sGE method.
Nonetheless, the attained solutions are compared with Khan and
Akbar (2014) solutions which are accomplished by the modified
simple equation (MSE) method in Table 2:

Besides, Khan and Akbar (2014) have established two more
solutions which are not similar to our solutions. But we have found
more two solutions likewise solutions (3.2.11) and (3.2.12) and
achieved various type waves like kink, bell and lamb type soliton
for the KGE which are not analogous in the earlier investigation.
Although, we have discussed the nature of the waves for the stated
both equations by changing the values of free parameters.
6. Conclusions

In this article, we extend, analyze the sGE approach and put in
use to a couple of higher-dimensional NLEEs, namely the gBE and
KG equations. We have attained different types of wave solutions
to the formerly stated models, such as breather, rogue, bell-
shape, bright-dark, kink and periodic solitons. We identified the
nature of the wave profiles and showed that the wave profiles
depend on the score of the free parameters. The instance has been
analyzed in detail in the results and discussion section. This study
7

demonstrates that the efficacy of the extended sGE method is reli-
able and an efficient strategy for analyzing higher-dimensional
NLEEs and might be impactful to examine higher-dimensional
NLEEs in future studies.
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