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Strongly balanced repeated measurements designs are useful to balance out the residual effects. These
designs are widely used in medicine, pharmacology, animal sciences and psychology. The situations
where minimal strongly balanced repeated measurements designs cannot be constructed, strongly
partially-balanced repeated measurements designs are preferred. This paper deals with the construction
of circular strongly partially-balanced repeated measurements designs through method of cyclic shifts.
© 2018 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is an

open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

A repeated measurements design is strongly balanced with
respect to the first-order residual effects if each treatment is imme-
diately preceded 1 times by each other treatment (including itself).
Williams (1949, 1950) initiated repeated measurements designs.
Magda (1980) introduced the idea of a circular balance repeated
measurements design when proper balance for different effects is
considered. Cheng and Wu (1980) explained two different types
of repeated measurements designs (RMD), the balanced uniform
RMD and the strongly balanced uniform RMD. Afsarinejed (1990)
presented some construction methods for repeated measurements
design. Afsarinejed (1994) gave an easy method of constructing
balanced and strongly balanced minimal repeated measurements
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designs with unequal period sizes. Igbal and Jones (1994) con-
structed (i) efficient repeated measurements designs with equal
and unequal period sizes using method of cyclic shifts, (ii) Strongly
balanced repeated measurements designs, and (iii) combinatorial
balanced designs for two unequal period sizes. Hedayat and Yang
(2003) discussed the universal optimality of balanced cross over
designs for v > 3 and A < (v — 1)/2. Sharma et al. (2003) introduced
a general strategy of construction of balanced repeated measure-
ments designs for odd number of treatments and their analysis.
Igbal and Tahir (2009) constructed CSBRMD (circular strongly bal-
anced repeated measurements designs) for some classes. Igbal
et al. (2010) constructed some first- and second-order CBRMD
(circular balanced repeated measurements designs). They also con-
structed some CSBRMDs. Their construction is for period sizes less
than the number of treatments. Strongly balanced repeated mea-
surement designs are widely used in medicine, pharmacology, ani-
mal sciences and psychology. The situations where minimal
strongly balanced repeated measurements designs cannot be con-
structed, strongly partially-balanced repeated measurements
designs are preferable. This paper deals with the construction of
circular strongly partially-balanced repeated measurements
designs through method of cyclic shifts. Chalikias and Kounias
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(2012) extended the conditions of Cheng and Wu, in order to pre-
sent a method to construct ®-optimal designs for the case of p =3
and n =0 mod 4. Chalikias (2017) gave the impact review of two
treatment repeated measurement designs with uncorrelated
observations. Kounias and Chalikias (2015) extracts the universally
optimal designs (strongly balanced on the periods and on the treat-
ments) for the model with interactions.

The rest of the paper is organized as follows: In Section 2, we
briefly explained the method of cyclic shifts. In Section 3, infinite
series to generate CSPBRMDs are developed. In Sections 4 and 5,
CSPBRMDs are constructed by method of cyclic shifts, Rule I and
Rule II respectively.

2. Method of cyclic shifts

Method of cyclic shifts is explained here briefly. For detail, see
Igbal & Tahir (2009) and Igbal et al. (2010).

Rule I: Let S=[q1, qa, . . ., gp_1] be a set of shifts, where 0 < ¢; <
v —1.If each element 0, 1, 2, ..., v — 1 appears an equal number of
times, say ' in a new set of shifts S*, where S*=[qy, g2, ..., Qp_1.
v—(qi+qz+...+(qp_q1) mod v] then it will be circular strongly
balanced repeated measurement design. If S* contains all of 0, 1,
2, ..., v—1 exactly ; times then it will be CSPBRMD.

Example 2.1. CSPBRMD is constructed for v=10 and p=4
through the following two sets of shifts. S; =[2, 3, 8], S, =[5, 6, 9]
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3. Infinite series to generate CSPBRMDs

Series 3.1: CSPBRMDs can be constructed for v = 2mi + 2, i inte-
ger and p =2 m, m > 1 through the following i sets of shifts.

Simi=Imj+2, mj+3, .., mj+m+1,v-2-mjv-3-mj, ...,
v—-m-mjl; j=0,1,...,i-2.
Si=[vy2, (v+2)2,v-1] for p=4.
Si=[(v—(p-2)2, ... (v-6)2, (v-4)[2, V2,
(v+4)2,(v+6)[2,..,(v+tp—2)2,v—1] for p>4.

(v+2)2,

Among ¢* ordered pairs, here 2v ordered pairs {(0, 1), (1, 2), ...,
(v—2,v—1),(rv—1,0),(0, (v—2)/2),(1,v/2), ..., (v2,v-1),((v+
2)/2,0), (v+4)/2,1),...,(v—1,(v—4)/2)} do not appear together
while all other ¥(v — 2) appear once.

Example 3.1(a). CSPBRMD can be constructed for v = 4i + 2 and
p = 4 through the following i sets of shifts.

Si1=[2+2,2+3,v—2-2j; j=0,1,...,i-2.
Si=[v2, (v+2)2,v—-1]

Example 3.1(b). CSPBRMD can be constructed for v = 6i + 2 and
p = 6 through the following i sets of shifts.

Sit1=13j+2,3j+3,3j+4,v-2-3j,v-3-3j; j=0,1, ..,
i—2.
Si=[(v—4)2,v/[2, (v+2)]2,(v+4)]2,v—1]

By B, B3 By Bs Bs B; By Bg Bio Biy Bz Bz By Bis Bie Biz Bis Big By
03 14 25 36 4, 5g 69 70 81 9, 0o 14 25 33 44 55 6¢ 77 83 99
20 31 4 53 64 75 8 97 0z 1o 50 61 72 83 94 0s 16 27 3s 49
5, 65 7, 8 9 0, 1s 2 3 4 15 2 3, 45 55 6, 7. 8 95 0,
35 46 57 6g 79 8o 94 0, 13 24 04 16 23 34 44 56 67 73 89 9

Here ordered pairs {(0, 1), (1, 2), ..., (8, 9), (9, 0), (0, 4), (1, 5), ...,
(5,9),(6,0),(7,1),...,(9, 3)} do not appear together.

Rule II: Let S;=[da1, Qa2, -- - ap—1)] and Sp=[qp1, b2, -- - b
(r—2)|t be sets of shifts, where 0 < q; <v — 2. If at least one set of
shifts is of type [q1, Q2. - .., qp—2)]t then S* will be [ga1, Ga2, ... Ga
-1 (W=1) = (a1 + Qa2 *+ ... + Qap-1))MOd(v — 1), Qpb1, b2, - b
(-2 If each element O, 1, 2, ..., v— 2 appears an equal number
of times, say A’ in a new set of shifts S* then it will be circular
strongly balanced repeated measurements design. If S* contains
all of 0, 1, 2, ..., v — 2 exactly ; times then it will be CSPBRMD.

Example 2.2: Sets of shifts S; =[1, 3, 8, 6] & S, =[2, 4, 7]t pro-
vide following CPBRMD for v = 10 with p = 5.

Example 3.1(c). CSPBRMD can be constructed for v = 8i + 2 and
p = 8 through the following i sets of shifts.

Sp1=[4j+2,4j+3,4j+4,4i+5,v—2—4j,v—3 —4j,v—4—
4jl; j=0,1,...,i—2.
Si=[(v—6)/2, (v—4)/2,v[2, (v+2)]2, (v+4)[2,(v+6)2,v—1]

Series 3.2: CSPBRMDs can be constructed for v=2m, m>1
integer and p =2 m + 1 through the following set of shifts.

By B, Bs By Bs Be B, Bg Bo Bio Bi1 Bz B3 Bia Bis Bis Bi7 Bisg
06 11 2, 33 4 55 6, 75 8 05 1o 2 35 4 55 66 79 8
19 21 3, 44 54 65 76 87 Og 20 31 4, 53 64 75 85 0 1g
4 5, 63 7. 8 05 1, 28 3 6, 73 8 05 1¢ 2. 3, 45 5
34 44 56 67 73 8o 04 1, 23 46 57 6g 70 81 0, 13 24 35
03 14 25 36 44 5g 6o 71 8, 94 95 9 9, 9 % 9, 9, 93

Here ordered pairs {(0,5), (1,6), (2,7), (3,8), (4,0), (5,1), (6,2), (7,3),
(8,4), (9,9)} do not appear together.

S+1=[0,1,2,..,v—-1];
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If sum of any two, three, ..., v — 1 consecutive elements is 0
mod v, rearrange the elements to get the binary designs. Among
% ordered pairs, here » ordered pairs {(0, v/2), (1, (v+2)/2), ...,
((v—=2)2, v-1), (92, 0), (v+2)2, 1), ..., (v—1, (v—2)[2)}
appear twice together while all other (v — 1) appear once.

Example 3.2(a). CSPBRMD is constructed for v=6 and p=7
through the following set of shifts.

[0,1,4,3,2,5]

Example 3.2(b). CSPBRMD is constructed for v=8 and p=9
through the following set of shifts.

[0,1,2,3,4,5,6, 7]
4. Construction of CSPBRMDs by Rule I

Construction 4.1: CSPBRMDs can be constructed forv=ri+1,i
odd and p =r> 1 odd through the following i sets of shifts.

Si=lan Q2. - G-y J=1,2,.., 0
where
e 0 <dgj1, Gj2, - - Qjir—1) <V — 1 but # v/2,

e S* contains each of 0, 1, 2, ..., v—1 exactly once except v/2
which does not appear.
e S"=[qj1, iz - -, Qjir—13 V—(Qj1 +* Q2 * - - . + Qir—1))]

Among * ordered pairs, here v ordered pairs {(0, v/2), (1, (v+
2)12), ..., (v=2)2, v=1), (¢/2, 0), ((v+2)/2, 1), ..., (v—1,
(v— 2)/2)} do not appear together while all other (v — 1) appear
once. Designs constructed from this method for p=3,p=5,p=7
and p =9 for v <100 are presented in Tables A1-A4 respectively
given in Appendix A.

Construction 4.2: CSPBRMDs can be constructed forv=ri—1,i
odd and p = r through the following i sets of shifts.

Si=[91 G20 - Qir—)]s 7=1,2, ..., 0
where
e 0<qj1, Q2 .- Qi) <V — 1,

e S* contains each of 0, 1, 2, ..., v—1 exactly once except v/2
which appears twice.
o S*=[qj1, Qi2s -, Qiz2, V — (Qjn + Q2 + . .. + Qj22)]

Among 7* ordered pairs, here v ordered pairs {(0, v/2), (1,
(v+2)2), ..., (v=2)2, v=-1), (92, 0), (v+2)/2, 1), ..., (v—1,
(v— 2)/2)} appear twice together while all other (v — 1) appear
once. Designs constructed from this method for p=3, p=5,p=7
and p=9 for v <100 are presented in Tables A5-A8 respectively
given in Appendix A.

Construction 4.3: CSPBRMDs can be constructed for v=ri+2,i
odd, r> 1(odd) and p = r through the following i sets of shifts.

Si=I[dj1, Q2s - Q—ny]s J=1,2, .. .1
where,
e 0<qj1, Q2 - Qjir—1) < V=1 but # (v—1)/2, (v+1)/2,

e S* contains each of 0, 1, ..., v — 1 exactly once except (v — 1)/2,
(v+1)/2 which does not appear.

o S =[aj1, Qs - -, Qjr—1) V = (A1 + Q2 *+ - + Qigr—1)]

Among 7* ordered pairs, here 2v ordered pairs {(0, (v — 1)/2), (1,
(v+1)/2), ..., ((v=1)/2, v=1), ((v+1)/2, 0), ((v+3)/2, 1), ...,

(Z/— 1v (U_ 3)/2)v (Ov (7j+ ])/2)! (]v (Z}+ 3)/2)1 e ((Z/_ 3)/21 V- ])v
((v-1)/2, 0), (v+1)/2, 1), ..., (v—1, (v—1)/2),} do not appear
together while all other #(v — 2) appear once. Designs constructed
from this method forp=5,p =7 and p =9 for v < 100 are presented
in Tables A9-A11 respectively given in Appendix A.

Construction 4.4: CSPBRMDs can be constructed for v=ri+2,i
even, r > 1(odd) and p = r through the following i sets of shifts.

Si=[91, 42, - Q-1 G=1,2, .. 0
where,
e 0<qj1, G2, .- Qjr—1) <V — 1 but # 2, (v—4)/2,

e S*contains each of 0, 1, ..., v — 1 exactly once except 2, (v — 4)/2
which do not appear.

o S*=[qj1, Qiz» - - -, Qjr—1» V— (qj1 + Q2 + . .. + Qjr—1)]

Among 2* ordered pairs, 2v ordered pairs {(0, 2), (1, 3), ...,
(v-3,v—-1),(v-2,0), (v—1, 1), (0, (v—4)/2), (1, (v—2)/2), (2,
v[2), ... (v+2)/2, v—1), (v+4)/2,0), (v+6)/2, 1), ..., (v-1,
(v— 6)/2)} do not appear together while all other #(v — 2) appear
once. Designs constructed from this method for p=5, p=7 and p
=9 for v < 100 are presented in Tables A12-A14 respectively given
in Appendix A.

5. Construction of PSBRMDs by Rule II

Construction 5.1: CSPBRMDs can be constructed for v=ri, i
even and p =r > 3(odd) through the following i sets of shifts.

Sj+‘1 = [q_,'1, qu, . qj(V*U]: j= 1, 2, ey i—1.

Si=[qi1, A2y - - - Qig—2)]t
where
¢ 0<qj1, G2 - - Qigr—1) dits i2s - - - Qir—2) < V — 2 but # v/2.

e S* contains each of 0, 1, ..., v — 2 exactly once except v/2 which
does not appear.

o S*=[qj1, Qjz, - -, Qir—1, V= 1 = (Qjn + Q2+ - .. + Gjr—1)), Qs iy - -
Qir—2)]

Here ordered pairs {(0, (v — 2)/2), (1, v/2), ..., ((v—2)/2,v - 1),
(7/2,0), (v+2)2,1),...,(v—1,(v—4)/2),(v—1,v — 1)} does not
appear together while all other appear once. Designs constructed
from this method for p=5, p=7 and p = 9 for v < 60 are presented
in Tables B1-B3 respectively given in Appendix B.

Construction 5.2: CSPBRMDs can be constructed for v =ri, i > 1
(odd) and p = r > 3(odd) through the following i sets of shifts.

Sie1 =[G, Q2o -+ Gir—)ls J=1,2, .., i1

Si=[qi1, izs - - - Qir—2)]t
where
e 0 <Qj1, G2r - - Qiir—1) Ditr Qizs - - » Qir—2) <V — 2 but # (v — 1)/2,
e S* contains each of 0, 1, ..., v — 2 exactly once except (v — 1)/2
which does not appear.
e S*=[0j1, Q2 - -, Qjr—1 V— 1 = (Qja + Q2 + ... + Qjr—1))s Di1» Di2s - -
Qir—2)]

Here ordered pairs {(0, (v— 1)/2), (1, (v+1)/2), ..., ((v—1)/2,
v—1), ((v+1)/2, 0), ((v+3)/2, 1), ..., (v—1, (v=3)2), (v-1,
v — 1)} does not appear together while all other appear once. Designs
constructed from this method forp=5,p=7and p =9 for v < 60 are
presented in Tables B4-B6 respectively given in Appendix B.

Construction 5.3: CSPBRMDs can be constructed forv=ri+1,i
even and p = r > 3(odd) through the following i sets of shifts.
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Sj+1 = [qﬂ, Q2 - qi(T*U]; j= 1,2,...i-1.
Si=1[qi1, Qiz, - - - Qig—2)]t
where
¢ 0<qj1, G2, - - - 9jr—1) i1, Qi2s - - - Qigr—2) < V — 2 but # 2 and (v —
5)/2.

e S* contains each of 0,1,..., v — 2 exactly once except 2 & (v —
5)/2 which do not appear.

o S*=[qj1, Qjz2, - -, Qigr—1» V — 1 = (Qjn + G2+ - .. + Qjir—1))s Qi, Qs - - -
Qitr—2)]

Here ordered pairs {(0, 2), (1,3), ..., (v—4,v-2),(v—-3,0), (v
-2,1),(0,(v—5)/2),(1,(v-3)/2),....,(v—=5,v—2),(v—4,0), (v—
3, 1), (v—2, 2), (v—1, v—1)} do not appear together while all
other »(v—2) appear once. Designs constructed from this method
for p=5,p=7 and p=9 for v < 60 are presented in Tables B7-B9
respectively given in Appendix B.

Construction 5.4: CSPBRMDs can be constructed forv=ri+1,i
> 1(odd) and p = r > 3(odd) through the following i sets of shifts.

Siv1 =951, Qi - - Qo—)]; J=1,2,..,0i—1.
Si=1[qi1, Qi2, - - - Qig—2)]t
where
e 0<qj1, G2 -+ Gjr—1) Qits Qizs -+ Qir-2) SV — 3 but # 1.

e S* contains each of 0, 1, ..
which do not appear.

e S*=[qj1, Q2 - .-, Qi1 V— 1 = (Qj1 * Q2 + ... + Qjr—1))s Qits Di2s - -
Qir—2)]

.,V — 2 exactly once except 1 & (v — 2)

Here ordered pairs {(0, 1), (1, 2), ..., (-2, v—1), (v—1, 0), (O,
(v-2)/2), (1, v/2), ..., (v]2, v—1), ((v+2)/2, 0), ((v+4)/2, 1), ...,
(v-1, (v—4)/2), (v—1, (v—1)} do not appear together while all other
Y®(v—2) appear once. Designs constructed from this method for p =
5 p=7 and p=9 for v<60 are presented in Tables B10-B12
respectively given in Appendix B.

Conclusions and Ideas for Future Constructions: Series 3.1
works as a generator which generates the CSPBRMDs for every per-
iod size p (even). It provides CSPBRMDs for every v which is two
plus multiple of p. Series 3.2 gives a design for a single value of v
for each value of p, where v=2m, m>1 integer and p=2m +1.
Constructions in Sections 4 and 5 are for p (odd). Generators to
generate these designs are not developed yet for p (odd), therefore,
these should be developed to generate (i) CSBRMDs in equal period
sizes, (ii) CSBRMDs in unequal period sizes, (iii) CSPBRMDs in equal
period sizes, (iv) CSPBRMDs in unequal period sizes, (v) CBRMDs in
equal period sizes, (vi) CBRMDs in unequal period sizes, (vii)
CWBRMDs (Circular weakly balanced repeated measurements
designs) in equal period sizes, (viii) CWBRMDs in unequal period
sizes.
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Appendix A
Table Al.

v p Sets of shifts

4 3 [13]

10 3 [7,1]1+[4,6]+[3,9]

16 3 [13,2]+[7,4] +[15,3] +[9,11] +[6,10]

22 3 [153]+][12,2]+[7,5] +[18,6] +[21,1] +[9,19] +
[14,13]

28 3 [25,1]+][3,17]+[13,11]+[26,18] +[10,27] +[21,20]
+[6,22] +[23,24] +[7,16]

34 3 [20,12] +[14,4] +[19,7] +[25,9] + [33,22] + [32,5] +
[6,18] +[21,23] +[15,26] + [28,29] +[30,3]

40 3 [37,1]+[31,4]+[25,7]+[19,10] +[12,32] +[14,9] +
[18,16] +[22,34] +[13,27] +[28,29] + [21,26] +
[30,35] +[3,38]

46 3 [4045]+[37,5] +[32,2] +[25,11] +[22,8] +[15,14] +
[44,28] +[19,27] +[42,26] +[33,29] + [41,38] +
[21,35] +[9,3] +[39,6] +[31,43]

52 3 [12,3]+[38,10] +[42,1] +[31,2] +[25,13] +[40,16] +
[17,15] +[21,23] + [43,34] + [28,30] +[22,32] +
[33,35] +[7,45] +[18,39] + [5,6] + [24,29] + [11,49]

58 3 [55,4]+[45,7]+[49,8] +[38,3] +[31,11] +[26,19] +
[18,15] +[43,20] +[24,36] +[28,30] + [51,32] +
[34,35] +[40,37] +[52,22] +[27,48] +[2,10] +[12,50]
+[5,44] + [14,21]

Table A2.

v p Sets of shifts

6 5 [1,254]

16 5 [1,2,3,4]+[5,7,9,11]+[10,12,13,14]

26 5 [1,2,3,20]+[6,7,89]+[10,12,11,14] +[16,17,18,23] +
[21,15,19,24]

36 5 [1,2,3,30]+[5,6,7,8] +[12,11,9,13] +[35,16,19,17] +
[20,32,33,34] +[22,28,14,29] +[26,31,23,24]

46 5 [36,22,2,28]+[16,15,7,8] +[42,11,12,13] +
[33,5,17,18] +[45,41,1,25] +[24,27,3,29] +
[31,32,6,34] +[30,37,38,39] + [20,10,43,44]

56 5 [46,1,2,3]+[26,6,7,8]+[52,21,12,13] +[15,16,44,18]
+[22,11,32,23] +[25,53,31,29] + [27,20,33,34] +
[51,38,39,40] +[41,48,43,47] + [37,5,42,49] +
[36,10,17,50]

Table A3.

v p Sets of shifts

8 7 [1,23,7,6,5]

22 7 [1,234,5,7]+][69,16,18,12,13] +[15,17,8,10,19,20]

36 7 [151,2,3,4,5]+([7,8,9,10,11,14] +[12,16,17,19,23,21]
+[30,20,24,25,26,27] +[29,22,31,32,33,34]

50 7 [29,1,2,3,4,5]+[9,8,7,10,11,12] +[14,46,16,17,18,19]

+[48,24,23,22,26,27] +[28,31,32,36,38,35] +
[34,37,13,39,44,41] + [45,40,33,15,47,49]
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Table A4. Table A7. (continued)
v p Sets of shifts v p Sets of shifts
10 9 [1,23.4,67.89] 48 7 [27.12345]+[7,8936,11,12] +[15,16,14,17,18,19]
28 9 [1,2203,4,56,7]+[12,13,27,11,15,16,17,19] + +(22,23,24,46,24,25] +[26,29,30,31,32,44] +
[18,21,22,23,24,25,26 9] [34,35,10,37,38,39] +[43,42,41,33,20,40]
46 9 [10,1,2,3,4,5,6,7] +[40,11,12,13,14,15,16,17] +
[45,20,21,22,28,24,25,26] + [37,30,39,41,32,35,38,34]
+[27,33,29,9,31,42,43,44] Table A8.
v p Sets of shifts
Table A5. 9 [1.2344567]
26 9 [16,1,2,5/4,3,6,7] +[9,10,18,12,13,13,14,15] +
v p Sets of shifts [17,11,19,20,21,22,23,24]
2 3 [11] 44 9 [1,2234,56,7,16]+[9,10,11,12,13,14,15,31] +
8 3 [51]+[44]+[36] [43,20,21,19,22,23,22,24] + [42,28,29,27,30,8,32,33]
14 3 [11,1]+[3,4] +[13,7] +[6,12] +[9,5] +[34,37,36,38,39,40,41,25]
20 3 [17,1]+[11,4]+[19,13] +[18,10] +[3,10] +[9,15] +
[14,6]
26 3 [23,1]+[17.4]+[11,7] +[13,10] +[15,25] + [14,22] + Table A9.
[13,18] +[24,19] + [20,6] -
32 3 [29,1]+[23.4] + [18,6] +[9,12] + [31,17] +[3.7] + v__p Sets of shifts
[13,19] +[28,26] + [15,24] +[21,27] + [20,30] 7 5 [2156]
38 3 [35,1]+[29.4] +[23,7] +[9,17] +[11,13] +[3,16] + 17 5 [7,1,23]+[56,12,11] +[10,13,14,15]
[37,18] +[20,34] +[27,24] + [33,15] + [6,32] + [31,26] 27 5 [171,23]+]56,7,9] +[10,12,23,15] +[8,16,19,20] +
+[30,36] [22,26,24,25]
44 3 [40,1]+[352] +[30,5] +[8,25] +[12,14] +[15,16] + 37 5 [27,1,2,3]+[56,7,8] +[10,25,13,12] +[16,17,20,21] +
[19,43] +[22,22] +[23,41] +[33,27] +[17,32] + [29,23,24,9] + [36,28,22,30] +[31,33,34,35]
[29,21] +[10,42] + [34,4] + [20,31] 47 5 [37,123]+[17,6,7,8] +[10,11,12,14] + [15,16,25,18]
50 3 [47,1]+[41,4]+[35,7]+[9,30] +[12,22] +[15,18] + +[19,21,22,27] + [46,45,29,30] + [44,33,34,35] +
[49,19] +[21,6] + [25,25] + [45,27] + [29,40] + [20,46] [36,32,39,40] +[13,43,31,28]
+[26,36] +[37,3] + [42,14] + [43,24] + [13,48] 57 5 [56,2,1,3]+[23,6,11,8] +[7,10,12,13] + [44,16,17,18]
56 3 [53,1]+[3,48]+[6,42] +[9,36] +[29,13] +[22,16] + +[20,21,22,24] + [32,26,49,30] + [25,33,31,35] +
[17,19] + [55,23] + [54,32] +[28,28] +[49,30] + [14,38,42,36] + [43,37,45,46] + [39,48,40,50] +
[25,52] +[31,43] +[37,24] +[10,7] + [21,45] + [47,15] [4,54,53,55]
+[40,12] +[27,41]
Table A10.
Table A6.
v p Sets of shifts
v p Sets of shifts 9 7 [123678]
4 5 [2123] 23 7 [18,1,2,3,4,10]+[7,6,9,5,13,14] +[16,17,19,20,21,22]
14 5 [13,2,14]+[5,7.6,7]+[9,10,11,12] 37 7 [16,12,34,5]+[7,89,10,11,12] +[14,15,13,20,21,28]
24 5 [141,2,3]+[18,7,6,8] +[11,12,12,13] +[15,19,16,17] +[23,24,25,26,27,31] + [30,22,32,33,34,35]
+[10,20,21,22] 51 7 [30,1,2,3,4,5]+[39,8,9,10,11,12] +
34 5 [2533,2,3]+[46,7,8]+[19,10,12,13] +[15,16,17,22] [14,15,16,18,19,20] +[21,24,23,50,27,28] +
+[18,20,21,17] +[24,23,27,28] +[29,30,31,11] [17,29,32,33,22,35] + [37,38,7,47,41,42] +
44 5 [34,123]+[56,7,8]+[38,11,12,13] +[15,16,17,21] + [44,45,46,40,48,49]
[10,22,9,22] + [24,23,26,27] +[29,40,35,39] +
[37,36,31,28] +[30,43,41,42]
54 5 [44,1,2,3]+[56,7,8] +[53,16,12,13] +[37,15,17,18] + Table A11.
[20,19,22,23] +[30,27,26,27] + [29,43,25,32] +
[51,42,46,39] +[11,40,45,35] + [50,34,36,47] + v p Sets of shifts
[48,41,9,10] 11 9 [1,2,3,4,1098,7]
29 9 [232345,678]+[9,13,1,12,11,16,17,18] +
[20,21,22,10,24,25,26,27]
Table A7. 47 9 [11,1,2,3/4,5,6,7]+[9,35,10,12,13,14,15,16] +
- [19,20,21,22,25,26,27,28] +[29,30,31,32,33,34,18,36]
v__p_Sets of shifts +[38,37,40,41,42,43 44,45]
6 7 [125343]
20 7 [192,1,3/4,5]+[8,9,10,10,11,12] +[14,13,15,16,17,18]
34 7 [131,2,34,5]+(7,89,10,22,12] +[33,16,17,15,17,18]

+[19,21,32,23,24,25] +[27,28,29,30,31,11]



350 R. Jabeen et al./Journal of King Saud University - Science 31 (2019) 345-351
Table A12. Table B2.
v p Sets of shifts v p Sets of shifts
12 5 [1,3,9,11]+[5,6,7,8] 14 7 [1,2,3,45,11]+[8,9,10,6,12]t
22 5 [1034,5]+]6,7,8,12] +[1,20,14,15] +[17,18,19,13] 28 7 [1,2,34512]+[7,8,10,26,11,6] +[24,17,16,18,19,20]
32 5 [1,34,5]+][6,7,9,10]+[12,13,15,16] +[17,18,11,29] + +[22,23,15,259]t
[23,24,25,26] +[27,28,20,22] 42 7 [201,2,3,4,5]+[7,8,9,10,11,24] + [38,15,16,17,18,19]
42 5 [1,3,4,5]+[6,7,8,9] +[10,13,14,16] +[15,17,11,20] + +[22,23,12,26,25,27] +[40,39,31,32,33,34] +
[23,24,25,26] +[27,37,30,32] +[18,41,34,39] + [36,35,14,30,28]t
[38,35,40,33] 56 7 [34,1,2,3,4,5]+[38,8,19,9,11,12] +
52 5 [1,3,45]+[7,8,9,10]+[12,13,14,15] +[16,17,32,19] + [14,15,16,17,18,10] + [54,41,23,24,25,26] +
[21,22,23,11] +[26,28,29,42] + [33,34,35,48] + [29,30,31,33,32,22] +[37,48,21,40,35,39] +
[37,38,40,41] +[43,44,45,46] + [36,49,25,51] [36,44,45,46,7,47] + [49,51,52,53,42]t
Table A13. Table B3.
v p Sets of shifts v p Sets of shifts
16 7 [1,34,5,7,12]+[9,10,11,8,13,14] 18 9 [15,1,2,3,4,5,6,7] +[10,11,12,13,14,0,16]t,
30 7 [1,34,5,6,12]+[8,9,25,7,11,14] +[15,17,18,19,10,21] 36 9 [34,1,2,3,4,5,6,7]+[32,10,12,11,13,14,15,16] +
+[23,24,22,26,27,28] [19,20,21,22,24,23,25,26] +[28,29,27,31,9,33,0]t
44 7 [1,3,4,5,6,7]+[9,10,11,12,13,14] +[15,16,17,32,8,21] 54 9 [17,1,2,3/4,5,6,7]+[9,10,11,12,13,14,15,22] +
+[40,25,26,27,28,30] +[29,31,33,22,34,35] + [18,19,40,21,16,23,24,25] +[52,29,30,31,32,33,34,35]
[37,38,39,41,24,42] +[37,38,41,48,39,36,43,44] + [46,47,20,49,50,51,28]t
58 7 [1,3,4)5,6,7]1+[9,23,11,12,13,14] +
[15,16,17,18,19,10] + [22,20,24,25,26,28] +
[57,31,33,35,37,39] + [38,36,40,41,42,43] + Table B4.
[44,45,46,8,51,49] + [48,52,53,54,55,56]
v p Sets of shifts
5 5 [013]t
Table A14. 15 5 [1,2,3,8]+[13,6,4,9] +[11,12,5]t
- 25 5 [14,1,2,3]+][18,7,6,8] +[11,10,13,23] +[16,17,19,20]
v p Sets of shifts +[21,22.5]¢
20 9 [1,345,6,79,10]+[11,12,13,14,16,17,18,19] 35 5 [23.31,2,3]+]4,10,7,8] +[18,11,12,13] +[15,16,32,19]
38 9 [1,345,6,7,89]+[11,12,13,14,15,16,18,19] + +[21,26,24,6] +[22,27,28,29] +[1,0,33]t
[21,22,23,24,25,26,27,28] + [29,30,31,20,10,35,36,37] 45 5 [34,12,3]+[5,6,7,8] +[39,10,12,13] +[15,16,17,21] +
56 9 [1,34)5,6,7,89]+[10,11,12,53,14,15,16,19] + [28,32,23,24] +[26,27,20,29] + [31,40,33,37] +
[20,21,22,23,24,25,27,28] +[29,30,31,32,33,17,35,36] [36,11,42,43] +[41,38,9]t
+[38,39,40,41,43,44,45,46] + 55 5 [44,1,463]+[24,6,7,8]+[53,11,12,13] +[15,16,17,18]
[47,48,49,50,51,52,55,54] +[37,21,22,23] +[26,25,28,29] +[31,32,30,34,35] +
[36,52,38,39] + [41,50,43,33] +[2,47,48,45] +
[40,4,10]t
Appendix B
Table B5.
Table B1. v p Sets of shifts
v p Sets of shifts 7 7 [01,245]t
21 7 [19.2,1,3,4,5]1+[7,9,8,11,18,13] +[15,16,17,12,0]t
10 5 [8,2,1,3]+[6,7,0]t 35 7 [131,2,3,4,5]+[7,8,9,21,11,12] +[19,33,15,16,25,18]
20 5 [9,1,2,3] + [5,6,7,8] + [1],13,18,15] + [16,17,14]t + [22,23,24,20,26,27] + [29,30,31,32,14]t
30 5 [19,1,2,3] + [26,6,7,11] + [9,10,12,]3] + [16,17,5,20] + 49 7 [27‘]’2,3’4,5] + [7,8,35,10,11,12] +
[18,22,23,25] + [24,27,21]t [15,14,16,17,18,19] + [22,20,23,26,25,28] +
40 5 [29,],2,3] + [5,6,7,8] + [32,11,]2,9] + []5,16,10,18] + [21,3],30,32,33,36] + [47,37,38,39,40,4]] +
[21,22,23,24] +[26,25,28,38] +[37,17,33,34] + [43,44,29,42,34]t
[36,31,30] 63 7 [41,1,234,5]+[79,10,11,12,13] +
50 5 [39,],2,3] + [19,6,7,8] + [10,]2,13,]4] + []5,]6,17,18] [14,]5,16,18,17,]9] + [44,22,23,24,20,26] +
*[20.21,22,11] +[26,27,28,29] + [40,5,33,34] + [29,28,56,32,33,34] + [35,37,38,40,48,8] +
[36,30,38,48] + [41,42,43,23] + [4546,31]t [43,21,45,46,47,59] + [50,51,52,53,54,55] +
60 5 [49,1,2,3]+[28,6,7,8] +[9,11,12,13] +[48,16,17,18] + [30,58,39,60,61]t

[20,29,22,23] +[25,26,27,35] +[31,32,34,21] +
[15,37,38,40] + [58,46,43,44] + [56,39,36,55] +
[41,52,53,57] + [42,54,51]t
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Table B6.
p Sets of shifts
9 9 [01,3,2756]t
27 9 [16,1,2,3,54,6,7]+[10,12,9,11,14,15,24,17] +
[19,20,21,22,23,0,25]t
45 9 [1,2,3,4,56,7,16] +[9,10,11,12,13,14,15,31] +
[18,19,37,20,23,24,25,26] + [29,27,30,8,32,33,34,35]
+[21,38,39,40,41,42,43]t
Table B7.
v p Sets of shifts
1 5 [1,8,5,6]+[74,9]t
21 5 [7,13,4]+[69,14,11] +[17,13,19,15] +[12,18,10]t
31 5 [17,1,10,27]+[6,7,8,9] +[11,12,14,19] + [16,18,15,20]
+[22,23,24,25] +[3,28,29]t
41 5 [27,13,4]+[6,7,8,9]+[11,12,13,14] +[39,17,19,20] +
[22,34,28,21] + [24,29,36,31] + [32,33,23,35] +
[26,38,16]t
51 5 [37,134]+[16,7,8,9] +[46,12,13,14] + [25,17,18,19]
+[20,22,48,27] +[26,6,49,31] +[11,28,34,35] +
[30,39,40,41] +[36,43,44,45] + [47,24,29]t
Table B8.
v p Sets of shifts
15 7 [1,4,13,3,6,7]+[9,10,11,12,0]t
29 7 [1,3,4,569]+[8,7,16,11,13,14] +[23,17,18,19,20,21]
+[10,24,25,26,27]t
43 7 [16,1,3,4,5,6]+[8,9,17,11,12,13] +
[15,10,18,40,21,22] + [41,24,25,26,27,28] +
[31,20,32,33,30,35] + [37,38,36,34,23]t
57 7 [30,1,3,4,56] +[8,9,45,11,12,13] +
[55,16,17,18,19,20] +[10,21,24,25,27,28] +
[22,31,32,29,34,35] +[37,38,39,40,36,42] +
[44,46,47,43,49,51] +[50,52,53,54,15]t
Table B9.
v p Sets of shifts
19 9 [1,34,5,6,8,17,10]+[12,11,13,14,15,16,9]t
37 9 [291,345,6,7,8]+[11,10,12,13,14,30,17,18] +
[20,21,23,22,24,25,26,27] +[0,15,31,32,33,34,35]t
55 9 [11,1,3,4,5,6,7,8] +[10,12,47,13,14,15,16,17] +
[19,20,21,22,23,24,32,27] + [53,39,31,26,34,35,33,36]
+[30,38,49,41,42,43,44,45] + [0,48,40,50,51,52,29]t
Table B10.
v p Sets of shifts
6 5 [023]t
16 5 [2,34,6]+[7,11,89]+[12,3,5]t
26 5 [11,2,3,4]+]17,6,89]+[12,21,13,14] +[16,18,19,22]
+[7,20,23]t
36 5 [16,2,34]+(6,7,8,9]+[11,12,13,14] +[21,32,18,19] +

[33,23,24,25] + [26,27,28,29] + [31,17,22]t

Table B10. (continued)

v p Sets of shifts
46 5 [31.23,4]+[6,7,8,9]+[41,12,13,14] +[16,17,18,19] +
[11,42,23,24] + [26,27,28,29] +[32,33,34,36] +
[22,37,38,40] +[21,30,39]t
56 5 [3123,4]+[226,89]+[11,12,13,14] +[36,17,18,19]
+[16,21,23,24] +[25,27,28,30] +[29,32,33,34] +
[53,35,38,48] + [41,42,44,43] + [47,40,39,49] +
[51,7,52]t
Table B11.
v p Sets of shifts
8 7 [023,54]t
22 7 [152,3,4,5,6]+[8,9,17,11,12,13] +[0,16,10,18,19]t
36 7 [8,23.4,56]+[9,10,11,12,13,15] +
[29,17,16,18,20,19] +[22,23,24,25,26,27] +
[14,30,31,32,33]t
50 7 [222,3,45,6]+[29,9,10,15,8,13] +
[36,16,17,18,19,20] + [43,23,24,27,26,25] +
[47,30,31,32,33,34] +[11,37,35,39,40,41] +
[0,44,45,46,12]t
Table B12.
v p Sets of shifts
10 9 [0,2,3,4,5,6,7]t
28 9 [10,2,3,4,5,6,8,7]1+[19,12,13,11,14,17,16,15] +
[0,20,21,22,23,24,25]t
46 9 [2,3,4,5,6,7,8,10]+[19,11,12,13,14,15,17,16] +
[36,20,21,22,26,25,24,23] +[30,29,9,31,32,33,34,35]
+[27,38,39,40,41,42,43]t
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