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Abstract This paper deals with the best approximation for fuzzy valued functions using

Chebyshev nodes. We prove a result on the best near-minimax approximation in the fuzzy sense.

As an application, Runge’s phenomenon is fuzzified in two different cases, i.e. the best approxima-

tion and the best near-minimax approximation.
ª 2010 King Saud University. Production and hosting by Elsevier B.V. All rights reserved.
1. Introduction

The problem of best polynomial approximation is a historical

problem in applied mathematics. Since the best polynomial
approximation problems appear in many different branches, it
is important to study this problem from various view points. In
this paper, the fuzzy best Chebyshev approximation is discussed.

Combining the results inPowell (1981,Chapter 7) and theworkof
Abbasbany et al. (2007), we intend to introduce the best Cheby-
shev approximation (best near-minimax approximation) for fuz-

zy-valued functions. To do this, we use Chebyshev’s nodes and
(O.S. Fard).
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naturally fuzzy Chebyshev’s polynomials to introduce and com-
pute fuzzy best near-minimax approximation.

The structure of the present paper is as follows. In Section 2,
the basic concepts of ourwork are introduced. Section 3 contains

a brief description of Chebychev’s nodes, polynomials and
approximation. In Section 4, we introduce the fuzzy best near-
minimax approximation and a method for obtaining it. In Sec-

tion 5, For a case study, the fuzzifiedRunge phenomenon is stud-
ied in details. Finally, we have come to conclusion in Section 6.

2. Preliminaries

Here, we recall the basic notations and concepts for fuzzy tri-

angular numbers, fuzzy-valued functions and fuzzy-valued
polynomials.

Definition 2.1 (Dubois and Prade, 1980, 2000). A fuzzy
number is a map u : R! I ¼ ½0; 1�, which satisfies:

i. u is upper semi-continuous.
ii. uðxÞ ¼ 0 outside some interval ½c; d� � R.

iii. There exist real numbers a; b such that c 6 a 6 b 6 d,
where:
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– uðxÞ is monotonic increasing on ½c; a�,
– uðxÞ is monotonic decreasing on ½b; d�,
– uðxÞ ¼ 1; a 6 x 6 b.
Let FðRÞ be the set of all fuzzy numbers, and TFðRÞ be
the set of all triangular fuzzy numbers with membership

function

l~aðxÞ ¼
1� as�x

al
; ðas � alÞ 6 x 6 as;

1þ as�x
ar
; as 6 x 6 ðas þ arÞ;

0; otherwise;

8><
>:

and denote by ~a ¼ ðas; al; arÞ, where al, ar, and as are non-
negative real numbers as the left, right spread, and center
of the fuzzy number, respectively (Dubois and Prade,

1980).
Also, a-cut of a fuzzy number ~a is defined by Dubois and

Prade (1980) and Abbasbany et al. (2007)

½~a�a ¼
t 2 Rjl~aðtÞP af g a > 0;

t 2 Rjl~aðtÞ > af g a ¼ 0:

8><
>:
Definition 2.2 (Dubois and Prade, 1980). For ~a ¼ ðas; al; arÞ
and ~b ¼ ðbs; bl; brÞ, belonging to TFðRÞ, we define a distance by

Dð~a; ~bÞ ¼ jas � bsj þ jal � blj þ jar � brj:

Remark 2.3. D is a meter. for more details see Abbasbany
et al. (2007).

Definition 2.4. The norm of a triangular fuzzy number
~a ¼ ðas; al; arÞ, is

~ak k ¼ jasj þ al þ ar:

Let ~a ¼ ðas; al; arÞ; ~b ¼ ðbs; bl; brÞ 2 TFðRÞ. Some results of
applying fuzzy arithmetic on fuzzy numbers ~a and ~b are as

follows:

– k > 0; k:~a ¼ ðkas; kal; karÞ,
– k < 0; k:~a ¼ ðkas;�kar;�kalÞ,
– ~aþ ~b ¼ ðas þ bs; al þ bl; ar þ brÞ,
– ~a� ~b ¼ ðas � bs; al þ br; ar þ blÞ.

A fuzzy number ~a ¼ ðas; al; arÞ 2 TFðRÞ is nonnegative if
and only if as � al P 0, and this fuzzy number is non-positive,

if and only if as þ ar 6 0.
Denote by

Q
N, the set of all real-valued polynomials of de-

gree at most N, and by
Qþ

N, the set of all nonnegative real-val-
ued piecewise polynomials of degree at most N.

In this study, we employ a class of fuzzy valued polynomi-
als on TFðRÞ, and we approximate a fuzzy function
~f : R! TFðRÞ, by such fuzzy valued polynomials (Abbasbany

et al., 2007; Kaleva (1994)).
For each a 2 ½0; 1�, the lower and upper spreads of a fuzzy

function ~f, on its a-cut, are ½~f�a� and ½~f�aþ, respectively, such that,

for all x 2 R

~f
h ia

�
ðxÞ ¼ inf t 2 Rjt 2 ~fðxÞ

h ian o
;

~f
h ia

þ
ðxÞ ¼ sup t 2 Rjt 2 ~fðxÞ

h ian o
:

Definition 2.5. A triangular fuzzy valued polynomial of degree

at most N, is a function ~p : R! TFðRÞ, which

~pðxÞ ¼ ðpðxÞ; pðxÞ; pðxÞÞ;

where pðxÞ 2
Q

N, also pðxÞ and pðxÞ are positive piecewise
polynomials from degree at most N.

The set of all fuzzy valued polynomials is denoted by fQN

(Abbasbany et al., 2007; Kaleva (1994)).
3. Chebyshev approximation

We now turn our attention to polynomial interpolation for
fðxÞ over ½�1; 1� based on the nodes �1 6 x0 6 x1 6 � � �
6 xN 6 1. Let pNðxÞ be the Lagrange interpolation polynomial

of fðxÞ (Mathew and Fink, 2004). Therefore, we have

fðxÞ ¼ pNðxÞ þ ENðxÞ:
Here, the error function is ENðxÞ ¼ QðxÞ fðNþ1ÞðxÞðNþ1Þ! , where
QðxÞ ¼ ðx� x0Þðx� x1Þ � � � ðx� xNÞ. It is well-known that

ENðxÞj j 6 QðxÞj j
max
�16x61

fðNþ1ÞðxÞ
�� ��� �

ðNþ 1Þ! :

Chebyshev studied how to minimize the upper bound for

jENðxÞj. One upper bound can be formed by taking the prod-

uct of the maximum value of jQðxÞj on ½�1; 1� and the maxi-

mum value fðNþ1ÞðxÞ
ðNþ1Þ!

��� ��� on ½�1; 1�. To minimize the statement

max�16x61jQðxÞj, Chebyshev discovered that x0; x1; . . . ; xN

should be chosen so that QðxÞ ¼ ð 1
2N
ÞTNþ1ðxÞ, where

TNþ1ðxÞ is the polynomial which is generated by Nþ 1

Chebyshev’s nodes. Moreover, we have the following well-

known theorems and corollary (Philips and Taylor (1980);

Powell (1981)).

Theorem 3.1. Assume that N is fixed. Among all possible
choices for QðxÞ, and thus among all possible choices for the

distinct nodes fxkgNk¼0, where xk 2 ½�1; 1�; 8k 2 f0; 1; . . . ;Ng,
the polynomial TðxÞ ¼ TNþ1ðxÞ

2N
is the unique choice which has the

following property

max
�16x61

TðxÞj jf g 6 max
�16x61

QðxÞj jf g:

Theorem 3.2. If f is continuous on ½�1; 1�, there is a unique
minimax polynomial approximation of degree at most N for f
on ½�1; 1�.

Corollary 3.3. If f is continuous on ½�1; 1�, then the minimax
approximation p 2

Q
N to f is an interpolating polynomial on

the Nþ 1 Chebyshev nodes of ½�1; 1�.
4. The best near-minimax approximation of fuzzy-valued

functions

In this section, we follow Abbasbany et al. (2007) and intro-
duce the best minimax approximation of a fuzzy-valued func-
tion on a finite set of distinct points.

Let v ¼ fx0; x1; x2; . . . ; xNg be a set of Nþ 1 distinct
points of R, and ~fi ¼ ðfis ; fil ; firÞ 2 TFðRÞ be the value of a
fuzzy function ~f : R! TFðRÞ at the point xi, for

i ¼ 0; 1; 2; . . . ;N.
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Definition 4.1 (Abbasbany et al., 2007). A fuzzy-valued poly-

nomial ~p� 2fQN is the best approximation to ~f on

v ¼ fx0; x1; x2; . . . ; xNg; if

max
i¼0;1;2;...;N

Dð~p�ðxiÞ; ~fiÞ ¼ min

~p2fQN

max
i¼0;1;2;...;N

Dð~pðxiÞ; ~fiÞ
� �

:

The problem is referred to the best near-minimax approxima-
tion (best Chebyshev approximation), as we use Chebyshev’s
nodes.

Suppose that ~b ¼ ðbs; bl; brÞ is a fuzzy number, where

bs P 0, and k~bk ¼ maxi¼0;1;2;...;NDð~pðxiÞ; ~fiÞ, that is

bs þ bl þ br ¼ max jp xið Þ � fis j þ jp xið Þ � fil j þ jp xið Þ � fir j
n o

:

Taking

bs ¼ max
i¼0;1;2;...;N

pðxiÞ � fisj j;

bl ¼ max
i¼0;1;2;...;N

pðxiÞ � fil

��� ���;
br ¼ max

i¼0;1;2;...;N
pðxiÞ � firj j:

ð1Þ

Then, we have

bs P pðxiÞ � fisj j;
bl P pðxiÞ � fil

��� ���;
br P pðxiÞ � firj j;

for i ¼ 0; 1; 2; . . . ;N.
Therefore, we get three independent linear programming

problems to be solved:

min bs

s:t:

bs þ
PN
j¼0

ajx
j
i P fis ; i ¼ 0; 1; . . . ;N;

bs �
PN
j¼0

ajx
j
i P �fis ; i ¼ 0; 1; . . . ;N;

8>>>>>>><
>>>>>>>:

ð2Þ

min bl

s:t:

bl þ
PN
j¼0

ajx
j
i P fil i ¼ 0; 1; . . . ;N;

bl �
PN
j¼0

ajx
j
i P �fil i ¼ 0; 1; . . . ;N;

8>>>>>>><
>>>>>>>:

ð3Þ

and

minbr

s:t:

br þ
PN
j¼0

ajx
j
i P fir i ¼ 0; 1; . . . ;N;

br �
PN
j¼0

ajx
j
i P �fir i ¼ 0; 1; . . . ;N:

8>>>>>>><
>>>>>>>:

ð4Þ

Using 3, 2 and 4, we find three crisp best approximations on

data ðxi; fisÞ; ðxi; firÞ and ðxi; filÞ for i ¼ 0; 1; 2; . . . ;N, and call

them p; p and p, respectively. Thus the best approximation to

~f out of fQN on v, at point x, is ~pðxÞ ¼ ðpðxÞ; pðxÞ; pðxÞÞ. Also

the error of this approximation is ~b ¼ ðbs; bl; brÞ (Abbasbany

et al., 2007).

Remark 4.2. In general, we can use the following definition for

the best approximation to ~f out of fQN on v, at point x,
pðxÞ;max 0; pðxÞ;�pðxÞ
n o

;max 0;�pðxÞ; pðxÞ
n o� �

: ð5Þ

Solving 3, 2 and 4, we have three independent polynomials
p; p and p of degree at most N. But, applying 5, right and left

spreads of fuzzy valued polynomial may be piecewise polyno-
mials of degree at most N.

Now, we are ready to state the following theorems which
may play dominant roles in the best approximation on Cheby-
shev’s nodes.

Theorem 4.3. The best approximation of a fuzzy function
based on the Chebyshev nodes exists and is unique.

Proof 1. The proof is an immediate consequence of Theorem
4.2.1, p. 99 of Abbasbany et al. (2007). �

Theorem 4.4. k~bk ¼ 0 if and only if the best approximation of
a fuzzy-valued function based on the Chebyshev nodes is the
best minimax approximation.

Proof 2. Necessity. k~bk ¼ 0 implies that bs ¼ bl ¼ br ¼ 0.

Therefore, from (1) we have

pðxiÞ ¼ fis ; pðxiÞ ¼ fil ; pðxiÞ ¼ fir ;

for i ¼ 0; 1; . . . ;N, where fx0; x1; x2; . . . ; xNg are the Chebyshev
nodes. Hence ~pðxÞ ¼ ðpðxÞ; pðxÞ; pðxÞÞ is the fuzzy interpolating
polynomial to ~f on fx0; x1; x2; . . . ; xNg. The rest of the proof
follows from Theorem 3.2 and Corollary 3.3, directly.Suffi-

ciency. Suppose that the best approximation of a fuzzy-valued
function based on the Chebyshev nodes is the best minimax
approximation. Consequently, k~bk ¼ 0 is immediately derived

from the uniqueness of minimax approximation. �
5. Runge’s phenomenon

In the field of numerical analysis, Runge’s phenomenon occurs

when the polynomials with high degree are applied to approx-
imate the Runge function (Runge, 1901). It was discovered by
Runge (1901) when he studied the behavior of errors in the

approximation of a certain functions by polynomials. Consider
the function (Runng’s function)

fðxÞ ¼ b2

1þ ðaxÞ2
ð6Þ

where, ab – 0. If this function is approximated at equidistant
points xi ¼ �1þ i 2

N
; i ¼ 0; 1; . . . ;N, by polynomial PNðxÞ, the

resulting approximation oscillates toward the end of the inter-

val. It can even be proven that the interpolation error tends
toward infinity when the degree of the polynomial increases:

lim
N!1

max
�16x61

jfðxÞ � PNðxÞj
	 


¼ 1: ð7Þ

However, the Weierstrass approximation theorem states that
there is some sequence of approximating polynomials for which
the error tends to zero. This shows that a high degree polyno-

mial approximation at the equidistant points can be dangerous.
The oscillation can be minimized by using Chebyshev nodes

instead of the equidistant nodes. In this case, the maximum er-

ror is guaranteed to diminish with increasing the degree of
polynomial.



Figure 1 Results for Case 1.

Figure 2 Results for Case 2.
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In the following, we study this phenomenon numerically
when the function fðxÞ is a fuzzy-valued function. Consider
the fuzzy-valued function

~fðxÞ ¼
~1

1þ 12x2
ð8Þ
where ~1 ¼ 1; 1
2
; 1
2

� �
and also, ~fðxÞ ¼ fsðxÞ; flðxÞ; frðxÞð Þ

¼ 1
1þ12x2 ;

0:5
1þ12x2 ;

0:5
1þ12x2

� �
.

Now, the best approximation of function ~fðxÞ is computed
in two different cases for N ¼ 6.
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Case 1. Equidistant nodesLet xi ¼ �1þ i
3
; i ¼ 0; 1; . . . ; 6.

Using (2)–(4), the best approximation, eP 6 ¼
p6; p6; p6

� �
, is obtained as follows

fsðxÞ � p6ðxÞ ¼ �8:99x6 þ 14:7415x4 � 6:6698x2 þ 1;

flðxÞ � p6ðxÞ ¼ �4:4974x6 þ 7:3707x4 � 3:3349x2 þ 0:5;

frðxÞ � p6ðxÞ ¼ �4:4974x6 þ 7:3707x4 � 3:3349x2 þ 0:5:

ð9Þ

The maximum absolute error, i.e. max�16x61k~fðxÞ � eP6ðxÞk, is
1.1877. The results are illustrated in Fig. 1.
Case 2. Chebyshev nodesLet xi ¼ cos ð2iþ1Þp

12

� �
; i ¼ 0; 1; . . . ; 6.

Using (2)–(4), the best approximation, eQ6 ¼ ðq6; q6; q6Þ, is ob-
tained as follows

fsðxÞ � q6ðxÞ ¼ �5:127x6 þ 9:4006x4 � 5:27x2 þ 1;

flðxÞ � q6ðxÞ ¼ �2:5638x6 þ 4:7003x4 � 2:635x2 þ 0:5;

frðxÞ � q6ðxÞ ¼ �2:5638x6 þ 4:7003x4 � 2:635x2 þ 0:5:

ð10Þ

In this case, the maximum absolute error, i.e. max�16x61k~fðxÞ
� eQ6ðxÞk, is 0.4040. The results are illustrated in Fig. 2.
6. Conclusions

In this study, we proposed a method for finding the best near-
minimax approximation of a fuzzy-valued function on a set of
Chebyshev nodes. The existence and uniqueness of the best
near-minimax approximation of a fuzzy-valued function were

also proved. The best near-minimax approximation was com-
pared to the best approximation (Abbasbany et al., 2007) by
Runge’s phenomenon in the fuzzy sense.
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