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1. Introduction

The concepts for groups such as projectivity, purity, height etc
carried to modules preserving the sense. For getting those results
of groups, which do not hold for modules; some constraints
applied on the structure of module or underlying ring. After taking
into effect these constraints many natural results of groups can be
established for the QTAG-module structure, which are not true in
general. The results of this paper are motivated from the results
in (Danchev, 2014).

The study on the structure of QTAG-modules was started by
Singh (1976). After that many researchers such as Khan, Mehdi,
Abbasi etc. generalized different concepts of groups to QTAG-
modules (Khan, 1979; Mehdi et al., 2006) etc. They introduced var-
ious notions and structures for QTAG-modules motivated from
group structures and obtained some exciting results. Yet many
concepts remain to generalize for modules. In this sequence of gen-
eralizations, we focus here on almost x1 � pðxþnÞ-projective abe-
lian p-groups and generalize them. For them literature on this
one can go through (Danchev, 2008; Danchev and keef, 2009;
keef, 2010)

Some of the fundamental definitions used in this manuscript
have already appeared in one of the co-authors’ previous works;
these are offered as quotations and are duly cited here.

‘‘A module M over an associative ring R with unity is a QTAG-
module if every finitely generated submodule of any homomorphic
image of M is a direct sum of uniserial modules (Singh, 1987). All
the rings R considered here are associative with unity and modules
M are unital QTAG-modules. An element x 2 M is uniform, if xR is a
non-zero uniform (hence uniserial) module and for any R-module
M with a unique composition series, dðMÞ denotes its composition
length. For a uniform element x 2 M; eðxÞ ¼ dðxRÞ and
HMðxÞ ¼ sup d yR

xR

� �jy 2 M; x 2 yRandyuniform
� �

are the exponent
and height of x in M, respectively. HkðMÞ denotes the submodule

of M generated by the elements of height at least k and HkðMÞ is
the submodule of M generated by the elements of exponents at

most k. M is h-divisible if M ¼ M1 ¼ T1
k¼0

HkðMÞ (Khan, 1979) and it

is h-reduced if it does not contain any h-divisible submodule. In

http://crossmark.crossref.org/dialog/?doi=10.1016/j.jksus.2022.102323&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://doi.org/10.1016/j.jksus.2022.102323
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:firdousi90@gmail.com
mailto:f.sikander@seu.edu.sa
mailto:tansari@taibahu.edu.sa
https://doi.org/10.1016/j.jksus.2022.102323
http://www.sciencedirect.com/science/journal/10183647
http://www.sciencedirect.com


F. Begam, F. Sikander and T. Fatima Journal of King Saud University – Science 34 (2022) 102323
other words it is free from the elements of infinite height. A QTAG-
module M is said to be separable, if M1 ¼ 0. Let M be a module,
then the sum of all simple submodules of M is called the socle of
M and is denoted by SocðMÞ. If M;M0 are QTAG-modules then a
homomorphism f : M ! M0 is an isometry if it is 1–1, onto and
HM0ðf ðxÞÞ ¼ HMðxÞ, for all x 2 M. A submodule N of a QTAG-
module M is a nice submodule if every nonzero coset aþ N is
proper with respect to N i:e. for every nonzero aþ N there is an ele-
ment b 2 N such that HMðaþ bÞ ¼ HM=Nðaþ NÞ.”

‘‘A family N of submodules of M is called a nice system in M if

(i) 0 2 N;
(ii) If fNigi2I is any subset of N, then RINi 2 N;
(iii) Given any N 2 N and any countable subset X of M, there

exists K 2 N containing N [ X, such that K=N is countably
generated (Mehdi et al., 2006).

Every submodule in a nice system is nice submodule. A h-
reduced QTAG-module M is called totally projective if it has a nice
system and direct sums and direct summands of totally projective
modules are also totally projective. A submodule N of M is h-pure
inM if N \ HkðMÞ ¼ HkðNÞ, for every integer k P 0 and a submodule
N of M is said to be isotype in M, if it is r- pure for every ordinal r
(Singh, 1976). A QTAG- module M is ðxþ nÞ- projective, if there
exists a submodule N � HnðMÞ such that M=N is a direct sum of
uniserial modules or equivalently, if and only if there is a direct
sum of uniserial module K with a submodule L#HnðKÞ such that
M ffi K=L. M is x-projective if and only if it is a direct sum of unis-
erial modules. Also two ðxþ nÞ-projective QTAG-modules M1;M2

are isometric if and only if there is a height preserving isomor-
phism between HnðM1Þ and HnðM2Þ (Mehdi et al., 2006). A module
M is almost simply presented if it is the direct sum of h divisible
module and an almost totally projective module. For any QTAG-
module M; gðMÞ denotes the smallest cardinal number k such that
M admits a generating set X of uniform elements of cardinality ki:e.,
jXj ¼ k. A homomorphism f : M ! N is said to be x1-bijective if
gðkerf Þ; gðN=f ðMÞÞ < x1.”

2. Main Results

We will first establish some fundamental findings that will
serve as the foundation for our key findings. We begin by stating
the following Proposition which is the generalization of result by
P.D Hill and W.Ullery (Hill and Ullery, 1996).

Proposition 1. Suppose K is an isotype submodule of a QTAG-
module M. Then K is almost totally projective provided that K is
separable in M.
Proof. Let K be an almost totally projective QTAG-module and
suppose to the contrary that it is not separable in M. Then, there
exists m 2 M such that, for each countably generated submodules
T of K, we can find an element k� 2 K such that
Hðmþ k�Þ > Hðmþ tÞj for every t 2 T. Therefore we can find an
ascending chain

0 ¼ K0 #K1 # . . . #Kn # . . .

of countably generated submodules Kn of K such that Kn 2 A for
each n and such that the following condition holds.

(I) For every finite n, there exists knþ1 2 Knþ1 such that
Hðmþ knþ1Þ > Hðmþ kÞ for all k 2 Kn.

Now set Kx ¼ S
n<x0

Kn and observe that Kx is a countably
generated submodule of K belonging to A. Since Kx is countably
generated, there exists k� 2 K such that Hðmþ tÞ < Hðmþ k�Þ for
2

every t 2 Kx. Since Kx is nice in K, there exists k0 2 Kx such that
HKðk� � tÞ 6 HKðk� � k0Þ for all t 2 Kx. Moreover, since k0 2 Kn for
some n, there exists by condition (IÞ an element k00 2 Knþ1 such
that Hðmþ k00Þ < Hðmþ k�Þ. So, we now have
HKðk� � k00Þ 6 HKðk� � k0Þ. Since K is isotype in M, we have
Hðmþ k0Þ < Hððmþ k�Þ � ðmþ k00ÞÞ ¼ Hðk� � k00Þ ¼ HKðk� � k00Þ
6 HKðk� � k0Þ ¼ Hðk� � k0Þ ¼ Hðmþ k0Þ which leads to a contradic-
tion and proving our desired result.

The next two propositions as analogous of the corresponding
well-known results for totally projective modules.

Proposition 2. If HrðMÞ and M=HrðMÞ are almost totally projec-
tive, for any ordinal r then M is also almost totally projective.
Proof. We know that a submodule K is a nice submodule of M if
and only if HrðKÞ is a nice submodule of HrðMÞ and
K þ HrðMÞ=HrðMÞ is a nice submodule of M=HrðMÞ. Hence, the
properties satisfying the three conditions for a family of nice sub-
modules to be almost totally projective, for HrðMÞ and M=HrðMÞ
lead to satisfying the same conditions for the module M.
Proposition 3. The arbitrary direct sums of almost totally projec-
tive QTAG-modules are almost totally projective.
Proof. Suppose M ¼ Ai2IMi. As it is well known, if K ¼ Ai2IKi with
Ki #Mi for all i 2 I, then K is a nice submodule of M if and only if
Ki is a nice submodule of Mi for each i 2 I. Hence, the three proper-
ties of almost totally projectives modules satisfying by Mi ensures
that M will certainly satisfies the same and hence the result
follows.

The concept of almost direct sum of uniserial QTAG-modules
were defined in (Hasan, 2018) as follows:

Definition 1. ‘‘The separable QTAG-module M is said to be almost
direct sum of uniserial modules if it possesses a collection N

consisting of nice submodules of M which satisfies the following
three conditions:

(i) f0g 2 N

(ii) N is closed with respect to ascending unions, i.e., if Ni 2 N

with Ni #Nj whenever i 6 jði; j 2 IÞ then [i2INi 2 N;
(iii) If K is a countably generated submodule of M, then there is

L 2 N (that is, a nice submodule L of M) such that K# L
and L is countably generated.

When M is h-reduced and satisfies clauses ðiÞ; ðiiÞ and ðiiiÞ, it is
called almost totally projective, and when M has length not
exceedingx1, it is called almost direct sum of countably generated
modules.

The last concept can be generalized to the following one.

Definition 2 Hasan, 2018. The QTAG-module M is said to be
almost ðxþ nÞ-projective if there exists N#HnðMÞ such that M=N
is almost direct sum of uniserial modules.

Clearly, HxþnðMÞ ¼ f0g.”.
We will now illustrate how the aforementioned definition can

be equivalently classified into the following:

Proposition 4. The module M is almost ðxþ nÞ-projective if and
only if M ffi S=T for some almost direct sum of uniserial module S
and T#HnðSÞ.
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Proof.

‘‘). Let N be a module with HnðNÞ ¼ M and let S ¼ N=L where
L#HnðMÞ such that M=L is almost direct sum of uniserial modules.
Consequently, HnðSÞ ¼ HnðN=LÞ ¼ M=L is almost direct sum of
uniserial module and hence, by Proposition 2, S is almost direct
sum of uniserial module too. Supposing T ¼ HnðNÞ=L, we deduce
that S=T ffi N=HnðNÞ ffi HnðNÞ ¼ M, as required.(. Assume that
M ffi S=T, which we without loss of generality interpret as an
equality, whence we get L ¼ HnðSÞ=T#HnðMÞ. Thus, again in view
of Proposition 2, M=L ffi S=HnðSÞ ffi HnðSÞ is almost direct sum of
uniserial module, as desired.
The notion of x1 � ðxþ nÞ-projective modules were defined in
Sikander (2019) and showed that a module M is x1 � ðxþ nÞ-
projective if and only if there exists a countably generated nice
submodule L such that M=L is ðxþ nÞ -projective. So, formulating
the last in terms of almost ðxþ nÞ-projective modules, we obtain
a common strengthening of Definition 2 as follows:

Definition 3. A QTAG-module M is called almost x1 � ðxþ nÞ-
projective if there is a countably generated nice submodule N such
that M=N is almost ðxþ nÞ-projective.
Apparently, HxþnðMÞ is countably generated.
Therefore, the main goal of this article is to study some of the

distinctive qualities of the mentioned new class of modules in Def-
inition 3 by using the information from above. Although at first
glance there is an absolute analogue with (Sikander, 2019), which
is not true and the fundamental reason why this is wrong is that
the almost direct sum of uniserial modules lacks the crucial direct
decomposition characteristic of the direct sum of uniserial
modules.

Proposition 5. A submodule of an almost ðxþ nÞ-projective
module is also almost ðxþ nÞ-projective.
Proof. . Let L#HnðMÞ such that M=L is almost R-uniserial i.e, M=L
is almost direct sum of uniserial modules and suppose that T#M.
Then ðT þ LÞ=L#M=L is again almost R-uniserial, and
T=ðT \ LÞ ffi ðT þ LÞ=L with T \ L#HnðTÞ, as desired.
Proposition 6. The submodule of an almost x1 � ðxþ nÞ-
projective module is almost x1 � ðxþ nÞ-projective as well.
Proof. Assume that P#M where M is almost x1 � ðxþ nÞ-
projective. Thus M=N is almost ðxþ nÞ-projective for some count-
ably generated submodule N. Moreover, ðN þ PÞ=P#M=P is almost
ðxþ nÞ-projective too by Proposition 5, and P=ðP \ NÞ ffi ðN þ PÞ=P.
Since N \ P#N is countably generated, we are done.
Remark 1. Let M be a separable module with a countably gener-
ated nice submodule N. Then M is almost direct sum of uniserial
modules if and only if M=N is almost direct sum of uniserial
modules.
Lemma 1. Let N be a countably generated submodule of a QTAG
module M with M=N as almost direct sum of uniserial submodules.
Then M is the sum of a countably generated submodule and an
almost direct sum of uniserial modules.
3

Proof. Since HxðMÞ#N is countably generated, we may isomor-
phically embed it in an essential submodule of M=L where L is a
high submodule of M and thus M=L will also be countably gener-
ated. In fact, HxðMÞ ffi HxðMÞ � Lð Þ=L#M=L where it is easily
checked that HxðMÞ � Lð Þ=Lis essential inM=L because L is maximal
with respect to intersecting HxðMÞ trivially. This provide evidence
to support our claim. Furthermore, one can write thatM ¼ Lþ S for
some countably generated submodule S. We know that by Begam,
2014, IfM=N is almost direct sum of uniserial submodules for some
QTAG module M and its countably generated submodule N, then M
is almost simply presented and a high submodule of an almost
simply presented module is almost direct sum of uniserial module,
we obtain that M must be almost direct sum of uniserial module
and so the required decomposition.

An immediate consequence of the above lemma is as follows:

Corollary 1. Suppose that T is an almost direct sum of uniserial
module and S is its countably generated submodule. Then T=S is
the sum of a countably generated module and an almost direct sum
of uniserial module.
Proof. Using Remark 1, one can infer, for any countably generated
nice submodule C of T as S#C that T=C remain almost direct sum
of uniserial module. But T=C ffi ðT=SÞ=ðC=SÞ, where C=S is countably
generated. Now use of Lemma 1 ensures the desired decomposi-
tion of T=S.
Proposition 7. A separable QTAG module M is almost ðxþ nÞ-
projective if and only if M=N is almost ðxþ nÞ-projective, where
N be a countably generated nice submodule of the sepearable mod-
ule M.
Proof. ‘‘) Suppose thatM=L is almost direct sum of uniserial mod-
ule, for some L#HnðMÞ. Observe that the two isomorphisms hold:

ðM=NÞ=ðLþ NÞ=N ffi M=ðLþ NÞ ffi ðM=LÞ=ðLþ NÞ=L
Since ðLþ NÞ=L ffi N=ðL \ NÞ is countably generated, it follows

from Begam, 2014 that T=D is almost simply presented where we
put M=N ¼ T and ðLþ NÞ=N ¼ D. Therefore,

T= \n<x HnðTÞ þ Dð Þ½ � ffi ðT=DÞ=½\n<xðHnðTÞ þ DÞ�=D
¼ ðT=DÞ=HxðT=DÞ

is almost direct sum of uniserial modules with
Ht \n<x HnðTÞ þ Dð Þð Þ ¼ HxðTÞ ¼ HxðM=NÞ ¼ ðHxðMÞ þ NÞ=N ¼ f0g.
Thus by Definition 2 the quotient module T ¼ M=N is almost
Hxþn-projective, as claimed.

(. For the reverse implication suppose that M=N be almost
Hxþn-projective. Therefore, there is a quotient S=N with S#M and
HnðSÞ#N such that ðM=NÞ=ðS=NÞ ffi M=S is almost direct sum of
uniserial modules. Hence S is the direct sum of a countably
generated and an n-bounded module, say S ¼ A� Q where A is
countably generated and HnðQÞ ¼ f0g. We further infer that

M=S ¼ M=ðA� QÞ ffi ðM=QÞ=ðA� QÞ=Q
where ðA� QÞ=Q ffi A is countably generated and so M=Q is
almost simply presented. Therefore, ðM=QÞ=HxðM=QÞ ffi M=

\n<x HnðMÞ þ Qð Þ½ � is almost direct sum of uniserial modules
with Ht \n<x HnðMÞ þ Qð Þð Þ ¼ HxðMÞ ¼ 0. Finally, M is almost
Hxþn-projective, as expected.
Corollary 2. Suppose that M is a separable almost x1 � ðxþ nÞ-
projective module. Then M is almost ðxþ nÞ-projective.
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Proof. Let N be a countably generated submodule of the moduleM
such thatM=N is almost ðxþ nÞ-projective. Application of Proposi-
tion 7 gives that M is almost ðxþ nÞ-projective, as asserted.
Proposition 8. (a) If M is almost ðxþ nÞ-projective, then M=HcðMÞ
is almost ðxþ nÞ-projective for any ordinal c.

(b) If M is (nicely) almost x1 � ðxþ nÞ-projective, then
M=HcðMÞ is (nicely) almost x1 � ðxþ nÞ-projective for all ordinals
c.
Proof. The above statements are trivial for the ordinals c < x. So,
we will discuss the case c P x.

(a) Suppose M=L is almost direct sum of uniserial modules for
some L#HnðMÞ. So, HxðMÞ# L and hence HcðMÞ# L for each
ordinal c P x. Furthermore, M=L ffi M=HcðMÞ� �

= L=HcðMÞ� �
is

almost direct sum of uniserial modules with L=HcðMÞ#
Hnð M=HcðMÞ� �Þ, as desired.

(b) First, we will discuss the case for nice submodules. So ifM=N
is almost ðxþ nÞ-projective for some countably generated nice
submodule N, we deduce with the help of part (a), that

ðM=NÞ=HcðM=NÞ ¼ ðM=NÞ= HcðMÞ þ N
� �

=N ffi
M=ðHcðMÞ þ NÞ ffi M=HcðMÞ� �

= HcðMÞ þ N
� �

=pkG

is almost ðxþ nÞ-projective. Since HcðMÞ þ N
� �

=HcðMÞ ffi
N= HcðMÞ \ N

� �
is obviously countably generated and nice in

M=HcðMÞ, Fuchs (1970 and 1973.), we are done.
Now we will discuss the part without niceness. To show it,

suppose M=N be almost ðxþ nÞ-projective for some countably
generated submodule N. We claim that

ðM=NÞ= HcðMÞ þ N
� �

=N ffi M= HcðMÞ þ N
� �

ffi M=HcðMÞ� �
= HcðMÞ þ N
� �

=HcðMÞ:
is almost ðxþ nÞ-projective. In fact, if P is an almost ðxþ nÞ-
projective module with T#HcðPÞ, then P=T is also almost ðxþ nÞ-
projective. To this goal, write P=Q is almost direct sum of uniserial
modules for some Q #HnðPÞ. Thus HxP#Q whence
T#HcðPÞ#HxðPÞ#Q . This gives that P=Q ffi ðP=TÞ=ðQ=TÞ is almost
direct sum of uniserial modules for Q=T#HnðP=TÞ and means that
P=T is really as desired. We just apply this assertion to P ¼ M=N
and T ¼ HcðMÞ þ N

� �
=N#HcðM=NÞ ¼ HcðPÞ and the claim is estab-

lished. Furthermore, by what we have previously shown,
ðM=HcðMÞÞ=ðHcðMÞ þ NÞ=HcðMÞ being almost ðxþ nÞ-projective
with countably generated ðHcðMÞ þ NÞ=HcðMÞ ffi N= N \HcðMÞ� �
ensures that M=HcðMÞ is almost x1 � ðxþ nÞ-projective, as
formulated.

As an immediate consequence we have the following:

Corollary 3. IfM is almostx1 � ðxþ nÞ-projective, thenM=HxðMÞ
is almost ðxþ nÞ-projective.

For modules with countably generated first Ulm submodule, we
have the following interesting result:

Theorem 1. Suppose M is a module such that HxðMÞ is countably
generated. Then M is almost x1 � ðxþ nÞ-projective if and only if
M=HxðMÞ is almost ðxþ nÞ- projective.
Proof. The direct part follows trivially by Definition 3 while the
reverse implication part can be obtained using Corollary 3.
4

Theorem 2. The module M is (nicely) almost x1 � ðxþ nÞ-
projective if and only if HxþnðMÞ is countably generated and
M=HxþnðMÞ is (nicely) almost x1 � ðxþ nÞ projective.
Proof. The direct implications follows from Proposition 8 (b) by
substituting c ¼ xþ n. As for the other way round, suppose
M=HxþnðMÞð Þ= N=HxþnðMÞð Þ ffi M=N is almost ðxþ nÞ-projective
for some countably generated (nice) quotient N=HxþnðMÞ such that
N#M. But N is countably generated (and nice) in M, so that M is
(nicely) almost x1 � ðxþ nÞ-projective, as claimed.

One can state the following by exploiting the above idea:

Corollary 4. Suppose that HaðMÞ is countably generated for some
ordinal a. Then M is almost x1 � ðxþ nÞ-projective if and only if
M=HaðMÞ is almost x1 � ðxþ nÞ-projective.
Proof. The direct implication can be obtained using Proposition 8
while the reverse implication follows on the same line of the proof
of Theorem 2.
Proposition 9. The direct sums of almost ðxþ nÞ-projective mod-
ules are almost ðxþ nÞ-projective modules.
Proof. Suppose M ¼ A
i2I
Mi where all components Mi are almost

ðxþ nÞ- projective. So, Mi=Ni’s are almost direct sum of uniserial
modules for some Ni #HnðMiÞ. Furthermore, putting N ¼ A

i2I
Ni, we

infer that N#HnðMÞ and that M=N ffi A
i2I
Mi=Ni are almost direct

sums of uniserial modules owing to Mehdi et al. (2006), as
expected.

The following improves (Proposition 2.14, Sikander, 2019) to
the new framework.

Proposition 10. SupposeM ¼ A
t2T

Mt is a module for some index set

T. Then M is almost x1 � ðxþ nÞ-projective if and only if Mt is
almost x1 � ðxþ nÞ-projective for each index t 2 T , and there
exists a countable subset B# T such that Mt ’s are almost ðxþ nÞ-
projective for all t 2 T n B.
Proof. For the direct implication, suppose that X be a countably
generated submodule of M such that M=X is almost ðxþ nÞ-
projective. From Proposition 6 it follows that all Mt ’s are almost
x1 � ðxþ nÞ-projective. Clearly, X#�t2BMt for some B# T with
jBj 6 @0. Therefore,

M=X ffi A
t2B

Mt

� �
=X

� 	
� A

t2TnB
Mt

� 	
, so that A

t2TnB
Mt , and hence

Mt ’s are almost ðxþ nÞ-projective for every t 2 T n B in conjunction
with Proposition 5.

For the reverse implication suppose all factors Mt=Xt be almost
ðxþ nÞ-projective for some countably generated submodules
Xt #Mt . Set X ¼ �t2BXt , whence X is countably generated.
However,

M=X ffi �t2B Mt=Xtð Þ½ � � �t2TnBMt

 �

;

and so by Proposition 9 we conclude that M=X is almost ðxþ nÞ-
projective, as required.

We have the following consequence:

Corollary 5. The countable direct sum of almost x1 � ðxþ nÞ-
projective module is an almost x1 � ðxþ nÞ- projective module.
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Now we will discuss some equivalencies that give comprehen-
sive characterizations of almost x1 � ðxþ nÞ-projectivity.

Theorem 3. The following conditions are equivalent:

1. M is almost x1 � ðxþ nÞ-projective;
2. M=N is the sum of a countably generated module and an almost

direct sum of uniserial module where HnðNÞ ¼ f0g;
3. M ffi B=S where B is the sum of a countably generated module

and an almost direct sum of uniserial module and HnðSÞ ¼ f0g;
4. M=T is almost direct sum of uniserial module, where HnðTÞ is

countably generated ðT is the direct sum of a countably gener-
ated module and an n-bounded module);

5. M ffi W=H, where W is almost direct sum of uniserial module
and HnðBÞ is countably generated ðB is the direct sum of a count-
ably generated module and a n-bounded module);

6. M ffi X=Y , where X is almost ðxþ nÞ-projective and Y is count-
ably generated;

7. M=U is countably generated, where U is almost ðxþ nÞ-
projective.
Proof. We start with ð1Þ ) ð7Þ: Suppose M=Q is almost ðxþ nÞ-
projective for some countably generated submodule Q #M. Let
U#M be maximal with respect to U \ Q ¼ f0g.

Clearly U ffi ðU � QÞ=Q #M=Q , so that Proposition 5 applies to
get that Uis almost ðxþ nÞ-projective too.

On the other way round, Q ffi ðQ � UÞ=U where the latter is an
essential submodule of M=U, and thus M=U will be countably
generated. In fact, for any A#M with A– U we obtain by the
modular law from Fuchs (1970 and 1973.) that ½ðQ�
UÞ=U� \ ðA=UÞ ¼ ððQ � UÞ \ AÞ=U ¼ ðU þ Q \ AÞ=U – f0g because
Q \ A�U since Q \ A – f0g. Thus (7) follows.

ð1Þ () ð4Þ. Suppose that M=T is almost direct sum of uniserial
modules, where T ¼ Q � N for some countably generated submod-
ule Q and n-bounded submodule N. But M=T ¼ M=ðQ � NÞ ffi
M=Q=ðQ � NÞ=Q , and ðQ � NÞ=Q ffi N is n-bounded. Therefore,
M=Q is almost ðxþ nÞ-projective and (1) holds. Conversely sup-
pose that M=Q be almost ðxþ nÞ-projective for some countably
generated submodule Q. Hence there is an n-bounded submodule
T=Q with T#M such that ðM=QÞ=ðT=QÞ ffi M=T is almost direct sum
of uniserial modules. Since HnðTÞ#Q is countably generated, we
are done.

ð2Þ () ð4Þ. First, we note the following helpful fact: Setting
X ¼ BþW , where B is countably generated and W is almost direct
sum of uniserial modules, there exists a countably generated
module C such that X=C is almost direct sum of uniserial modules.
Indeed, B \W being a countably generated submodule of W forces
that B \W# F where F is a countably generated nice submodule of
W whence by Remark 1 we infer that W=F is almost direct sum of
uniserial module. It therefore follows that X=F ¼ ½ðBþ FÞ=F��
½W=F�. That is why, ðX=FÞ=ðBþ FÞ=F ffi X=ðBþ FÞ ffi W=F is almost
direct sum of uniserial modules. Denoting C ¼ Bþ F, we are done.
Furthermore, applying the last observation to M=N we obtain that
ðM=NÞ=ðT=NÞ ffi M=T is almost direct sum of uniserial modules,
where T=N is countably generated. Hence HnðTÞ is countably
generated, as stated. For the reverse part suppose that M=T is
almost direct sum of uniserial modules with T ¼ B� N where B is
countably generated and N is bounded by n. However,
M=T ffi ðM=NÞ=ðT=NÞ is almost direct sum of uniserial modules
with countably generated T=N ffi B, so that Lemma 1 is applicable
for M=N to finish the equivalence.

ð6Þ () ð5Þ. First, assume that M ffi X=Y for some almost
ðxþ nÞ- projective module X and its countably generated sub-
module Y. Using Proposition 4, one may write that X ¼ W=N where
W is almost direct sum of uniserial modules with HnðNÞ ¼ f0g, and
5

Y ¼ D=N is countably generated with D#W . Furthermore,
M ffi W=D and since D ¼ N þ C for some countably generated
submodule C, one may derive that HnðDÞ ¼ HnðCÞ is countably
generated, as required.

For the reverse implication, let us assume that M ffi W=D where
W is almost direct sum of uniserial modules and HnðDÞ is countably
generated. Since D is the direct sum of a countably generated
submodule B and an Hn-bounded module V, say D ¼ B� V , one
may deduce that M ffi W=ðB� VÞ ffi ðW=VÞ=ðB� VÞ=V . However,
using Proposition 4, W=V is almost ðxþ nÞ-projective,
whereas ðB� VÞ=V ffi B is countably generated. This ensures that
(6) holds, thus completing the verification of the desired
equivalence.

ð7Þ ) ð6Þ. Suppose that M=U is countably generated for some
almost ðxþ nÞ- projective submodule U. Let A be a countably
generated submodule which is the direct sum of uniserial modules
and b : A ! M be a homomorphism such that M ¼ U þ bðAÞ. If we
set F ¼ U � A, then F is almost ðxþ nÞ-projective appealing to
Proposition 9. If nowwe let g : U ! M be the identity map, then we
have a surjective homomorphism a : F ! M. If B is its kernel, then
obviously B \ U ¼ f0g; in fact, x 2 B \ U forces that aðxÞ ¼ x ¼ 0.
Hence M ffi F=B and B is isomorphic to a submodule of A. Thus B is
countably generated, and we are done.

ð5Þ ) ð3Þ. Let M ffi W=D where W is almost direct sum of
uniserial modules and D ¼ G� N where G is countably generated
and N is bounded by n. Since M ffi ðW=GÞ=ðD=GÞ and D=G ffi N is n-
bounded, we just take into account Corollary 1 to conclude that
W=G is the sum of a countably generated submodule and an almost
direct sum of uniserial modules, as desired.

ð3Þ ) ð2Þ. Suppose M ¼ B=S where B ¼ BþW with countably
generated submodule B and almost direct sum of uniserial module
W. Since S#HnðBÞ, set N ¼ HnðBÞ=S#M. Thus M=N ffi B=HnðBÞ ffi
HnðBÞ ¼ HnðBÞ þ HnðWÞS remains again the sum of a countably
generated submodule and an almost direct sum of uniserial
modules.

ð3Þ ) ð7Þ. Let us express M ¼ B=S, where B ¼ BþW and B is
countably generated whereas W is almost direct sum of uniserial
modules. But B=S ¼ ðC þ SÞ=Sþ ðW þ SÞ=S. Observing that
ðC þ SÞ=S ffi C=ðC \ SÞ is countably generated and ðW þ SÞ=S ffi
S=ðS \ VÞ is almost ðxþ nÞ-projective in conjunction with Propo-
sition 4, we routinely see that M=U is countably generated for
U ¼ ðW þ SÞ=S, as needed.

(2) () ð7Þ. Suppose first that M=U is countably generated for
some almost ðxþ nÞ-projective module U. So, we write M ¼ U þ C
for some countably generated submodule C#M. Consequently,
U=N is almost direct sum of uniserial module for some N# HnðUÞ
and thus M=N ¼ ½U=N� þ ½ðC þ NÞ=N� where ðC þ NÞ=N ffi C=ðC \ NÞ
is countably generated. Thus (2) is satisfied. Conversely, let
M=N ¼ ðX=NÞ þ ðY=NÞ where the first summand is countably
generated while the second is almost direct sum of uniserial
modules. So, M ¼ X þ U and X ¼ N þ G where G is countably
generated, which gives M ¼ U þ G. But U is almost direct sum of
uniserial modules and M=U ¼ ðGþ UÞ=U ffi G=ðG \ UÞ is countably
generated. Hence (7) is fulfilled.
Theorem 4. Let N be a submodule of M such that M=N is countaly
generated. Then M is almost x1 � ðxþ nÞ-projective if and only if
N is almost x1 � ðxþ nÞ projective.
Proof. The direct part follows by using Proposition 6. For the
reverse implication, according to point (7) of Theorem 3, we write
that N=T is countably generated for some almost ðxþ nÞ-
projective module T. Therefore, M=N ffi ðM=TÞ=ðN=TÞ being count-
ably generated implies that M=T is countably generated and again
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point (7) of Theorem 3 yields that M is almost x1 � ðxþ nÞ-
projective, as claimed.
Theorem 5. Let L be a countably generated submodule of M. Then
M is almost x1 � ðxþ nÞ-projective if and only if M=L is almost
x1 � ðxþ nÞ projective.
Proof. (: Suppose M=L is almost x1 � ðxþ nÞ-projective for the
countably generated submodule L. Therefore there is a countably
generated submodule P=L of M=L with P#M such that
ðM=LÞ=ðP=LÞ ffi M=P is almost ðxþ nÞ-projective. Since P remains
countably generated, M must be almost x1 � ðxþ nÞ-projective,
as claimed.

): Suppose M=Y be almost ðxþ nÞ-projective for some count-
ably generated submodule Y. By part (6) of Theorem 3, we have
that ðM=YÞ=ðLþ YÞ=Y ffi M=ðLþ YÞ ffi ðM=LÞ=ðLþ YÞ=L is almost
ðxþ nÞ-projective because ðLþ YÞ=Y ffi L=ðL \ YÞ is countably gen-
erated. Since ðLþ YÞ=L ffi Y=ðY \ LÞ remains countably generated,
an appeal to the above part proved assures that M=L is almost
ðxþ nÞ-projective, as asserted.

One of the main result of the article is the following:

Theorem 6. The class of almost x1 � ðxþ nÞ-projective modules
is closed under x1-bijections, and is the minimal class containing
almost ðxþ nÞ-projectives with that property.
Proof. The first part follows by a combination of Theorems 4 and 5
along with (Lemma 2.9, Sikander, 2019). The remaining part can be
proved easily by using Theorem 3 and (Proposition 2.10, Sikander,
2019)

We now conclude this article by establishing the characteriza-
tion of a module to be amost x1 � ðxþ nÞ-projective as follows:

Theorem 7. The module M is almost x1 � ðxþ nÞ-projective if
and only if there exists a countably generated nice submodule K
which satisfies the inequalities HxþnðMÞ#K#HxðMÞ such that
M=K is almost ðxþ nÞ-projective.
Proof. In view of part (3) of Theorem 3, we write M ¼ L=P where L
is the sum of a countably generated module B and an almost direct
sum of uniserial modules Q, say L ¼ Bþ Q , and P#HnðLÞ. Setting
K ¼ ðHxðLÞ þ PÞ=P, we observe that

M=K ffi L=ðHxðLÞ þ PÞ ffi ðL=HxðLÞÞ=ðHxðLÞ þ PÞ=HxðLÞ
We now prove two things about L, that are, L=HxðLÞ is almost

direct sum of uniserial modules, and HxðLÞ is countably generated
whence so is HxðLÞ=ðHxðLÞ \ PÞ ffi K. In fact, since B \ Q #Q is
countably generated, there is a countably generated nice submod-
ule B of Q such that B � B \ Q . That is why,
6

L=B ¼ ½ðBþBÞ=B� � ½B=R�. However, ðBþBÞ=B remains countably
generated, whereas Q=B remains separable. Consequently,
HxðL=BÞ ¼ Hx is countably generated and hence the same holds
for its submodule ðHxðLÞ þBÞ=B ffi HxðLÞ= B \ HxðLÞð Þ. But
ðB \ HxðLÞÞ is countably generated, so that HxðLÞ is countably gen-
erated, indeed.

For the other claim by using Remark 1, we have that
ðL=BÞ=ðBþBÞ=B ffi L=ðBþBÞ ffi Q=B is almost direct sum of unis-
erial modules. Since BþB remains countably generated Then
L=HxðLÞ is really almost direct sum of uniserial modules Begam,
2014. Furthermore, since ðHxðLÞ þ PÞ=HxðLÞ ffi P= P \ HxðLÞð Þ is
bounded by n, it now follows from Proposition 4 that M=K must
be almost ðxþ nÞ- projective, as desired.

Finally, it is routinely seen that K#HxðMÞ and that
K � Hðxþ nÞðMÞ because ðHxþnðMÞ þ KÞ=K#HxþnðM=KÞ ¼ f0g. It
is next easily checked that such a submodule K satisfying the above
two inequalities should be nice in M, as desired.
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