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The present paper is devoted to the study of existence and stability of fractional integro differential equa-
tion with non-instantaneous impulses and periodic boundary condition on time scales. This paper con-
sists of two segments: the first segment of the work is concerned with the theory of existence,
uniqueness and the other segment is to Hyer's-Ulam type’s stability analysis. The tools for study include
the Banach fixed point theorem and nonlinear functional analysis. Finally, in support, an example is pre-
sented to validate the obtained results.
© 2018 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

In this paper, we consider the following fractional integro-
differential equation with non-instantaneous impulses and
periodic boundary condition on time scale:

CA(0) = A (0,u(0), N (u(0)), 0€ o1y Ocr],,

u(@):%/o (0-2)" gy (z,u(0;)Az, 0 (O, k=1.2.....p,
u(0)=u(T),

M
where T is a time scale with 6,7, € T are right dense points with
0=1g=00<0 <1y <O<...M, <Opr1 =T, u(6)=1limy_q:u(0 +h),
u(0, ) =lim,_q+u(0x — h) represent the right and left limits of u(0) at
0 =0, in the sense of time scale. °A? is the Caputo delta fractional
derivative with qe(0,1). g.(0,u(6,)) € C(I,R) are the impulses in
the intervals (0,1, k=1,2,...,p.4:1=[0,TI1xR—R and
h:2x R — R are suitably defined functions satisfying certain condi-
tions to be specified later, where 2= {(0,s) e Ix:0<s<60< T} and
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N (u(9) = /O‘oh(e,s,u(s))As.

Hilger, 1988, introduced the calculus of time scales. The calculus of
time scales encapsulates the continuous and discrete analysis,
therefore the study of dynamical systems on time scales is a very
potential area for researchers as well as engineers. For more details
about the time scales and the dynamic equations on time scales one
can go through the books (Bohner and Peterson, 2001, 2003) and
papers (Agarwal and Bohner, 1999; Agarwal et al., 2002). In the past
couple of years, few authors discussed the existence, uniqueness,
and stability of fractional dynamical equations on time scales
(Ahmadkhanlu and Jahanshahi, 2012; Bastos et al, 2011;
Benkhettou et al., 2015, 2016; Shen, 2017).

A lot of certifiable issues are seen with sudden changes in their
states, for example, cataclysmic events, stuns, and heartbeats. Such
sudden changes are called impulses. Some of the times, these
abrupt changes stay over a period of time and that impulses are
known as non-instantaneous impulses. For the comprehensive
studies of non-instantaneous impulsive systems, one can see
(Abbas et al., 2017; Feckan and Wang, 2015; Gautam and Dabas,
2016; Hernandez and O’Regan, 2013; Kumar et al., 2016; Pandey
etal., 2014; Muslim et al., 2018) and the references therein. Further,
the theory of fractional calculus is an extended version of the theory
of integer order. Since fractional differential equations define the
fundamental properties of the system more accurately, therefore
fractional calculus plays a significant role in the qualitative theory
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of differential equations. In addition, the stability analysis is an
important feature of the research area of fractional calculus. More-
over, an interesting type of stability was introduced by Hyers and
Ulam which is known as Hyers-Ulam stability. The Hyers-Ulam sta-
bility for several dynamical equations of the integer as well as the
fractional order has been reported in Agarwal et al. (2017) and
Wang and Li (2016). However to the best of author’s knowledge,
there is no work related to existence and stability analysis of inte-
gro fractional differential equations with non-instantaneous
impulses on time scales. Motivated by the above facts, in this paper
we obtain existence and Ulam type stability results for the Eq. (1).

The paper is organized in the following manner, in Section 2, we
give some preliminaries, fundamental definitions, useful lemmas
and some important results. In Sections 3 and 4, the main results
of the manuscript are discussed. In the last, an example is given
to illustrate the implementation of the obtained results.

2. Preliminaries

Below, we briefly described basic notations, fundamental defi-
nitions and useful lemmas. Let (X, ||.||) be a Banach space. C(I, R)
be the set of all continuous functions and PC(I, R) be the space of
piecewise continuous functions. We define the space of piecewise
continuous functions as PC(I,R) = {u:1— R:u e C((0, Oks1], R),
k=0,1,...,p and there exists u(6;) and u(9;}), k=1,2,...,p, with
u(0, ) = u(6y)}. Moreover, PC(I, R) forms a Banach space endowed
with the norm |ully = Supycqp|u(0)|. Further, we define
PC'(I,R) = {u € PC(I,R) : u* € PC(I, R)}. PC'(I,R) form a Banach
space endowed with the norm ||u||, = max{||ul|o, [|u*|/o}-

An arbitrary non-empty closed subset of the real numbers is
called a Time scales. As usual, we denote a time scales by T. The
examples of time scales are R,N,hZ, where h > 0. A time scale
interval such that [a,b]={0€ T:a<0<b}, accordingly, we
define (a,b),[a,b),(a,b] and so on. Also, T" =T\ {maxT} if
max T exists, otherwise T" = T.

The forward jump operator o:T*— T is defined by
o(0) :=inf{s € T : s > 0} with the substitution inf{¢} = sup T and
the graininess function p : T* — [0, 00) by u(6) := a(0) — 0,V6 € T*.

Definition 2.1. (Bohner and Peterson, 2001) Let ¢ : T — R and

6 e T*. The delta derivative ¢*(6) is the number (when it exists)
such that given any € > 0, there is a neighborhood U of 0 such that

[b(a(0) = &(D)] ~ ¢*(0)[0(0) —T)| < €lo(0) — 7|, VTel.

Definition 2.2. (Bohner and Peterson, 2001) Function @ is called
the antiderivative of ¢ : T — R provided ¢*(0) = ¢(#) for each
0 € T", then the delta integral is defined by

0
$(2)Az = D(0) — D(0o).
)
A function ¢ : T — R is said to be rd-continuous on T, if ¢ is
continuous at points 0 € T with ¢(0) = 0 and has finite left-sided
limits at points 0 € T with

sup{re T:r<0} =10

and the set of all rd-continuous functions ¢ : T — R will be denoted
by Crd(—[rv R)'

Definition 2.3. (Bohner and Peterson, 2001) A function w: T — R
is said to be regressive if 1 + p(0)w(0)#0, V 0 € T and the set of all
regressive functions are denoted by #. Also, w is said to be positive
regressive function if 1+ pu(0)w(0) > 0,V 0 € T and the set of such
type of functions are denoted by #™*.

Theorem 2.4. (Bohner and Peterson, 2001) Let ¢ : R — R be a con-
tinuous, nondecreasing function, and let T be an arbitrary time scale
with 6,,0, € T, such that 6; < 0, then,

" o@nz< [ sz 2)

0 0,

Definition 2.5. (Ahmadkhanlu and Jahanshahi, 2012) Let
¢ : [a,b] — Ris an integrable function, then delta fractional integral
of ¢ is given by

0 _ \a-1
.0 - [ %wm 3)

where I'(q) denotes the usual Euler Gamma function.

Definition 2.6. (Ahmadkhanlu and Jahanshahi, 2012) Let
¢ : T — R. The Caputo delta fractional derivative of ¢ is denoted
by ‘Al ¢(0) and defined by

0 0— Z)n—q—l n
‘A%O:/(iAzAz. 4
200 = | g ¢ @z 4)
where n = [q] + 1 and [q] denotes the integer part of q.

Theorem 2.7. (Ahmadkhanlu and Jahanshahi, 2012) Let q € (0,1)
and f : I x R — R be a given function then the function u(0) is a solu-
tion of

“ATu(6) = £(0,u(0)), u(0) = uo,

if and only if u(0) is the solution of the following integral equation :

1 0 .
11(0):uo+m/0 (0-2)7"f(z,u(z))Az.

Lemma 2.8. Let g: [ — R be a right dense continuous function.
Then, for any k =1,2,...,p, the solution of the following problem

‘ATu(0)=g(0), 0€U_o(My,0kly, (5)
0

u(G):%/o (0-2)" gz u(0;)Az, 0€ (On k=1.2,....0,  (6)

u(0) =u(T), (7)
is given by the following integral equation

1 [ ~ . 1 /T _
u0) = [ =2 g ut )z + s [ (T2 g(a)z
' Mp

+% /O (0-2)""g(z2)Az, 0€[0,04],

1 0 1
u0) -~ / (020" g (z,u(0;))Az, Y 0€ (00,1,

Mk
u((kﬁ / (M~ 2" gz, u(0; )Az

1 e
+r(q) /’Ik (0 Z) g(Z)AZ 0e (’/Ikvekﬂ}.

Proof. The proof is divided into three cases:

Case 1 : When 0 € (), 0x.1], then from Theorem 2.7, we have

1 0 1
u(0) = ) + /] (0-2"g2)Az. (8)

Therefore, from Eq. (6) and (8), we have
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O

1 0
+ 0-2""g(2)Az, 0 €, Okl 9
@ | 02" '8 (1 O] 9)

Case 2 : Similarly, when 0 € [0, 6;] we have
1 0

u(0) = u(0 +—/ 0—2)""g(2)Az. 10
(9) ()F(q)o( )82 (10)

Now, at 0 =T Eq. (9) becomes

u(T) = ﬁ /0 :’p (1, — 2" 'g,(z,u(0;))Az

1 /T 4

+=— T-2)""g(2)Az. 11
rg ), T2 8@ (11)
Subsequently, using the Egs. (7), (10) and (11) we get:

1y
u(t) :ﬁ / (0, — 2" g, (z.u(0;))Az

-l T 1 0
+ = T—2z)1"! zAz+—/ 0—2)""'g(z)Az.
r(q)/%( szt [ 0-2" 5@
Case 3 : When 0 € (6, 1,], it is given that
-l )
u(o :—/ 0—2)"g.(z,u(0;))Az.
0) =g |, ©-2"g@u)
Hence, the results follows. O

For € > 0, > 0, and nondecresing ¢ € PC(I,R*), consider the
following inequalities

|SATv(0) — (0, v(0), N/ (v(0))| < € 0€ U (Hy, Oks]-
‘Z) -t ff) 0-2)""g,(z, v(O,j))Az‘ <€ 0eOnnl, k=1,2,...,p.
(12)

A0, v(0), A/ (v(0)))] < €(0),

|CA" v(0) —
|0(0) ~ £l fy, (02"

Definition 2.9. (Wang et al., 2012) Equation (1) is said to be Ulam-
Hyer's stable if there exist a positive constant H, 1, 1, 1,) Such that
for € > 0 and for each solution v of inequality (12), there exist a
unique solution u of equation (1) satisfies the following inequality

|[v(0) —u(0)] <Hg, 11,106 Y OEL

0 € Up_o (Mg, O]
&z, v(0,)Az| < e, € (O k=1,2,....p.
(13)

Definition 2.10. (Wang et al., 2012) Equation (1) is said to be gen-
eralized Ulam-Hyer’s stable if there exist #', 1,1,1,) € C(R",R")
(1, L1 L) (0) = 0 such that for each solution » of inequalities
(12), there exists a solution u of equation (1) satisfies the following
inequality

[0(0) = u(0)| < H,1,1,1,)(€), VOeL

Remark 2.11. Definition 2.9 =Definition 2.10.

Definition 2.12. (Wang et al,, 2012) Equation (1) is said to be
Ulam-Hyers-Rassias stable with respect to (¢, ), if there exists
H, 1., L,.¢) Such that for € > 0 and for each solution v of inequality
(13), there exist a unique solution u of equation (1) satisfies the fol-
lowing inequality

[2(0) — u(0)| < Huy 1 1 L €(@(0),4), VOEL

Lemma 2.13. A function v € PC'(I,R) is a solution of inequality
(12) if and only if there is G, G, € PC(I,R), k=1,2,...,p such that

(@) IG(0)] < €,Y 0 € Up_o (M O] and |Gk (0)]
(Hkvrlk]?k: ]72,---719-
(b) ATw(0) = .4 (0, v(0), /(v(0)) + G(0), 0 € (N, Oky1], k=

<€ Voe

07]7"‘7p'
(©) 2(0) = £k [y (0—2)" ' gu(z, v(0,)) Az + Gi(0), 0 € (Or. 1y,
k=1,2,...,p.

Proof. Firstly, we suppose that » € PC'(I,R) is the solution of
inequality (12). We need to show that (a), (b), and (c) are holds.
For this, we set

G(O): CAqU(G)_‘/%(Qv 7/(9)7,/Vﬂ(1/(9)))7 be (nk79k+1]7 k:O,l,...,p

and
Gu(0) = v(6) - ﬁ | 0-2" sz w8z 0c @,
k=1,2,...,p.

Consequently, one can easily see that (a), (b) and (c) are satisfied.
Conversely, from (b) we have
I“A"(0) — . (0, v(0), ¥ (v(0)))| =
k=0,1,....p.

‘G(0)|7 0e (nk: OIH»]L

Now, using (a) in the above equation, we get:

“ATw(0) — (0, v(0), A (v(0)))] < € 0 € (M Opa], k=0,1,....p.

Similarly, from (a) and (c), we get

1 0 1
Y0 - F / (0 -2/ gz, v(0))AZ] < €

k:]727"-?p' O

€ (O, ],

We have similar lemma for the inequality (13).
From the Lemma 2.13, we have

= (0, 0(0), /" (0(0))) + G(0), 0€ (4, 01], k=0.1,....p.

‘A'v(0)) =
{”(9>=qu (,k((ﬂ 2)1” lgk(z71}((9;))AZ+G;<(6), 0 € (Ok,nl, k=1,2,....p.

Also, by Lemma 2.8, one can find that the solution » with
v(0) = v(T)of the above equation is given by

v(0) = % /0:,, (n, - z)q‘lgp(z, v(0,))Az

+L /T (T — 27 (2, v(2), N (0(2))) + G(2)Az
n,

1'(q) Jy,
1 0 1 .
+ Gp(0) +W /0 0 —2)7" (M(z,v(z2), /V(v(z2)))
+G(2)Az, Y 0€[0,04],
/0 g,z (07 ))Az + Gy(0),
€ (O, mil, k=1,2,...,p,
q) / (M — 2 gz v(05)Az
1

0
_ )41 // AN
i / (0 -2 (2, (2), V' (0(2))) + G(2))Az
G0, Y OE MOl k=1,2,....p.
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Therefore, for 6 € (1, 0k1], k=1,2,...

Nk
|0(60) ﬁ | =2 gtz viog a2

L / ' (0—2)""(z, v(z), ¥ (v(2)AzZ]

- T(q) Jy,
< 1G(0) +ﬁ /n (02 |6(2)|Az

<e<1+r(+il)).

Also, for 0 € [0, 04],

A

1 0 ;
o /0 0 -2 .//(z,v(z),%(v(z)))Az‘

,b, we have

+

<160+ s [ T2 6z s [ 02 Gizyaz
0

@) Jy, @
< E<1 +27Tq>

= I'ig+1)/)

Similarly, when 0 € (0, 7,], k=1,2,...,p,

1
I'(q)

To prove our main results, we consider the following assumptions:

0
|v(0) — /0 (0 -2 g (z, v(6))Az] < €. (14)

(H1): Function .# :J; x Rx R — R, J; = U_;[#y, Ok.1) is continu-
ous and 3 positive constants Ly, L,,C;, M; and N; such that
1. L//(a U1,U2) — e///((i V1, T/z)| <Ly ‘Lh — 1/1‘ +L2‘U2 — 112‘,
Voel u,veR, j=1,2.
2. |0,u,v)| < Ci+Miul+Nilv|, VOel, u,veR.
(H2): h: 2x R— R is continuous and 3 positive constants
Lh,C27 M, such that
1. |h(6,s,u) —h(0,z,v)| < Lyjlu—v|, VO0,s€2 u,veR.
2. |h(0,s,u)| < Co+Mlu|, VO0,s€2 uek.
(H3): The functions g, :lk xR —R, Iy =[0nl), k=1,2,....p,
are continuous and 3 a positive constants L;, M, such that
1. |g(0,u) — g (0,v)| < Lglu—v|, YuveR,
0el, k=1,2,...,p.

. |ge(0,u)| < Mg,V 0€l,and u € R.
(H4) AT 1,

3. Existence and uniqueness of solutions

In this section, we establish our main results for the Eq. (1).
These results are carried out using the Banach contraction theorem.

Theorem 3.1. If the assumptions (H1)-(H4) are satisfied, then Eq. (1)
has a unique solution provided

Tq
Fg o e+ 20 +LLT) <1

Proof. Consider 4 C PC(I, R

# ={u e PC(L,R) : ||ully < B},
where
TY(Mg + 2(Cy + N1C2T))
b= T(q+1)—2T(M; + M,T)’
Now, define an operator F : # — # given by

) such that

(Eu)(0) = “'gy(z.u(6,))Az

gq) / ", -2
1 1
F(Q) /,7 (T—2)"" A (z,u(2), ¥ (u(2))))Az

rgq) /9 (0- Z)q ! M(zu(z), VN (u(2))Az, VYV 0¢€ [0’ 0]],

- / (0 -2/ gz u(0;))Az,

[x]

( ! )
Ve (9,(,71,{] k=1,2,....p,
Mk
il " -2 gz u(0))A2
1 0 q-1 y P
T (0—2)" " (z,u(z), /(u(z)))Az,
n

VHE( I<=6k+1}7 k= 1727-..,p.

u)(0) =
u)(0) =

[x]

I(q)
( T(q)

+
To use the Banach fixed point theorem, we have to show that
E:%— % For0e (n,0k1],k=1,2,...,p and u € 4, we have

1 ™ _
‘(E“)(O)KW/W (e —2)* gz u(0;))|Az

1 0 -
*W/ﬁ (02" | (2,u(2), A (u(2)))| Az
1

Mg [ q-1 ’ q-1
SW/@ (e—2) Az+m/ﬂk (0—2)T(Cy + M |u(2)|
+ N1 (u(2))))Az
< Mgy — 0)? | (Ci+M1)(Oker — )"
Ig+1) (‘HU
NI(CZ + M2 )01 (i1 —1,)*
I'lq+1)

(Mg + (C1+MiB)+Ni (Co + Mo )T).

“T(g+1)

Hence,
T4
Bulp < v
Also, for 0 € [0,0,] and u € %, we have

+(Cr + N1 GoT) + (My + NyM,T)B).  (15)

|(Bu)(0)] < zq)/ (1, —2)" ' lg, (2, u(6,))|Az
r(lq/ (T~ 2)" "z, u(2), 0 (u2) Az
+ gq/ 0—2)" 't (z,u@z), /' (u(2))|Az

g q-1
I'(q) Jo, (”lp 2 A
rgq/ (T = 2)"(Cy + My |u(2)| + N1 |V (u(2)))) Az
r1) / (0—2)7(Cy + My u(2)| + Ny |4 (u(z))))Az

Mg(n, — 0,)"  (Ci+Mif)(T —1,)°

T(g+1) T(q+1)

1( MZﬁ)T(T_np)q

I'lq+1)
L (CEMiB) )
I'(g+1)

N1 (G +M2ﬁ)(91)q+]
I'g+1)

Hence,

- T
IZullo < fg 7 (Me +2(Co+ NiGT) +2My + NiMLTIB). - (16)

Similarly, for 6 € (0k,n,], k=1,2,...,pand u € 4, we have
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M,T?
Flq+ 1)

From the inequalities (15), (16) and (17), we get:

1Eully = 17)
1Eullo < 8.

Therefore, E : # — #. Now, for any u,ve %, 0€ (1,,0k1],k=1,2,....p,
we have

1 Mk _
[(Bu)(0) — (Ev)(0)] < IXC) /ak (n —2)*! l}gk(zvuwl;))
—&(z, v(6;))|Az
L S AP p
+ @) Jy, 0 —2)" | (z,u(z), /(u(2)))
—M(z,v(z), V' (V(2)))|Az
Llu—vllg ™ =~ g1 Ly _ . _ a1
< / R L /n 02
T / 02 () — (02 A2
I'(q) Jy,
< Le (11 = 00)[lu — vllo | Lallu — 2llo(Or1 — 1y)*
I'iq+1) I'lg+1)
N LaLy 01 (01 — 1)U — vl
I'ig+1) ’
Thus,
- T
IEu — 2|, <mﬂg + Ly + LLT][[u = 2], (18)

Also, for any u, v € 4, 0 € [0, 0], we get:
[(Eu)(0) — (Ev)(6)]

< L[ a1 0; 0;))|A
\W/ (1,28, (2,u(0;)) &, (2, (6;))| Az

Op

+ﬁ/’7 (T—2)" ot (z,u2), V (U(2))) — A (2, v(2), ¥ (v(2))))|Az

1 -0 - ) By B
+W/O (0—2)" | (z,u(z), /" (U(2))) — M (z,v(2),./ (v(2))))|Az

Lglu(6,)—v(0,)| " a1 Ly /” 1
<=——r2 P2 —2)7'Az+ 0—2)""u(z) - v(2)|Az
ta ), e A [ 0-2 ) - )
+L72/0(9—2)q’1\ V(u(z)) — A (v(2))|Az
(@) Jo ’ B
+l T(T—z)q’l\d/V(u(z))—M(v(z))\Az
(q) Jy,
TR /T<T—z>‘1*1\u<z) - viz)Az
(@) J,,
L(, —0p) lu—vlly  Li(T—n,) lu—2lly  Li6oT Ju— ],
I'g+1) T'(g+1) T'(g+1)
LL,T(T—1,) u—vlly  LyLyo% " ju— |,
I'(q+1) T'(g+1) '
Therefore,
q
|Zu—Z0lly < oy e + 200 + LaLaD]fu = vl (19)
Similarly, for 6 € (0k,n,], k=1,2,...,p and u € 4, we have
_ = L,T?
12U~ Z0ll < g e - vl (20)

From the above inequalities (18, 19, 24), we get:

1Eu — vl < Lz[[u — 2o,

where
q
=T T(@@+1)

Hence, = is a strict contraction mapping. Therefore, Z has a unique
fixed point which is the solution of the Eq. (1). O

[Le + 2(Ly + LoLyT)].

Let us consider a special case when .Z(0,u(0), 4 (u(0))) =
2(0,u) + fgh((),z, u(z))Az then the Eq. (1) becomes:

0
ATu(6) = 2(0,u) + / h(0.z,u@)Az, 0 €Uy O]
0
0

u(0) = % | 0-2" s uwna, oc @, 1)
k=1,2,...,p,
u(0) = u(T),

(H5): The non-linear function £ : J; x R — R is continuous and
3 positive constants L,,C» and M, such that

(a) |2(0,u) —2(0,v)|<Lyju—v|, VYOl u,veR.

(b) |2(0,u)| < Cpr +Mylu|, VOecl, uek

. 2TY(My+M,T)
(H6): e <L

Corollary 1. If the assumptions (H2), (H3), (H5) and (H6) are sat-
isfied, then the equation (21) has a unique solution provided
¢

Fgrmy et 2+ LaT) <1.

4. Hyer-Ulam’s stability

Theorem 4.1. If the assumptions of the Theorem 3.1 are satisfied,
then the equation (1) is Ulam-Hyer’s stable.

Proof. Let v € PC' (I, R) be the solution of inequality (12) and u be
a unique solution of the equation (1). Therefore, for
0 € (Mg, O], k=1,2,...,p,we have

1 Mie 3
[6) - u)l < WD—@/% (1 — )" gil2,u(0; ) Az
“rg [, 02" e

T\ Lfo—ul, [ L
<e(1+ >+g 0/  —2)" Az
< rq ) g ), P

Ll /0 q-1
+ v—u 0—-2)" Az
g7t | (-2

Ly ! q-1y o
+F(q) /nk 0—2)"" | N (uz) — N (v(z))|Az
TN Ll 002~y LY — (0 — )"
<€<”r(q+1>)+g Ty CED

LaLpBi1 (O — 1) Jlv — ull
F(g+1) '

Thus,

||v—u\|0<6<1 + Ly + Ly + LLy T v — ull,.

T¢ T?
r(q+1>> I EnL
(22)

Also, for 0 € [0,6,], we have
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/ "1, — 27 g, (2. u(0;))Az

v

17 . )
T /n(T 2)" i (z,u(z), / (u(2))))Az
1

0 1,
) / (0— 2" 4(z,u(z), ¥ (u(z2)))Az]
L(n, — 0p)"[ — ullo
q+1>)+ T+
Ly(T = 1,)"2 - u,
I'lq+1)
LLT(T -n) v —ully Lo ||v—ul,
Tq+1) Tg+1)
LoLn0$ v — ull
I'lq+1)

Therefore,

|lv—ul <e(1+ 21" )+ r
0= T(g+1)) T(g+1)

[Lg+2(Ly + LoLT)] || v — ull,.

(23)
Similarly, for 6 € (6, n,], k=1,2,...,p, we can easily find
Lg (. — )| — u|
0) —u(0)] < € + 21k 0,
Therefore,
LT
lv—ullp < 6‘*‘m””‘””o (24)

From the above inequalities (22), (23) and (24), we get:

lv—ul <e<1+ 21 > r
0= T(q+1)) 'T(g+1)

[Lg +2(Ly +LoLyD)] v —ullo, VO €.
Thus,

Hl/ — UHO < H(Lpl-z-,l-hlg)e’ 0e I7

where  Hy, 11,1, = 7 (1+r2qT:1>>0 Thus, the Eq. (1) is
Ulam-Hyer’'s stable. Moreover, if we put 2, ,1,1,)(€) =
H, 1, 1106 (1 1141 (0) = 0, then the Eq. (1) is generalized
Ulam-Hyer’s stable. O

In order to prove our next result, we need the following
assumption:

(H7): There exists a 4, > 0 such that 2I¢(0) < 1,¢(0), V 0 € L.

The following theorem is the consequence of the Theorem 4.1.

Theorem 4.2. If the assumptions of Theorem 3.1 and (H7) are
satisfied, then the equation (1) is Ulam-Hyers-Rassias stable.

5. An example

Example 5.1. Consider the following equation with impulses on
the general time scale T, (0,15/21,20/21,1 € T)
40e”+3(1 + [u(0)]) \u

0s? sin(u(s))
top / es2+5 557 SIUS)) o,
el = [07 1}1’ \ (017'/’1]7

0 n el . _
(o) 1 /6(0 Z) (1+zsm(u(01)))Az7 0

ch (9) 3 + |u(

T 75 € (01,m4],
u(0) = u(1).

(25)

Set,
3+ |u(6)] 1 /
M(0,u, v —+—v 0el, uveR,
12 = 406731 + ufo)) " 20
2
h(e,s,u):w, Voscl,ucR
eS+5
and
1+ 0sin(u(0;
g1(97U)=%7 0¢€(01,m], ueR

Then, the assumptions (H1)-(H4) are holds with L, = 725, L, = 55,

Cl:ﬁ7M1:4(}7’N ZO’Lh e5’C 957M2 e5,Lg:21—5,Mg7225
Also, for p=1, 6 =15/21, n, =20/21, T=1, q=1/2 the
condition

T? 1 1 1 1
INCESY) (Lg+2(Ly + LoLyT)) “TG2) (ﬁ+2<40e3 +20€5)) <1

holds. Therefore, the coditions of the Theorem 3.1 is satisfied.
Hence, Eq. (25) has a unique solution which is Ulam Hyer’s stable.
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