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1. Introduction

Let us recall some definitions of various convex functions that
are known in the literature.

Definition 1.1 (Guo et al., 2016; Sarikaya et al., 2016). A function
f : I#R ! R is said to be convex on the interval I, if for all x; y 2 I
and t 2 ð0;1Þ it satisfies the following inequality:

f ðtxþ ð1� tÞyÞ 6 tf ðxÞ þ ð1� tÞf ðyÞ: ð1:1Þ
Definition 1.2 (Tunç et al., 2013; Park, 2015). A function
f : I#R ! R is said to be MT-convex on I, if it is nonnegative and
for all x; y 2 I and t 2 ð0;1Þ it satisfies the following inequality:

f ðtxþ ð1� tÞyÞ 6
ffiffi
t

p

2
ffiffiffiffiffiffiffiffiffiffiffi
1� t

p f ðxÞ þ
ffiffiffiffiffiffiffiffiffiffiffi
1� t

p

2
ffiffi
t

p f ðyÞ: ð1:2Þ

Example of such functions are:

(1) The functions f ; g : ð1;1Þ ! R, where
f ðxÞ ¼ xp and gðxÞ ¼ ð1þ xÞp; p 2 0;
1

1000

The function h : 1; 32
� �! R, where
(2)
hðxÞ ¼ 1þ x2
� �q

; q 2 0;
1

1000

� �
:

Notice that these functions are not convex.

Definition 1.3 Guo et al., 2016. If ðX;AÞ is a measurable space,

then f : X ! R is measurable if f�1ðBÞ 2 A for every Borel set

B 2 BðRÞ. A function f : Rn ! R is Lebesgue measurable if f�1ðBÞ is
a Lebesgue measurable subset of Rn for every Borel subset B of R.

Let us now consider a formal definition for co-ordinated convex
functions:

Definition 1.4 (Dragomir et al., 2000; Dragomir, 2001). A function
f : D ! R is said to be convex on the co-ordinates on
D ¼ ½a; b� � ½c; d�#R2 with a < b and c < d if for all t; k 2 ð0;1Þ
and ðx; yÞ; ðz;wÞ 2 D satisfies the following inequality:

f ðtxþ ð1� tÞz; kyþ ð1� kÞwÞ 6 tkf ðx; yÞ þ tð1� kÞf ðx;wÞ
þ ð1� tÞkf ðz; yÞ þ ð1� tÞð1� kÞf ðz;wÞ:

ð1:3Þ
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Definition 1.5 Samko et al., 1993. The incomplete beta function is
defined by

Bxða; bÞ ¼
Z x

0
za�1ð1� zÞb�1dz; a; b > 0:

For z ¼ 1, the incomplete beta function coincides with the com-
plete beta function.

Throughout this paper we denote by L1ðDÞ the set of all Lebes-
gue integrable functions on D as indicated by the authors in Guo
et al. (2016). Some integral inequalities of Hermite-Hadamard type
for co-ordinated convex functions on the rectangle in the plane R2

may be recited as follows:

Theorem 1.1 (Dragomir et al., 2000; Dragomir, 2001, Theorem 2.2).
Let f : D ¼ ½a; b� � ½c; d�#R2 ! R be convex on the co-ordinates on
D with a < b and c < d. Then
f
aþ b
2

;
c þ d
2

� �
6 1

2
1

b� a

Z b
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f x;

c þ d
2

� �
dx
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þ 1
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Z d
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aþ b
2

; y
� �

dy

#

6 1
ðb� aÞðd� cÞ

Z b

a

Z d

c
f ðx; yÞdydx

6 1
4

1
b� a

Z b
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f ðx; cÞdxþ

Z b

a
f ðx;dÞdx

 !"

þ 1
d� c

Z d

c

Z d

c
f ða; yÞdxþ

Z d

c
f ðb; yÞdx

 !#

6 1
4

f ða; cÞ þ f ðb; cÞ þ f ða; dÞ þ f ðb; dÞ½ �:
Theorem 1.2 Guo et al., 2015, Theorem 2.1. Let f : X#R2 ! R be
a twice partial differentiable mapping on Xo (the interior of X) and

let D ¼ ½a; b� � ½c; d�#Xo with a < b; c < d and @2 f
@x @y 2 L1ðDÞ. If @2 f

@x @y

			 			q
is convex on the co-ordinates on D and q P 1, then the following
inequality holds:

Iðf Þj j 6 1
4

1
9

� �1
q

gqð1;2;2;4Þ þ gqð4;2;2;1Þ þ gqð2;1;4;2Þ



þgqð2;4;1;2Þ
�
;

where

Iðf Þ ¼ 16
ðb� aÞðd� cÞ f

aþ b
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c þ d
2

� �
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d� c

Z d

c
f

aþ b
2

; y
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"
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c þ d
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dxþ 1
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Z d

c

Z b
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#
;

and

gqðr1; r2; r3; r4Þ ¼ r1 f xyða; cÞ
		 		q þ r2 f xyða; dÞ

		 		q þ r3 f xyðb; cÞ
		 		qh

þr4 f xyðb; dÞ
		 		qi1q:

For more information on integral inequalities of the Hermite-
Hadamard type for various kinds of convex functions, the reader
is referred to the recently published papers (Park, 2013; Guo
et al., 2016; Meftah and Boukerrioua, 2015; Xi and Qi, 2015; Bai
et al., 2016), and the closely related references therein.
In this paper, we will establish more integral inequalities of the
Hermite-Hadamard type for MT-convex functions on the co-
ordinates on a rectangle D in the plane R2.

2. A definition and a lemma

Motivated by Definitions 1.1 and 1.3, we introduce the notion of
‘‘co-ordinated MT-convex function”.

Definition 2.1. We say that a function f : D ! R is MT-convex on
the co-ordinates on D ¼ ½a; b� � ½c; d�#R2 with a < b and c < d, if it
is nonnegative and for all t; k 2 ð0;1Þ and ðx; yÞ; ðz;wÞ 2 D it satisfies
the following inequality:

f ðtxþ ð1� tÞz; kyþ ð1� kÞwÞ 6
ffiffiffiffiffi
tk

p

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� tÞð1� kÞp f ðx; yÞ
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tð1� kÞp f ðz; yÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� tÞð1� kÞp
4
ffiffiffiffiffi
tk

p f ðz;wÞ:

ð2:1Þ
Now, we give an example to show that a function can be MT-

convex on the co-ordinates on D without being convex on the
co-ordinates on D. The function f ðx; yÞ : ð1;1Þ � ð1;1Þ ! R, where

f ðx; yÞ ¼ xc þ yc for c 2 0;
1

1000

� �

is MT-convex on the co-ordinates on D ¼ ð1;1Þ� ð1;1Þ while this
is not convex on the co-ordinates on D.

In order to prove our main results, we need the following
lemma.

Lemma 2.1. Let f : X#R2 ! R be a twice partial differentiable
mapping on Xo and let D ¼ ½a; b� � ½c; d�#Xo with a < b; c < d and
@2f
@x@y 2 L1ðDÞ. Then the following equality holds:
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Proof. By integration by parts, we have
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Similarly, we find
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This ends the proof. h
3. Some integral inequalities of the Hermite-Hadamard type

Now we start off to establish some integral inequalities of the
Hermite-Hadamard type for the above-introduced MT-convex
functions on the co-ordinates.

Theorem 3.1. Let f : X#R2 ! R be a twice partial differentiable
mapping on Xo (the interior of X) and let D ¼ ½a; b� � ½c; d�#Xo with

a < b; c < d and @2f
@x @y 2 L1ðDÞ. If @2f

@x @y

			 			q is MT-convex on the co-

ordinates on D and q P 1, then the following inequality holds:

Iðf Þj j 6 1
4

� �1�2
q

gqða1; a2; a2; a3Þ þ gqða3; a2; a2; a1Þ



þgqða2; a1; a3; a2Þ þ gqða2; a3; a1; a2Þ
�
;

where

gqðr1; r2; r3; r4Þ ¼ r1 f xyða; cÞ
		 		q þ r2 f xyða; dÞ

		 		q þ r3 f xyðb; cÞ
		 		qh

þr4 f xyðb; dÞ
		 		qi1q;

and

a1 ¼ B2
1
2

5
2
;
1
2

� �
; a2 ¼ B1

2

5
2
;
1
2

� �
B1

2

3
2
;
3
2

� �
; a3 ¼ B2

1
2

3
2
;
3
2

� �
:

Proof. By using Lemma 2.1 and by changing the variables u ¼ t=2
and v ¼ k=2, we have
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Using the MT-convexity of @2f
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			 			q on the co-ordinates on D and

the power-mean integral inequality, we have
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This ends the proof. h
Remark 3.1. Under the assumptions of Theorem 3.1, when q ¼ 1,
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mapping on Xo and let D ¼ ½a; b� � ½c; d�#Xo with a < b; c < d. If
@2 f
@x@y

			 			q is MT- convex on the co-ordinates on D and q > 1, then the fol-

lowing inequality holds:

Iðf Þj j 6 q� 1
2q� 1

� �2 1�1
qð Þ

gqðb1; b2; b2; b3Þ þ gqðb3; b2; b2; b1Þ



þgqðb2; b1; b3; b2Þ þ gqðb2; b3; b1; b2Þ
�
;

where gqðr1; r2; r3; r4Þ is defined in Theorem 3.1 and
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Proof. By using Lemma 2.1 and by changing the variables u ¼ t=2
and v ¼ k=2, we have
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)
:

Now, by using theMT-convexity of @2 f
@x@y

			 			q on the co-ordinates on

D and Hölder’s inequality, we have
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9=
;

6 q� 1
2q� 1

� �2 1�1
qð Þ

gqðb1 ;b2; b2; b3Þ þ gqðb3; b2 ;b2; b1Þ þ gqðb2; b1; b3; b2Þ þ gqðb2 ;b3; b1; b2Þ

 �

:

This ends the proof. h
Remark 3.2. Under the assumptions of Theorem 3.2, when q ¼ 1,
we have

Iðf Þj jlesgqðb1; b2; b2; b3Þ þ gqðb3; b2; b2; b1Þ þ gqðb2; b1; b3; b2Þ
þ gqðb2; b3; b1; b2Þ:
Theorem 3.3. Let f : X#R2 ! R be a twice partial differentiable
mapping on Xo and let D ¼ ½a; b� � ½c; d�#Xo with a < b; c < d. If
@2 f
@x@y

			 			q is MT-convex on the co-ordinates on D and q > 1, then the fol-

lowing inequality holds:

Iðf Þj j 6 q� 1
2ð2q� 1Þ

4ð2q� 1Þ
q� 1

� �1
q

� gqðc1; c2; c3; c4Þ þ gqðc4; c3; c2; c1Þ þ gqðc2; c1; c4; c3Þ þ gqðc3; c4; c1; c2Þ

 �

;

where gqðr1; r2; r3; r4Þ is defined in Theorem 3.1 and
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;

c3 ¼B1
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3
2
;
1
2

� �
; c4 ¼ B3
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3
2
;
3
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� �
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2

1
2
;
3
2

� �
:

Proof. By using Lemma 2.1, the MT-convexity of @2 f
@x@y

			 			q on the co-

ordinates on D, Hölder’s inequality and changing the variables
u ¼ t=2 and v ¼ k=2, we have
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6 q� 1
2ð2q� 1Þ

4ð2q� 1Þ
q� 1

� �1
q

� gqðc1; c2; c3; c4Þ þ gqðc4; c3; c2; c1Þ þ gqðc2; c1; c4; c3Þ þ gqðc3; c4; c1; c2Þ

 �

:

Theorem 3.3 is thus proved. h
Theorem 3.4. Let f : X#R2 ! R be a twice partial differentiable
mapping on Xo and let D ¼ ½a; b� � ½c; d�#Xo with a < b; c < d. If
@2 f
@x @y

			 			q is an MT- convex on the co-ordinates on D; q P 1 and

q P r; s > 0, then the following inequality holds:
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where gqðr1; r2; r3; r4Þ is as defined in Theorem 3.1 and
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Proof. From Lemma 2.1, the MT-convexity of @2 f
@x @y

			 			q on the co-

ordinates on D, Hölder’s inequality and changing the variables
u ¼ t=2 and v ¼ k=2, we have
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6 1
2

� ��ðrþsÞ
q ðq� 1Þ2

ð2q� r � 1Þð2q� s� 1Þ

 !1�1
q

� gqðd1; d2;d3; c4Þ þ gqðd4; d3; d2; d1Þ þ gqðd2; d1; d4;d3Þ þ gqðd3; d4;d1; d2Þ

 �

:

Theorem 3.4 is thus proved. h
Remark 3.3. Under the assumptions of Theorem 3.4, when
r ¼ s ¼ q, we have

Iðf Þj j 6 4 gqðd1; d2;d3; c4Þ þ gqðd4;d3; d2;d1Þ þ gqðd2;d1;d4; d3Þ þ gqðd3; d4;d1;d2Þ

 �

:
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