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Abstract The heat and mass transfer characteristics of natural convection about a vertical flat

plate embedded in a saturated porous medium with blowing/suction and thermal radiation effects

considering Soret and Dufour are numerically analyzed. The surface of the vertical flat plate has a

uniform wall temperature and uniform wall concentration (UWT/UWC). The surface blowing/suc-

tion velocity is variable. The Rosseland diffusion approximation is employed to describe the radia-

tive heat flux. Similar governing equations are solved by Keller box method. Comparisons showed

excellent agreement with the numerical data in previous works. Numerical data for the dimension-

less temperature profile, the dimensionless concentration profile, the local Nusselt number and the

local Sherwood number are presented graphically for the buoyancy ratio N, the Lewis number Le,

the Soret parameter S, the Dufour parameter D, the lateral mass flux parameter fw and the thermal

radiation parameter Rd. Results show that increase the lateral mass flux parameter and thermal

radiation parameter tends to increase the local Nusselt number and the local Sherwood number.
� 2016 The Author. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is an

open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Coupled convection heat and mass transfer due to buoyancy in
saturated porous media has many important applications in
energy-related engineering problem, for example, the migra-
tion of moisture in fibrous insulation, the spreading of chemi-

cal pollutants in saturated soil, and the underground disposal
of nuclear wastes. Nield and Bejan (1992) recently presented a
comprehensive account of the available information in the

field.
Regarding pure heat transfer with lateral mass flux, Cheng

(1977) studied the effect of lateral mass flux with prescribed

temperature and velocity as power law on the vertical surface.
Govindarajulu and Malarvizhi (1987) presented a note on the
solution of the free convection boundary layer flow over a ver-
tical flat plate with the effect of lateral mass flux in a saturated
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Figure 1 Flow model and the physical coordinate system.
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porous medium. Brouwers (1994) studied the heat transfer
process between a saturated porous medium and a permeable
wall with fluid injection or withdrawal. Magyari and Keller

(2000) investigated the extension of the problem to include
the influence of lateral mass flux.

Postelnicu et al. (2000) presented the free convection

boundary-layer over a vertical permeable flat plate in a porous
medium with internal heat generation.

In a study of coupled heat and mass transfer, Bejan and

Khair (1985) used Darcy’s law to study the vertical natural
convective flows driven by temperature and concentration gra-
dients. Lai and Kulacki (1991) studied the coupled heat and
mass transfer along a vertical surface in a saturated porous

medium. An integral procedure is derived to solve the problem
along the lines of Nakayama and Hossain (1995). Yih (1999)
examined coupled heat and mass transfer by free convection

over a truncated cone in porous media under variable wall
temperature and concentration (VWT/VWC) and variable
heat flux and variable mass flux (VHF/VMF). Cheng (2000)

used an integral method to study how natural convection
transfers heat and mass from truncated cones in porous media
with variable wall temperature and concentration. Makinde

(2012) studied the heat and mass transfer by MHD mixed con-
vection stagnation point flow toward a vertical plate embedded
in a highly porous medium with radiation and internal heat
generation.

A well-known phenomenon of coupled heat and mass
transfer is the thermal energy flux resulting from concentration
gradients which is referred to as the Dufour (diffusion-

thermal) effect. Similarly, the Soret (thermo-diffusion) effect
is the contribution of the temperature gradient to mass flux.
The Dufour and Soret effects are considered second order phe-

nomena since they are of a smaller order of magnitude com-
pared to the effects described by Fourier and Fick, but their
importance may increase in geosciences and chemical engineer-

ing. Coupled heat and mass transfer processes by natural con-
vection from vertical surfaces in porous media considering
Soret and Dufour effects was reported by Postelnicu (2004).
Partha et al. (2006) examined the Soret and Dufour effects in

a non-Darcy porous medium. Lakshmi Narayana and
Murthy (2008) considered both the Soret and Dufour effects
on a free convection boundary layer of a horizontal flat plate

in a Darcy porous medium. Cheng (2009) reported the Soret
and Dufour effects on natural convection heat and mass trans-
fer from a vertical cone in a porous medium with uniform wall

temperature and concentration (UWT/UWC). The Soret and
Dufour effects on heat and mass transfer by natural convec-
tion from a vertical truncated cone in a fluid-saturated porous
medium with variable wall temperature and concentration

were studied by Cheng (2010). Makinde (2011) studied the
mixed convection flow with Soret and Dufour effects past a
vertical plate embedded in a porous medium. Makinde et al.

(2012) used a numerical method to study of chemically-
reacting hydromagnetic boundary layer flow with Soret/
Dufour effects and a convective surface boundary condition.

As the difference between the surface temperature and the
ambient temperature increases, the effects of radiation
increase. The radiation effect on convection flow is a problem

in many important applications, e.g., space technology and
processes involving high temperatures such as the geothermal
engineering, the sensible heat storage bed, the nuclear reactor
cooling system and the underground nuclear wastes disposal.
A free convection flow through a porous medium in the pres-
ence of radiation was considered by Raptis (1998). Badruddin
et al. (2006) studied free convection and radiation in a vertical

wall embedded in a porous medium under variable wall tem-
perature. Tai and Char (2010) investigated the Soret and
Dufour effects on free convection flow of non-Newtonian flu-

ids through a porous medium with thermal radiation.
Olanrewaju and Makinde (2011) discussed the effects of ther-
mal diffusion and diffusion thermo on chemically reacting

MHD boundary layer flow of heat and mass transfer past a
moving vertical plate with suction/injection.

The present work investigated the heat and mass transfer
by natural convection flow over a vertical flat plate under uni-

form wall temperature and uniform wall concentration (UWT/
UWC) embedded in porous media considering the Soret and
Dufour effects with lateral mass flux and thermal radiation.

2. Analysis

The considered problem is the Soret/Dufour effects on com-

bined heat and mass free convection flow over a vertical flat
plate embedded in a saturated porous medium with lateral
mass flux and thermal radiation and where the boundary con-

dition of uniform wall temperature Tw and uniform wall con-
centration Cw (UWT/UWC), respectively. The surface variable
blowing/suction velocity is VwðxÞ. Fig. 1 shows the flow model

and physical coordinate system. The origin of the coordinate
system is the leading edge of the vertical flat plate, where x
and y are Cartesian coordinates for the distance along and nor-
mal to, respectively, the vertical flat plate surface.

All fluid properties are assumed to be constant except for
the density variation in the buoyancy term. For the Boussinesq
and Rosseland diffusion approximations (2010) in the bound-

ary layer, the governing equations and the boundary condi-
tions based on the Darcy law can be written as follows:

@u

@x
þ @v

@y
¼ 0 ð1Þ

u ¼ �K

l
@p

@x
þ qg

� �
ð2Þ



Table 1 Comparison of �h0ð0Þ for various values of fw with

N= D= S = Rd = 0.

fw �h0ð0Þ
Cheng

(1977)

Govindarajulu

and Malarvizhi

(1987)

Postelnicu

et al.

(2000)

Chamkha

et al.

(2014)

Present

�4.0 – 0.0027 – – 0.0030

�1.0 0.2043 0.2040 0.2043 0.2046 0.2041

0.0 0.4438 0.4437 0.4439 0.4441 0.4438

1.0 0.7863 0.7864 0.7864 0.7874 0.7864

4.0 – 2.1161 – 2.1160
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3v
@T4

@y
ð6Þ

q ¼ q1½1� bTðT� T1Þ � bCðCw � C1Þ� ð7Þ

y ¼ 0 : v ¼ VwðxÞ ¼ ax�1=2; T ¼ Tw; C ¼ Cw ð8:1-3Þ

y ! 1 : u ¼ 0; T ¼ T1; C ¼ C1 ð9:1-3Þ
Here, u and v are the Darcian velocities in the x- and

y-directions, respectively; g is the gravitational acceleration;
K is the permeability of the porous medium; p, q and l are
the pressure, the density and the absolute viscosity of the

fluid, respectively; T and C are the volume-averaged temper-
ature and concentration, respectively; a and DM are the
equivalent thermal diffusivity and mass diffusivity, respec-

tively; D and S are the Dufour coefficient and Soret coeffi-

cients of the porous medium, respectively; k is the
equivalent thermal conductivity of porous medium; bT and
bC are the thermal and concentration expansion coefficients

of the fluid, respectively; qr is radiative heat flux; r0 is the
Stefan–Boltzmann constant; v is the mean absorption
coefficient; a is a constant.

The stream function w is defined by,

u ¼ @w=@y and v ¼ �@w=@x ð10Þ
Therefore, the continuity equation is automatically

satisfied.

Next consider the governing Eqs. (2) and (3). Cross-
differentiation ½@u=@y� @v=@x�; eliminates the pressure terms
in Eqs. (2) and (3). Further, using the boundary layer approx-
imation ð@=@x � @=@yÞ,
@u

@y
¼ gK

m
bT

@T

@y
þ bC

@C

@y

� �
ð11Þ

Here, v is the kinematic viscosity, and v ¼ l=q1.

The second and third terms on the right-hand side of the
energy Eq. (4) represents the Dufour effect and the heat
absorbed per unit volume, and the last term of concentration

Eq. (5) denotes the Soret effect. Note that, in Eq. (6), the Ros-
seland diffusion approximation is used to describe the radia-
tive heat flux (2010). Further assume that the temperature
differences within the flow are sufficiently small so that T4 in

Eq. (6) can be expanded in Taylor series about T1, and discard
higher-order terms in the usual manner. Thus,

T4 ffi 4T3
1T� 3T4

1 ð12Þ
The following dimensionless variables are invoked:

g ¼ y

x
Ra1=2x ð13:1Þ

fðgÞ ¼ w

aRa1=2x

ð13:2Þ
hðgÞ ¼ T� T1
Tw � T1

ð13:3Þ

uðgÞ ¼ C� C1
Cw � C1

ð13:4Þ

Rax ¼ gbTðTw � T1ÞKx
ma

ð13:5Þ

Substituting Eqs. (12) and (13) into Eqs. (11), (4)–(6) and
(8)–(9) obtains

f0 ¼ hþNu ð14Þ

1þ 4

3
Rd

� �
h00 þ 1

2
fh0 þDu00 ¼ 0 ð15Þ

1

Le
u00 þ 1

2
fu0 þ Sh00 ¼ 0 ð16Þ

The boundary conditions are defined as follows:

g ¼ 0 : f ¼ fw; h ¼ 1; u ¼ 1; ð17Þ

g ! 1 : h ¼ 0; u ¼ 0: ð18Þ
Eq. (14) can be obtained by integrating Eq. (11) once and

with the aid of Eq. (9.1-3).
For the new variables, the Darcian velocities in the x- and

y-directions are also respectively obtained by,

u ¼ aRax
x

f0 ð19Þ

v ¼ � aRa1=2x

2x
½f� gf0� ð20Þ

where primes denote differentiation with respect to g.
By inserting Eq. (8.1) into Eq. (20), the lateral mass flux

parameter fw (see Cheng (1977) and Chamkha et al. (2014))

is as follows:

fw ¼ fð0Þ ¼ � 2VwðxÞx
aRa1=2x

¼ constant ð21Þ

For blowing, VwðxÞ> 0; hence, fw < 0. For suction, how-
ever, VwðxÞ< 0; hence, fw > 0.

Besides, the buoyancy ratio N, the Lewis number Le, the
Dufour parameter D, the Soret parameter S, and the thermal
radiation parameter Rd are respectively defined as follows:

N ¼ bCðCw � C1Þ
bTðTw � T1Þ ; Le ¼ a

DM

: ð22Þ



Table 2 Comparison of �h0ð0Þ and �u0ð0Þ for various values of N and Le with fw = Rd = D = S = 0.

N Le �h0ð0Þ �u0ð0Þ
Bejan and Khair

(1985)

Nakayama and

Hossain (1995)

Yih

(1999)

Present Bejan and Khair

(1985)

Nakayama and

Hossain (1995)

Yih

(1999)

Present

4 1 0.992 0.993 0.9923 0.9922 0.992 0.993 0.9923 0.9922

4 10 0.681 0.681 0.6810 0.6811 3.290 3.341 3.2897 3.2892

4 100 0.521 0.519 0.5209 0.5211 10.521 10.792 10.5205 10.5079

1 1 0.628 0.628 0.6276 0.6276 0.628 0.628 0.6276 0.6276

1 10 0.521 0.520 0.5215 0.5215 2.202 2.276 2.2021 2.2018

1 100 0.470 0.469 0.4702 0.4702 7.139 7.539 7.1391 7.1344

0 1 0.444 0.444 0.4439 0.4439 0.444 0.444 0.4439 0.4439

0 10 0.444 0.444 0.4439 0.4439 1.680 1.776 1.6802 1.6801

0 100 0.444 0.444 0.4439 0.4439 5.544 6.061 5.5446 5.5421

Table 3 Comparison of �h0ð0Þ and �u0ð0Þ for various values of N, D and S with fw = Rd = 0, Le= 1.

N Le D S �h0ð0Þ �u0ð0Þ
Postelnicu (2004) Present Postelnicu (2004) Present

1 1 0.05 1.2 0.67678 0.67676 0.18354 0.18356

1 1 0.075 0.8 0.65108 0.65106 0.34150 0.34150

1 1 0.03 2.0 0.71444 0.71442 �0.13597 �0.13952

1 1 0.037 1.6 0.69686 0.69684 0.02339 0.02343

1 1 0.6 0.1 0.42002 0.42002 0.63313 0.63312

0.2 1 0.15 0.4 0.46331 0.46330 0.38100 0.38100

0.5 1 0.075 0.8 0.55508 0.55507 0.28764 0.28764

0.8 1 0.03 2.0 0.67028 0.67026 �0.13736 �0.13731

Table 4 Comparison of Nux=Ra
1=2
x and Shx=Ra

1=2
x for various

values of D and S with fw = 0, N = 0.5, Rd = 1.25 and

Le= 4.

D S �h0ð0Þ �u0ð0Þ
Tai and Char

(2010)

Present Tai and Char

(2010)

Present

0.03 0.4 0.78322 0.78801 1.10538 1.10623

0.05 0.4 0.76589 0.77065 1.11309 1.11376

0.05 1.2 0.80983 0.81352 0.83323 0.83443

Table 5 Values of Nux=Ra
1=2
x and Shx=Ra

1=2
x for various

values of N, Le, D, S, fw, Rd.

N Le D S fw Rd Nux=Ra
1=2
x Shx=Ra

1=2
x

1 5 0.1 0.1 0 0 0.45278 1.46780

1 5 0.1 0.2 0 0 0.46891 1.38748

2 5 0.1 0.1 0 0 0.51881 1.75310

1 1 0.1 0.1 0 0 0.59834 0.59834

1 5 0.2 0.1 0 0 0.33769 1.51871

1 5 0.1 0.1 1 0 0.89707 0.89707

1 5 0.1 0.1 0 1 0.85611 0.64776
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D ¼ DðCw � C1Þ
aðTw � T1Þ ; S ¼ SðTw � T1Þ

aðCw � C1Þ : ð23Þ

Rd ¼ 4roT
3
1

kv
: ð24Þ

The results for heat and mass transfer rates have practical
applications. The heat and mass transfer rates are expressed

in terms of the local Nusselt number Nux and the local Sher-
wood number Shx respectively, which are respectively defined
as follows:

Nux ¼ hxx

k
¼ qwx

ðTw � T1Þk ¼
�k @T

@y

� �
jy¼0 þ qr

h i
x

ðTw � T1Þk ð25Þ

Shx ¼ hm;xx

DM

¼ mwx

ðCw � C1ÞDM

¼
�ð@C

@y
Þjy¼0x

ðCw � C1Þ ð26Þ
By applying Eqs. (6), (12) and (13), the local Nusselt num-

ber Nux and the local Sherwood number Shx in terms of Ra1=2x

are respectively obtained by,

Nux

Ra1=2x

¼ � 1þ 4Rd

3

� �
h0ð0Þ ð27Þ

Shx

Ra1=2x

¼ �u0ð0Þ ð28Þ
3. Numerical method

Eqs. (14)–(18) are integrating by combining the implicit finite
difference approximation with the modified Keller box method

of Cebeci and Bradshaw (1984). First, the partial differential
converted into a system of five first-order equations. These



(a)

(b)

Figure 2 (a) Dimensionless temperature profile and (b) dimen-

sionless concentration profile for three values of the lateral mass

flux parameter fw.

(a)

(b)

Figure 3 (a) Dimensionless temperature profile and (b) dimen-

sionless concentration profile for three values of the Dufour

parameter D.

Lateral mass flux and thermal radiation 245
first-order equations are then expressed in finite difference
forms and solved along with their boundary conditions by
applying an iterative scheme. This approach improves the con-

vergence rate and the computation time.
Computations were performed with a personal computer

with the first step size Dgl ¼ 0:01. The variable grid parame-

ter is chosen 1.01 and the value of g1 ¼ 20. When the errors

in computing the jh0wj and ju0
wj in the next procedure become

less than 10�5, the iterative procedure is stopped, and the
final temperature and concentration distributions are
obtained.
4. Results and discussion

The accuracy of this method was verified by comparing the
results with those of Cheng (1977), Govindarajulu and
Malarvizhi (1987), Postelnicu et al. (2000), Chamkha et al.
(2014), Bejan and Khair (1985), Nakayama et al. (1995), Yih

(1999), Postelnicu (2004) and Tai and Char (2010). Table 1

compares the values �h0ð0Þ for various values of fw with

N= D= S= Rd = 0. Table 2 compares �h0ð0Þ and �u0ð0Þ
for various values of N and Le with fw = Rd = D = S= 0.

Table 3 compares �h0ð0Þ and �u0ð0Þ for various values of N,
D and S with fw = Rd = 0, Le = 1. Table 4 compares

Nux=Ra
1=2
x and Shx=Ra

1=2
x for various values of D and S with

fw = 0, N = 0.5, Rd = 1.25 and Le = 4. All values in Tables
1–4 show excellent agreement. Table 5 lists the values of



(a)

(b)

Figure 4 (a) Dimensionless temperature profile and (b) dimen-

sionless concentration profile for three values of the Soret

parameter S.

(a)

(b)

Figure 5 (a) Dimensionless temperature profile and (b) dimen-

sionless concentration profiles for three values of the thermal

radiation parameter Rd.
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Nux=Ra
1=2
x and Shx=Ra

1=2
x for various values of N, Le, D, S, fw,

and Rd.
The numerical results are graphically presented for N = 1,

Le = 2 with the Soret parameter S ranging from 0 to 0.2, the
Dufour parameter D ranging from 0 to 0.2, the thermal radia-
tion parameter Rd ranging from 0 to 1, and the lateral mass
flux parameter fw ranging from �1 to 1.

The dimensionless temperature and concentration profiles
for three values of the lateral mass flux parameter fw
(fw ¼ �1; 0 and 1) are shown in Fig. 2. These two figures show

the dimensionless temperature profile h and the dimensionless
concentration profile u decrease monotonically from the sur-
face of the vertical plate to the ambient. Both the thermal

boundary layer thickness dT and the concentration boundary
layer thickness dC decrease for the case of suction (fw > 0).
However, this trend is reversed in the case of blowing (fw < 0).
The dimensionless temperature and concentration profiles
for three values of the Dufour parameter D (D = 0, 0.1 and

0.2) are shown in Fig. 3. Fig. 3(a) shows that increasing the
Dufour parameter tends to decrease the dimensionless surface

temperature gradient �h0ð0Þ, which decreases the heat transfer

rate at the wall. Moreover, Fig. 3(b) shows that, as the Dufour
parameter increases, the dimensionless surface concentration
gradient �u0ð0Þ increases, which increases the mass transfer

rate at the wall.
The dimensionless temperature and concentration profiles

for three values of the Soret parameter S (S= 0, 0.1 and

0.2) are presented in Fig. 4. In Fig. 4(a), the dimensionless



(a)

(b)

Figure 6 (a) Local Nusselt number and (b) local Sherwood

number for three values of the Dufour parameter D.

(a)

(b)

Figure 7 (a) Local Nusselt number and (b) local Sherwood

number for three values of the Soret parameter S.
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surface temperature gradient increases as the Soret parameter

S increases. However, Fig. 4(b) shows that increasing the Soret
parameter S reduces the dimensionless surface concentration
gradient.

The dimensionless temperature and concentration profiles
for three values of the thermal radiation parameter Rd

(Rd = 0, 1 and 5) are illustrated in Fig. 5. Fig. 5(a) shows that,

when Rd increases, the dimensionless temperature profiles
become large, but the dimensionless surface temperature gradi-
ents become small. As the value of Rd increases, the radiation
absorption in the boundary layer increases, which increases the

sizes of the dimensionless temperature profiles. However,
Fig. 5(b) shows that increasing the thermal radiation parame-
ter Rd, increases the dimensionless surface concentration gradi-

ent �u0ð0Þ, but decreases the dimensionless concentration
profiles u.
The local Nusselt number Nux/Rax
1/2 and the local Sher-

wood number Shx/Rax
1/2 as functions of the lateral mass flux

parameter fw for three values of the Dufour parameter

(D= 0, 0.1 and 0.2) are depicted in Fig. 6. Generally, suction
increases both the local Nusselt number and the local Sher-
wood number, i.e., fw > 0 because, as Fig. 2 shows, suction

decreases both the thermal and concentration boundary thick-
nesses dT and dC, respectively. This trend is reversed in the case
of blowing. Besides, for the fixed fw, increasing the Dufour

parameter tends to decrease the local Nusselt number while
it tends to increase the local Sherwood number. This occurs
because increasing the Dufour parameter D decreases the
dimensionless surface temperature gradient but increases the

dimensionless surface concentration gradient, as illustrated in
Fig. 3.



(a)

(b)

Figure 8 (a) Local Nusselt number and (b) local Sherwood

number for two values of the thermal radiation parameter Rd.
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The local Nusselt number Nux/Rax
1/2 and the local Sher-

wood number Shx/Rax
1/2 as functions of the lateral mass flux

parameter fw for three values of the Soret parameter S
(S = 0, 0.1 and 0.2) are shown in Fig. 7. Enhancing the Soret

parameter tends to increase the local Nusselt number but tends
to decrease the local Sherwood number. This occurs because,
as Fig. 4 shows, increasing the Soret parameter S increases
the dimensionless surface temperature gradient but decreases

the dimensionless surface concentration gradient.
The variation in the local Nusselt number Nux/Rax

1/2 and
the local Sherwood number Shx/Rax

1/2 for three values of

the thermal radiation coefficient Rd (Rd = 0, 1 and 5) are
shown in Fig. 8, respectively. In the pure free convection heat
transfer, the Nusselt number is only proportional to the dimen-

sionless surface temperature gradient �h0ð0Þ. In the case of
large Rd (pronounced radiation effect), Fig. 5(a) shows that,
even if the value of �h0ð0Þ is low, the Nusselt number is still
large. Eq. (28) shows that this occurs because the Nusselt num-

ber is more sensitive to Rd than to �h0ð0Þ.
5. Conclusions

A two-dimensional laminar boundary layer analysis is pre-
sented to study the Soret/Dufour effects on coupled heat and

mass transfer by free convection over a vertical permeable
plate in porous media with thermal radiation. After the coor-
dinate transformation, the transformed similar governing
equation is solved by Keller box method (KBM). Comparisons

with previously published works show excellent agreement.
Numerical solutions are obtained for different values of the
thermal radiation parameter Rd, the lateral mass flux parame-

ter fw, the Dufour parameter D, the Soret parameter S, the
buoyancy ratio N, and the Lewis number Le. The calculations
show that, when the thermal radiation Rd, the buoyancy ratio

N and the lateral mass flux parameter fw increase, both the
local Nusselt number and the local Sherwood number increase.
The local Nusselt number decreases as the Lewis number Le

and the Dufour parameter D increase. In contrast, the local
Sherwood number increases when Le and D increase. Finally,
enhancing the Soret parameter S increases the local Nusselt
number and decreases the local Sherwood number.
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