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1. Introduction

The higher order boundary value problems have been studied as
their mathematical applications are in diversified applied sciences.
Conditions for the existence and uniqueness of solutions of the
higher-order boundary-value problems was discussed in Agarwal
(1986, pp. 89–93). Several numerical algorithms have been devel-
oped to determine the approximate solution of higher-order
boundary-value problems. In this paper, we consider the higher
order boundary value problems of the form

yð2NÞ ¼ f ðx; y; yð1Þ; yð2Þ; yð3Þ . . . ; yð2N�1ÞÞ; a 6 x 6 b;where N ¼ 2;3;4

ð1Þ
subject to the boundary conditions

yðaÞ ¼ k1; yð2ÞðaÞ ¼ k2; . . . ; yð2N�2ÞðaÞ ¼ kN;

yðbÞ ¼ d1; yð2ÞðbÞ ¼ d2; . . . ; yð2N�2ÞðbÞ ¼ dN : ð2Þ
We rewrite the Eq. (1) and (2) as system of second order boundary
value problems:

yð2Þi ðxÞ ¼ Fi

�
x; y1; y2; . . . ; yi; . . . ; yN; y

ð1Þ
1 ; yð1Þ2 ; . . . ; yð1Þi ; . . . ; yð1ÞN

�
;

i ¼ 1;2; . . . ;N ð3Þ

subject to the modified boundary conditions;

yiðaÞ ¼ ki; yiðbÞ ¼ di; i ¼ 1;2; . . . ;N: ð4Þ

We assume that, for a < x < b, for m ¼ 1;2; . . . ;N; i ¼ 1;2; . . . ;N and

�1 < ym < yð1Þm < 1:

(i) Fi is continous,
(ii) @Fi

@ym
and @Fi

@yð1Þm
exist and are continous,

(iii) @Fi
@ym

> 0 and j @Fi
@ym

j 6 C, for some constant C.

These conditions from Keller (1968, (pp. 6–8 and 15–16))
ensure the existence and uniqueness of the solution of the above
boundary value problem (3) and (4).

Here, our aim is to solve the boundary value problems of
fourth, sixth and eighth orders of the form (1) and (2) with
N ¼ 2;3 and 4. There are various methods available in literature
for solving these boundary value problems. For example, non-
polynomial spline technique was used by Siddiqi and Akram
(2007) to determine the solution of eighth-order and Akram
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and Siddiqi (2006) to determine the solution of sixth order
boundary value problems. Meŝtroviĉ (2007) used modified
decomposition method for the solution of eighth-order boundary
value problems. Islam et al. (2008) used non-polynomial splines
approach to the solution of sixth-order non-linear boundary value
problems of the form (1) and (2). Solution of special sixth order
boundary-value problems was given by Boutayeb and Twizell
(1992). Khan and Khandelwal (2012) used parametric septic
splines and Jalilian and Rashidinia (2010) used nonic-spline for
the solution of non-linear sixth-order two point boundary value
problems.

The above system involves the second order boundary value
problems. Polynomial and non-polynomial spline approach
(Ramadan et al., 2007), quintic non-polynomial spline method
(Srivastava et al., 2011), cubic spline method (Al-Said, 2001),
non-polynomial spline (Jha and Mohanty, 2011; Mohanty et al.,
2017), spline in tension (Mohanty et al., 2005), spline in compres-
sion (Mohanty et al., 2004) were used in previous papers to solve
second order boundary value problems. Here, we use lower degree
non-polynomial quadratic spline for solving system of second
order boundary value problems. This non-polynomial quadratic
spline is based on off-step points.

When linear BVPs are implemented over the method, we get a
linear system of equations which are solved by using LU decompo-
sition method and when non-linear BVPs are implemented we get
a non-linear system which is solved by Block Newton Raphson
method. The outline of this paper is organised into five sections.
In Section 2, consistency relation and in Section 2.1 truncation
error and end equations are discussed. In Section 3, application
of the method to solve the sixth order BVPs is given. Section 4 gives
the convergence analysis of the method. In Section 5, seven
examples are considered to illustrate the accuracy and perfor-
mance of the method presented in the paper.

2. Non-polynomial quadratic spline function

To develop the new method based on off-step points, we divide
the interval ½a; b� into nþ 1 subintervals, s.t.

a ¼ x0 < x1=2 < x3=2 < � � � < xn�1=2 < xn ¼ b:

We introduce a finite set of grid points xi as

xi ¼ aþ ði� 1=2Þh; i ¼ 0;1; . . . ;n and h ¼ ðb� aÞ=n:
Let

PiðxÞ ¼ ai cos kðx� xiÞ þ biekðx�xiÞ þ ci ð5Þ
be a non-polynomial quadratic spline Pi is defined on [a, b] which
interpolates the uniform mesh points xi depends on a parameter
k, reduces to an ordinary quadratic spline in [a,b] as k�!0 and
k > 0.

To determine the coefficients ai; bi and ci, we define the follow-
ing interpolatory conditions as

Piðxiþ1=2Þ ¼ yiþ1=2; P
ð1Þ
i ðxiÞ ¼ Qi; P

ð2Þ
i ðxiþ1=2Þ ¼ Riþ1=2; i ¼ 0;1; . . . ;n

ð6Þ
By using the conditions (6) we calculated the coefficients as

ai ¼� 1

k2
Riþ1=2 sec

h
2

� �
þ 1

k
Qie

h
2 sec

h
2

� �

bi ¼1
k
Qi

ci ¼yiþ1=2 þ
1

k2
Riþ1=2 � 2

k
Qie

h
2

where, h ¼ kh:
Using the continuity of first derivative, PðmÞ
i�1ðxiÞ ¼ PðmÞ

i ðxiÞ;
m ¼ 0;1 the following consistency relation is derived

a1yi�3=2 þ b1yi�1=2 þ c1yiþ1=2

¼ h2ða2Ri�3=2 þ b2Ri�1=2 þ c2Riþ1=2Þ; i ¼ 2;3; . . . ;n� 1
ð7Þ

where,

a2 ¼ 1
h2

e2h þ ðeh
2 � ehÞ sin h sec

h
2
þ e

3h
2 ð1þ cos h csc hÞ

��

� eh cos h sec
h
2

�
e
h
2 sin h sec

h
2

�

b2 ¼ 1
h2

�1þ eh þ e2h þ eh sec
h
2
� e

3h
2 csc h� e

h
2 sin h sec

h
2
þ cos h sec

h
2

��

þ sin h sec
h
2
� e

h
2 � e

h
2 cos h csc h

�
e

h
2 sin h sec

h
2

�

c2 ¼ 1
h2

�eh � e
h
2 sin h sec2

h
2
þ e

h
2 sin h sec

h
2
þ eh sec

h
2

� �

c1 ¼� eh þ e
h
2 sin h sec

h
2

a1 ¼½c1�2

b1 ¼c1 � ½c1�2:

Remark 1. Our method reduces to Ramadan et al. (2007) based on
quadratic spline when

ða1;b1; c1;a2;b2; c2; Þ ¼ ð1;�2;1;
1
8
;
6
8
;
1
8
Þ: ð8Þ

2.1. Truncation error

Expanding the scheme (7) by using Taylor series, we obtained
the following truncation error

ti ¼½a1 þ b1 þ c1�yi þ
�3a1 � b1 þ c1

2

� �
hyð1Þi

þ h2 9a1 þ b1 þ c1
222!

� ða2 þ b2 þ c2Þ
� �

yð2Þi

þ h3 �27a1 � b1 þ c1
233!

� �3a2 � b2 þ c2
2

� �� �
yð3Þi

þ h4 81a1 þ b1 þ c1
244!

� 9a2 þ b2 þ c2
222!

� �� �
yð4Þi

þ h5 �243a1 � b1 þ c1
255!

� �27a2 � b2 þ c2
233!

� �� �
yð5Þi

þ h6 729a1 þ b1 þ c1
266!

� 81a2 þ b2 þ c2
244!

� �� �
yð6Þi

þ Oðh7Þ; i ¼ 2;3; . . . ;n� 1: ð9Þ

For different values of parameters, we get the second as well as
fourth order method. For a2 þ b2 þ c2 ¼ 1 and a2 ¼ c2 we get the
second order method. For the choice of parameters
ða1; b1; c1;a2; b2; c2Þ ¼ ð1;�2;1;1=12;10=12;1=12Þ we get the
fourth order method.

Eq. (7) forms a system of ðn� 2Þ linear equations in n unknowns
yi�1=2; i ¼ 1;2; . . . ;n. Thus, we need two more equations, one at
each end of range of integration. These boundary conditions are
obtained by using method of undetermined coefficients.

The equations for second order method are given by Islam et al.
(2006) as
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2y0 � 3y1=2 þ y3=2 ¼ h2

24
½15R1=2 þ 3R3=2� þ Oðh4Þ; i ¼ 1 ð10Þ

2yn � 3yn�1=2 þ yn�3=2 ¼ h2

24
½15Rn�1=2 þ 3Rn�3=2� þ Oðh4Þ; i ¼ n ð11Þ

The truncation error for second order method for
ða1; b1; c1;a2; b2; c2Þ ¼ ð1;�2;1;1=8;6=8;1=8Þ is given as follows:

ti ¼

� 1
64h

4yð4Þ0 þ Oðh5Þ; i ¼ 1

� 1
24h

4yð4Þi þ Oðh5Þ; i ¼ 2;3; . . . ;n� 1

� 1
64h

4yð4Þn þ Oðh5Þ; i ¼ n

8>>>><
>>>>:

and for fourth order method are obtained as

2y0 � 3y1=2 þ y3=2 ¼ h2

384
½233R1=2 þ 63R3=2 � 9R5=2 þ R7=2� þ Oðh6Þ; i ¼ 1

ð12Þ

2yn � 3yn�1=2 þ yn�3=2 ¼ h2

384
½233Rn�1=2 þ 63Rn�3=2 � 9Rn�5=2 þ Rn�7=2�

þ Oðh6Þ; i ¼ n:

ð13Þ
The truncation error for the fourth order method is given as

follows:

ti ¼
11

7680h
6yð6Þ0 þ Oðh7Þ; i ¼ 1

� 1
240h

6yð6Þi þ Oðh7Þ; i ¼ 2;3; . . . ;n� 1
11

7680h
6yð6Þn þ Oðh7Þ; i ¼ n:

8>><
>>:
3. Application of the algorithm to the higher order boundary
value problems for N ¼ 3

We consider a sixth order boundary value problem i.e N = 3 in
(1–2) of the form

yð6ÞðxÞ ¼ aðxÞyð5ÞðxÞ þ bðxÞyð4ÞðxÞ þ cðxÞyð3ÞðxÞ þ dðxÞyð2ÞðxÞ
þ eðxÞyð1ÞðxÞ þ f ðxÞyðxÞ þ gðxÞ ð14Þ

subject to boundary conditions

yðaÞ ¼k1; yð2ÞðaÞ ¼ k2; yð4ÞðaÞ ¼ k3

yðbÞ ¼d1; yð2ÞðbÞ ¼ d2; yð4ÞðbÞ ¼ d3

where ki and diði ¼ 1;2;3Þ are finite real constants and the functions
aðxÞ; bðxÞ; cðxÞ;dðxÞ; eðxÞ; f ðxÞ and gðxÞ are continuous on ½a; b�. We
decompose the above problem into the system of second order
boundary value problems as follows:

yð2ÞðxÞ ¼ uðxÞ; ð15Þ

uð2ÞðxÞ ¼ vðxÞ; ð16Þ

v ð2ÞðxÞ ¼ aðxÞv ð1ÞðxÞ þ bðxÞvðxÞ þ cðxÞuð1ÞðxÞ þ dðxÞuðxÞ
þ eðxÞyð1ÞðxÞ þ f ðxÞyðxÞ þ gðxÞ:

� Fðx; y;u; v; yð1Þ; uð1Þ;v ð1ÞÞ ð17Þ
subject to modified boundary conditions

yðaÞ ¼k1; yðbÞ ¼ d1; ð18Þ
uðaÞ ¼k2;uðbÞ ¼ d2; ð19Þ
vðaÞ ¼k3; vðbÞ ¼ d3: ð20Þ

Therefore by implementing the scheme (7) on the boundary
value problems (15)–(17), we get the following system of
equations
a1yi�3=2 þ b1yi�1=2 þ c1yiþ1=2

¼ h2ða2ui�3=2 þ b2ui�1=2 þ c2uiþ1=2Þ; i ¼ 2;3; . . . ;n� 1 ð21Þ

a1ui�3=2 þ b1ui�1=2 þ c1uiþ1=2

¼ h2ða2v i�3=2 þ b2v i�1=2 þ c2v iþ1=2Þ; i ¼ 2;3; . . . ;n� 1 ð22Þ

a1v i�3=2 þ b1v i�1=2 þ c1v iþ1=2

¼ h2ða2Fi�3=2 þ b2Fi�1=2 þ c2Fiþ1=2Þ; i ¼ 2;3; . . . ;n� 1 ð23Þ
The fourth order method is obtained by using the parameters

ða2; b2; c2Þ ¼ 1
12 ;

10
12 ;

1
12

� 	
in the scheme (21)–(23) and replacing

(23) by the following as:

a1v i�3=2 þ b1v i�1=2 þ c1v iþ1=2 ¼ h2 1
12

Fi�3=2 þ 10
12

eF i�1=2 þ 1
12

Fiþ1=2

� �
;

i¼ 2;3; . . . ;n� 1

where,

Fi�3=2 ¼F x; yi�3=2;ui�3=2;v i�3=2; y0i�3=2;u
0
i�3=2; v

0
i�3=2

� �
;

Fi�1=2 ¼F x; yi�1=2;ui�1=2;v i�1=2; y0i�1=2;u
0
i�1=2; v

0
i�1=2

� �
;

Fiþ1=2 ¼F x; yiþ1=2;uiþ1=2;v iþ1=2; y0iþ1=2;u
0
iþ1=2; v 0

iþ1=2

� �
;

eF i�1=2 ¼F x; yi�1=2;ui�1=2;v i�1=2; ~y0i�1=2; ~u
0
i�1=2; ~v

0
i�1=2

� �
;

and the finite difference approximations to derivatives are

y0i�1=2 ¼ yiþ1=2 � yi�3=2

2h
;

y0i�3=2 ¼�3yi�3=2 þ 4yi�1=2 � yiþ1=2

2h
;

y0iþ1=2 ¼ yi�3=2 � 4yi�1=2 þ 3yiþ1=2

2h
;

~y0i�1=2 ¼ yiþ1=2 � yi�3=2

2h
� h
20

ðRiþ1=2 � Ri�3=2Þ:

The fourth order approximations of derivatives involved in the end
Eqs. (12) and (13) are as follows:

hyð1Þ1=2 ¼� 32
35

y0 þ
1
6
y1=2 þ y3=2 �

3
10

y5=2 þ
1
21

y7=2

hyð1Þ3=2 ¼ 32
105

y0 � y1=2 þ
1
6
y3=2 þ

3
5
y5=2 �

1
14

y7=2

hyð1Þ5=2 ¼� 32
105

y0 þ
5
6
y1=2 �

5
3
y3=2 þ

9
10

y5=2 þ
5
21

y7=2

hyð1Þ7=2 ¼32
35

y0 �
7
3
y1=2 þ

7
2
y3=2 �

21
5

y5=2 þ
89
42

y7=2:

Here, we derive only the second order method. On combining
(21)–(23), we obtain the vector difference equation for the bound-
ary value problem (15)–(17) as

AiWi�3=2 þ BiWi�1=2 þ CiWiþ1=2 ¼ Hi ð24Þ
which are as follows:

ai11 ai12 ai13

ai21 ai22 ai23

ai31 ai32 ai33

2
664

3
775

yi�3=2

ui�3=2

v i�3=2

2
664

3
775þ

bi11 bi12 bi13

bi21 bi22 bi23

bi31 bi32 bi33

2
664

3
775

yi�1=2

ui�1=2

v i�1=2

2
664

3
775

þ
ci11 ci12 ci13

ci21 ci22 ci23

ci31 ci32 ci33

2
664

3
775

yiþ1=2

uiþ1=2

v iþ1=2

2
664

3
775 ¼

hi1

hi2

hi3

2
664

3
775; i ¼ 2;3; . . . ;n� 1
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where,

ai11 ¼ �a1; ai12 ¼ h2a2; ai13 ¼ 0; ai21 ¼ 0;
ai22 ¼ �a1; ai23 ¼ h2a2;

ai31 ¼ � 3h
2 a2ei�3=2 þ h2a2f i�3=2 � h

2b2ei�1=2 þ h
2 c2eiþ1=2;

ai32 ¼ � 3h
2 a2ci�3=2 þ h2a2di�3=2 � h

2 b2ci�1=2 þ h
2 c2ciþ1=2;

ai33 ¼ �a1 � 3h
2 a2ai�3=2 þ h2a2bi�3=2 � h

2b2ai�1=2 þ h
2 c2aiþ1=2;

bi11 ¼ �b1; bi12 ¼ h2b2; bi13 ¼ 0; bi21 ¼ 0;

bi22 ¼ �b1; bi23 ¼ h2b2;

bi31 ¼ 2ha2ei�3=2 þ h2b2f i�1=2 � 2hc2eiþ1=2;

bi32 ¼ 2ha2ci�3=2 þ h2b2di�1=2 � 2hc2ciþ1=2;

bi33 ¼ �b1 þ 2ha2ai�3=2 þ h2b2bi�1=2 � 2hc2aiþ1=2;

ci11 ¼ �c1; ci12 ¼ h2c2; ci13 ¼ 0; ci21 ¼ 0;

ci22 ¼ �c1; ci23 ¼ h2c2;

ci31 ¼ � 1
2 ha2ei�3=2 þ 1

2 hb2ei�1=2 þ 3
2hc2eiþ1=2 þ h2c2f iþ1=2;

ci32 ¼ � 1
2 ha2ci�3=2 þ 1

2hb2ci�1=2 þ 3
2hc2ciþ1=2 þ h2c2diþ1=2;

ci33 ¼ �c1 � 1
2ha2ai�3=2 þ 1

2hb2ai�1=2 þ 3
2hc2aiþ1=2 þ h2c2biþ1=2;

hi1 ¼ 0;
hi2 ¼ 0;
hi3 ¼ �h2ða2gi�3=2 þ b2gi�1=2 þ c2giþ1=2Þ;
i ¼ 2;3; . . . ;n� 1:

Now for i = 1, we have

B1W1=2 þ C1W3=2 ¼ H1 ð25Þ
which can be written as

b111 b112 b113

b121 b122 b123

b131 b132 b133

2
64

3
75

y1=2
u1=2

v1=2

2
64

3
75þ

c111 c112 c113

c121 c122 c123

c131 c132 c133

2
64

3
75

y3=2
u3=2

v3=2

2
64

3
75¼

h11

h12

h13

2
64

3
75

where,

b111 ¼3; b112 ¼ 15h2

24
; b113 ¼ 0; b121 ¼ 0; b122 ¼ 3; b123 ¼ 15h2

24
;

b131 ¼� 15
24

he1=2 þ 15
24

h2f 1=2 �
3
24

he3=2;

b132 ¼� 15
24

hc1=2 þ 15
24

h2d1=2 � 3
24

hc3=2;

b133 ¼3� 15
24

ha1=2 þ 15
24

h2b1=2 � 3
24

ha3=2;

c111 ¼� 1; c112 ¼ 3h2

24
; c113 ¼ 0; c121 ¼ 0; c122 ¼ �1; c123 ¼ 3h2

24
;

c131 ¼15
24

he1=2 þ 3
24

he3=2 þ 3
24

h2f 3=2;

c132 ¼15
24

hc1=2 þ 3
24

hc3=2 þ 3
24

h2d3=2;

c133 ¼� 1þ 15
24

ha1=2 þ 3
24

ha3=2 þ 3
24

h2b3=2;

h11 ¼2y0; h12 ¼ 2u0;h13 ¼ 2v0 � h2

24
ð15g1=2 þ 3g3=2Þ:

Now for i = n, we have

AnWn�3=2 þ BnWn�1=2 ¼ Hn ð26Þ
which can be written as

an11 an12 an13

an21 an22 an23

an31 an32 an33

2
64

3
75

yn�3=2

un�3=2

vn�3=2

2
64

3
75þ

bn11 bn12 bn13

bn21 bn22 bn23

bn31 bn32 bn33

2
64

3
75

yn�1=2

un�1=2

vn�1=2

2
64

3
75 ¼

hn1

hn2

hn3

2
64

3
75
where,

an11 ¼ 3; an12 ¼ 15h2

24 ;

an13 ¼ 0; an21 ¼ 0;

an22 ¼ 3; an23 ¼ 15h2

24 ;

an31 ¼ � 15
24hen�1=2 þ 15

24h
2f n�1=2 � 3

24hen�3=2;

an32 ¼ � 15
24hcn�1=2 þ 15

24h
2dn�1=2 � 3

24hcn�3=2;

an33 ¼ 3� 15
24han�1=2 þ 15

24h
2bn�1=2 � 3

24han�3=2

bn11 ¼ �1; bn12 ¼ 3h2

24 ;

bn13 ¼ 0; bn21 ¼ 0;

bn22 ¼ �1; bn23 ¼ 3h2

24 ;

bn31 ¼ 15
24hen�1=2 þ 3

24hen�3=2 þ 3
24h

2f n�3=2;

bn32 ¼ 15
24hcn�1=2 þ 3

24hcn�3=2 þ 3
24h

2dn�3=2;

bn33 ¼ �1þ 15
24han�1=2 þ 3

24han�3=2 þ 3
24h

2bn�3=2;

hn1 ¼ 2yn;

hn2 ¼ 2un;

hn3 ¼ 2vn � h2

24 ð15gn�1=2 þ 3gn�3=2Þ:
4. Convergence analysis

In this section, we study the convergence analysis of the
second order method developed in Section 2 where
ða1; b1; c1;a2; b2; c2Þ ¼ ð1;�2;1;1=8;6=8;1=8Þ. The method has the
following form

AW ¼ M ð27Þ
where,

A ¼

B1 C1

A2 B2 C2

. .
. . .

. . .
.

. .
. . .

. . .
.

. .
. . .

. . .
.

An�1 Bn�1 Cn�1

An Bn

2
66666666666664

3
77777777777775

ð28Þ

where, A is a triblockdiagonal matrix in which Aiði ¼ 2;3; . . . ;nÞ;
Biði ¼ 1;2; . . . ; nÞ and Ciði ¼ 2;3; . . . ;n� 1Þ are matrices of order
2� 2, W ¼ ½w1=2;w3=2; . . . ;wn�1=2�T where, wi�1=2 ¼ ½yi�1=2;ui�1=2;

v i�1=2�T ; i ¼ 1;2; . . . ;n and the right hand side vector

M ¼ ½m1;m2; . . . ;mn�T , where mi ¼ ½mi1;mi2�T ; i ¼ 1;2; . . . ;n.
We also have,

AfW ¼ M þ T ð29Þ

where fW ¼ ½ ~w1=2; ~w3=2; . . . ; ~wn�1=2�T where, ~wi�1=2 ¼ ½~yi�1=2; ~ui�1=2;

~v i�1=2�T ; i ¼ 1;2; . . . ;n be the exact solution and T ¼ ½t1; t2; . . . ; tn�T
where, ti¼½~yi�1=2�yi�1=2;~ui�1=2�ui�1=2; ~v i�1=2�v i�1=2�T ; i¼1;2; . . . ; n
be the local truncation error. From (27) and (29) we have,

AðfW �WÞ ¼ T;

AE ¼ T;

E ¼ fW �W ¼ ½~e1; ~e2; . . . ; ~en�1�T

Let 0 < R 2 Zþ is the minimum of jaij; jbij; jcij; jdij; jeij and jf ij.
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Then

kCik 6 max
16i6n�1

1þ c1 þ h2 c2 þ 3
24

� 	
; j ¼ 1

1þ c1 þ h2 c2 þ 3
24

� 	
; j ¼ 2

1þ c1 þ 1
2h a2 þ b2 þ 3c2ð ÞRþ h2c2Rþ 18

24hRþ 3
24 h

2R; j ¼ 3

8>>>>><
>>>>>:

kAik 6 max
26i6n

3þ a1 þ h2 a2 þ 15
24

� 	
; j ¼ 1

3þ a1 þ h2 a2 þ 15
24

� 	
; j ¼ 2

3þ a1 þ 1
2h 3a2 þ b2 þ c2ð ÞRþ h2a2Rþ 18

24hRþ 15
24h

2R; j ¼ 3

8>>>>><
>>>>>:

Further,

kCik1 6 max
16i6n�1

2þ 1
4h

2
; j ¼ 1

2þ 1
4h

2
; j ¼ 2

2þ 11
8 hRþ 1

4h
2R; j ¼ 3

8>>>><
>>>>:

kAik1 6 max
26i6n

4þ 1
2h

2
; j ¼ 1

4þ 1
2h

2
; j ¼ 2

4þ 11
8 hRþ 1

2h
2R; j ¼ 3

8>>>><
>>>>:

This shows that kCik1 � 2 and kAik1 � 4 for sufficiently small h.
Hence, A is irreducible. Now we have to show that A is monotone.

To show matrix A is monotone first we calculate the sum of
each row of the matrix A.

S1j ¼

X3

k¼1
a11k þ b11k; j ¼ 1

X3

k¼1
a12k þ b12k; j ¼ 2

X3

k¼1
a13k þ b13k; j ¼ 3

8>>>>>>>>>><
>>>>>>>>>>:

Sij ¼

X3

k¼1
ai1k þ bi1k þ ci1k; j ¼ 1; i ¼ 1;4;7; . . . ;n� 3

X3

k¼1
ai2k þ bi2k þ ci2k; j ¼ 2; i ¼ 2;5;8; . . . ;n� 2

X3

k¼1
ai3k þ bi3k þ ci3k; j ¼ 3; i ¼ 3;6;9; . . . ;n� 1

8>>>>>>>>>><
>>>>>>>>>>:

Snj ¼

P3
k¼1an1k þ bn1k; j ¼ 1

P3
k¼1an2k þ bn2k; j ¼ 2

P3
k¼1an3k þ bn3k; j ¼ 3

8>>>>>>>>><
>>>>>>>>>:

We have

S1j ¼

2þ 18
24h

2
; j ¼ 1

2þ 18
24h

2
; j ¼ 2

2þ 15
24h

2ðf 1=2 þ d1=2 þ b1=2Þ � 3
24h

2ðf 3=2 þ d3=2 þ b3=2Þ; j ¼ 3

8>>>>><
>>>>>:
Sij ¼

�ða1 þ b1 þ c1Þ þ 2h2ða2 þ b2 þ c2Þ; i ¼ 1;4;7; . . . ;n� 3; j ¼ 1

�ða1 þ b1 þ c1Þ þ 2h2ða2 þ b2 þ c2Þ; i ¼ 2;5;8; . . . ;n� 2; j ¼ 2

�ða1 þ b1 þ c1Þ þ h2a2ðf i�3=2 þ di�3=2 þ bi�3=2Þ

þh2b2ðf i�1=2 þ di�1=2 þ bi�1=2Þ

þh2c2ðf iþ1=2 þ diþ1=2 þ biþ1=2Þ; i ¼ 3;6;9; . . . ;n� 1; j ¼ 3

8>>>>>>>>>>>><
>>>>>>>>>>>>:

¼

2h2
; i ¼ 1;4;7; . . . ;n� 3; j ¼ 1

2h2
; i ¼ 2;5;8; . . . ;n� 2; j ¼ 2

1
8h

2ðf i�3=2 þ di�3=2 þ bi�3=2Þ þ 6
8h

2ðf i�1=2

þdi�1=2 þ bi�1=2Þ þ 1
8h

2ðf iþ1=2 þ diþ1=2 þ biþ1=2Þ; i ¼ 3;6;9; . . . ;n� 1; j ¼ 3

8>>>>>>>><
>>>>>>>>:

Snj ¼

2þ 18
24 h

2
; j ¼ 1

2þ 18
24 h

2
; j ¼ 2

2þ 15
24 h

2ðf n�1=2 þ dn�1=2 þ bn�1=2Þ � 3
24 h

2ðf n�3=2 þ dn�3=2 þ bn�3=2Þ; j ¼ 3

8>>>><
>>>>:

For sufficiently small h, we can easily show that the matrix A is irre-

ducible and monotone. Therefore, A�1 exist and A�1 � 0.
Hence,

kEk ¼ kA�1kkTk:
Now for sufficiently small h, we have

S1j P

18
24h

2
; j ¼ 1

18
24h

2
; j ¼ 2

18
24h

2R; j ¼ 3

8>>><
>>>:

Sij P

h2
; i ¼ 1;4; . . . ;n� 3; j ¼ 1

h2
; i ¼ 2;5; . . . ;n� 2; j ¼ 2

h2R; i ¼ 3;6; . . . ;n� 1; j ¼ 3

8>>><
>>>:

Snj P

18
24h

2
; j ¼ 1

18
24h

2
; j ¼ 2

18
24h

2R; j ¼ 3

8>>><
>>>:

S1 P max½18
24

h2
;
18
24

h2
;
18
24

Rh2� ¼ 18
24

Rh2
; i ¼ 1

Si P max½h2
;h2

;Rh2� ¼ Rh2
; i ¼ 2; . . . ;n� 1

Sn P max½18
24

h2
;
18
24

h2
;
18
24

Rh2� ¼ 18
24

Rh2
; i ¼ n

Therefore, we get

1
S1

6 24
18Rh2

; i ¼ 1
n

1
Si

6 1
Rh2

; i ¼ 2;3; . . . ;n� 1
n

1
Sn

6 24
18Rh2

; i ¼ n
n

Further,

1
Si

6

24
18h2R

; i ¼ 1

1
h2R

; i ¼ 2;3; . . . ;n� 1

24
18h2R

; i ¼ n

8>>><
>>>:

Let A�1 ¼ ða	i;jÞ, then by theory of matrices (Varga, 1962), we getPn
i¼1a

	
i;jSi ¼ 1; j ¼ 1; . . . ;n.
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Therefore,

a	i;j 6
1
Si

kA�1k ¼ max
16i6n

Xn

j¼1
ja	i;jj 6

Xn

i¼1

1
Si

¼ 1

h2R

24
9

þ 1
� �

;

i ¼ 1; . . . ;n and

kTik ¼ max
16i6n

Xn

i¼1
jTij

The error is given by

kEk ¼ kA�1kkTk 6 1

h2R

33
9

� �
kTk:

Therefore, using (9) we get kTk ¼ Oðh4Þ for second order method.

kEk 6 1

h2R

33
9

� �
Oðh4Þ ¼ Oðh2Þ:

Hence, our method is second order convergent. By repeating the
same procedure we can find the bound for error of fourth order
method which is as follows:

kEk ¼ kA�1kkTk 6 1

h2R

33
9

� �
kTk:
Table 1
Maximum absolute errors for Example 5.1.

Our Method h ¼ 1=8

Fourth order method for ða2; b2; c2Þ ¼ 1
12 ;

10
12 ;

1
12

� 	
1:8041� 10�

Second order method for ða2;b2; c2Þ ¼ 1
8 ;

6
8 ;

1
8

� 	
7:4684� 10�

Wazwaz (2002) 9:14� 10�5

Table 2
Maximum absolute errors for Example 5.2.

Our Method h ¼ 1=8

Fourth order method for ða2; b2; c2Þ ¼ 1
12 ;

10
12 ;

1
12

� 	
2:6956� 10

Khan and Khandelwal (2012) 3:06� 10�6

Second order method for ða2;b2; c2Þ ¼ 1
8 ;

6
8 ;

1
8

� 	
5:8363� 10

Islam et al. (2008) 2:3� 10�3

Table 3
Maximum absolute errors for Example 5.3.

Our Method h ¼ 1=8

Fourth order method for ða2; b2; c2Þ ¼ 1
12 ;

10
12 ;

1
12

� 	
1:8014� 10�

Khan and Khandelwal (2012) 7:02� 10�6

Second order method for ða2;b2; c2Þ ¼ 1
8 ;

6
8 ;

1
8

� 	
1:1216� 10�

Khan and Khandelwal (2012) 2:19� 10�4

Table 4
Maximum absolute errors for Example 5.4.

Our Method h ¼ 1=8

Fourth order method for ða2; b2; c2Þ ¼ 1
12 ;

10
12 ;

1
12

� 	
1:8034� 10�

Second order method for ða2;b2; c2Þ ¼ 1
8 ;

6
8 ;

1
8

� 	
1:2179� 10�

Meŝtroviĉ (2007) 1:43� 10�4
Therefore, using (9) we get kTk ¼ Oðh6Þ for fourth order method.

kEk 6 1

h2R

33
9

� �
Oðh6Þ ¼ Oðh4Þ:

Hence, our method is also fourth order convergent.

Theorem. The method given by Eq. (7) for solving the boundary value
problem (1), (2) for sufficiently small h has a second as well as fourth
order convergence depending upon the parameters.
5. Numerical Illustrations

We now consider seven numerical examples involving higher
order non-linear and linear boundary value problems along with
two singular problems involving first and third derivatives illus-
trating the efficiency of the presented method. We compared the
results with the existing methods of fourth order. We have also
provided the numerical rate of convergence ðqnÞ for the non-
linear singular fourth order BVPs. The numerical rate of conver-
gence is computed using

qn ¼ ln2ðEn=E2nÞ
The maximum absolute errors for h = 1/8, 1/16 and 1/32 are tabu-
lated in the Tables 1–7.
h ¼ 1=16 h ¼ 1=32

8 1:2112� 10�9 7:7281� 10�11

6 1:9008� 10�6 4:7705� 10�7

– –

h ¼ 1=16 h ¼ 1=32

�6 2:3833� 10�7 1:6610� 10�8

4:34� 10�7 3:53� 10�8

�5 1:5815� 10�5 4:0262� 10�6

3:4� 10�4 1:54� 10�4

h ¼ 1=16 h ¼ 1=32

7 1:1957� 10�8 7:5853� 10�10

4:35� 10�6 7:87� 10�7

4 3:1010� 10�5 7:7930� 10�6

3:88� 10�5 –

h ¼ 1=16 h ¼ 1=32

7 1:1971� 10�8 7:5941� 10�10

4 3:1046� 10�5 7:8021� 10�6

– –



Table 6
Maximum absolute errors for Example 5.6.

Our Method h ¼ 1=8 h ¼ 1=16 h ¼ 1=32

Fourth order method for ða2;b2; c2Þ ¼ 1
12 ;

10
12 ;

1
12

� 	
8:7479� 10�6 5:2045� 10�7 3:0265� 10�8

qn 4:0711 4:1040 �
Mohanty et al. (2017) 3:0756� 10�5 1:8795� 10�6 1:1320� 10�7

Second order method for ða2;b2; c2Þ ¼ 1
8 ;

6
8 ;

1
8

� 	
4:1197� 10�3 9:1777� 10�4 2:1645� 10�4

Table 5
Maximum absolute errors for Example 5.5.

Our Method h ¼ 1=8 h ¼ 1=16 h ¼ 1=32

Fourth order method for ða2;b2; c2Þ ¼ 1
12 ;

10
12 ;

1
12

� 	
3:0468� 10�5 2:7373� 10�6 1:8321� 10�7

Islam et al. (2008) 6:97� 10�4 3:60� 10�5 7:44� 10�7

Second order method for ða2;b2; c2Þ ¼ 1
8 ;

6
8 ;

1
8

� 	
3:30� 10�3 9:2908� 10�4 2:3651� 10�4

Islam et al. (2008) 1:23� 10�2 2:80� 10�3 1:60� 10�3

Table 7
Maximum absolute errors for Example 5.7.

Our Method h ¼ 1=8 h ¼ 1=16 h ¼ 1=32

Fourth order method for ða2;b2; c2Þ ¼ 1
12 ;

10
12 ;

1
12

� 	
2:3953� 10�6 1:4326� 10�7 8:4006� 10�9

qn 4:0635 4:0920 �
Second order method for ða2;b2; c2Þ ¼ 1

8 ;
6
8 ;

1
8

� 	
1:005� 10�3 2:2503� 10�4 5:3021� 10�5
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Example 5.1. Consider the following fourth order non-linear
boundary value problem for 0 � x � 4� e as

yð4ÞðxÞ ¼ �6 expð�4yðxÞÞ; ð30Þ
where,

yð0Þ ¼ 1; yð4� eÞ ¼ lnð4Þ;

yð2Þð0Þ ¼ � 1
e2

; yð2Þð4� eÞ ¼ � 1
16

:

The exact solution of the problem is yðxÞ ¼ lnðeþ xÞ. The maximum
absolute errors of the problem (30) are given in Table 1 and results
are compared with (Wazwaz, 2002). Graph between the exact and
the approximate solutions of Example 5.1 for N = 16 is shown in
Fig. 1.
Example 5.2. Consider the following sixth order non-linear
boundary value problem as

yð6ÞðxÞ ¼ 20exp½�36yðxÞ� � 40ð1þ xÞ�6
; x 2 ½0;1� ð31Þ
0 0.2 0.4 0.6 0.8 1 1.2 1.4
1

1.05

1.1

1.15

1.2

1.25

1.3

1.35

1.4

Fig. 1. Graph of the exact solution versus the approximate solution for N = 16 for
Example 5.1.
where,

yð0Þ ¼ 0; yð1Þ ¼ 1
6
log2;

yð2Þð0Þ ¼ �1
6
; yð2Þð1Þ ¼ � 1

24
;

yð4Þð0Þ ¼ �1; yð4Þð1Þ ¼ � 1
16

:

The exact solution of the problem is yðxÞ ¼ 1
6 logð1þ xÞ. The maxi-

mum absolute errors of the problem (31) are given in Table 2 and
results are compared with (Khan and Khandelwal, 2012; Islam
et al., 2008). Graph between the exact and the approximate solu-
tions of Example 5.2 for N = 32 is shown in Fig. 2.
Example 5.3. For 0 � x � 1, the sixth order non-linear boundary
value problem is considered as,

yð6ÞðxÞ ¼ exp½�x�y2ðxÞ; ð32Þ
where,
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.02

0.04

0.06

0.08

0.1

0.12

Fig. 2. Graph of the exact solution versus the approximate solution for N = 32 for
Example 5.2.



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

Fig. 3. Graph of the exact solution versus the approximate solution for N = 16 for
Example 5.3.

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

Fig. 5. Graph of the exact solution versus the approximate solution for N = 32 for
Example 5.5.
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yð0Þ ¼ 1; yð1Þ ¼ expð1Þ;
yð2Þð0Þ ¼ 1; yð2Þð1Þ ¼ expð1Þ;
yð4Þð0Þ ¼ 1; yð4Þð1Þ ¼ expð1Þ:
The analytical solution of the above problem is yðxÞ ¼ expðxÞ. The
maximum absolute errors of the problem (32) are given in Table 3
and results are compared with (Khan and Khandelwal, 2012). Graph
between the exact and the approximate solutions of Example 5.3 for
N = 16 is shown in Fig. 3.
Example 5.4. For 0 � x � 1, the eighth order non-linear boundary
value problem is considered as,

yð8ÞðxÞ ¼ exp½�x�y2ðxÞ; ð33Þ
where,

yð0Þ ¼ 1; yð1Þ ¼ expð1Þ;
yð2Þð0Þ ¼ 1; yð2Þð1Þ ¼ expð1Þ;
yð4Þð0Þ ¼ 1; yð4Þð1Þ ¼ expð1Þ;
yð6Þð0Þ ¼ 1; yð6Þð1Þ ¼ expð1Þ:
The analytical solution of the above problem is yðxÞ ¼ expðxÞ. The
maximum absolute errors of the problem (33) are given in Table 4
and results are compared with (Meŝtroviĉ, 2007). Graph between
the exact and the approximate solutions of Example 5.4 for N = 32
is shown in Fig. 4.
Example 5.5. Consider the following sixth order linear boundary
value problem as

yð6ÞðxÞ þ yðxÞ ¼ 6½2x cosðxÞ þ 5 sinðxÞ�; x 2 ½�1;1� ð34Þ
where,
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

Fig. 4. Graph of the exact solution versus the approximate solution for N = 32 for
Example 5.4.
yð�1Þ ¼ 0; yð1Þ ¼ 0;

yð2Þð�1Þ ¼ �4 cosð�1Þ þ 2 sinð�1Þ;
yð2Þð1Þ ¼ 4 cosð1Þ þ 2 sinð1Þ;
yð4Þð�1Þ ¼ 8 cosð�1Þ � 12 sinð�1Þ;
yð4Þð1Þ ¼ �8 cosð1Þ � 12 sinð1Þ:
The exact solution of the problem is yðxÞ ¼ ðx2 � 1Þ sinðxÞ. The max-
imum absolute errors of the problem (34) are given in Table 5 and
results are compared with (Islam et al., 2008). Graph between the
exact and the approximate solutions of Example 5.5 for N = 32 is
shown in Fig. 5.
Example 5.6. Consider the following non-linear singular fourth
order boundary value problem as

yð4ÞðxÞ þ 4
x
yð3ÞðxÞ ¼ y3 þ cosðxÞ

x
x
sinð2xÞ

2
� 4

� �
; x 2 ½0;1� ð35Þ

where,

yð0Þ ¼ 0; yð1Þ ¼ sinð1Þ;
yð2Þð0Þ ¼ 0; yð2Þð1Þ ¼ � sinð1Þ:
The exact solution of the problem is yðxÞ ¼ sinðxÞ. The results of the
problem (35) are given in Table 6 and compared with (Mohanty
et al., 2017). Graph between the exact and the approximate solu-
tions of Example 5.6 for N = 32 is shown in Fig. 6.
Example 5.7. Consider the following non-linear singular fourth
order boundary value problem as

yð4ÞðxÞ þ 4
x
yð3ÞðxÞ þ 5

x
yð1ÞðxÞ ¼ y3 þ cosðxÞ

x
þ sin x cos2ðxÞ; x 2 ½0;1�

ð36Þ
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Fig. 6. Graph of the exact solution versus the approximate solution for N = 32 for
Example 5.6.
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0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Fig. 7. Graph of the exact solution versus the approximate solution for N = 32 for
Example 5.7.
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where,

yð0Þ ¼ 0; yð1Þ ¼ sinð1Þ;
yð2Þð0Þ ¼ 0; yð2Þð1Þ ¼ � sinð1Þ:
The exact solution of the problem is yðxÞ ¼ sinðxÞ. The results of the
problem (36) are given in Table 7. Graph between the exact and
approximate solutions of Example 5.7 for N = 32 is shown in Fig. 7.
6. Conclusion

In this paper, we developed a non-polynomial quadratic spline
method based on off-step points for solving higher even order
boundary value problems. Advantage of the off-step points is to
solve the higher order singular boundary value problems. We
reduced the given problem into system of second order boundary
value problems. The developed scheme (7) is second as well as
fourth order accurate depending upon the parameters. Comparison
of our method with the existing methods are shown in Tables 1–6
and graphs between exact and approximate solutions of the Exam-
ples 5.1–5.7 are shown in Figs. 1–7 respectively. These results
shows that our fourth order method is far better than the existing
fourth order methods except higher degree splines.
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